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BBenenue
K nHacTosmeMy BpeMeHH, OIMyOJMKOBAHO JOBOJBHO OONBIIOE KOJUYECTBO

y4€OHBIX ¥ Pa3TUYHBIX METOAMYECKUX TOCOOUH, MOCBAIIEHHBIX AUCIUILIUHE Teo-
pus eeposmuocmeln u mamemamuyeckas cmamucmuxa. OgHaxko, npu padorte Haja
HUMU aBTOPHI, KaK MPaBUjI0, Opaiu 32 OCHOBY KOHKPETHBIC pabouyue MpOorpaMMEl,
OpUEHTHUPOBAHHBIE HAa CHEUU(PUKY MMOATOTOBKH CIHEIUATUCTOB B KOHKPETHBIX
y4ueOHbIX 3aBefieHUsAX. Hacrosiee mocobue npeacrabisieT cOO0H COOPHUK KOPOT-
KUX JIEKIIUA TI0 meopuu eposimuocmeli, HAMCAHHBIA Ha 0a3e yuyeOHOTro MaTepua-
Jla YUTaeMoro ctyjentaM MHCTUTyTa SKOHOMUKH U MIpeAnpuHUMarTenscTBa Hinke-
ropojackoro rocynapctseHnoro yumsepcurera H.U. JlobGaueBckoro. Ilpennarae-
MBI y4eOHBIN MaTepuai IJIaBHBIM 00pa30oM pacCuMTaH Ha TaKHe HaIpaBiICHUSM
noArotoBku kak MenemaxmenT (38.03.02) u Ixonomuxka (38.03.01). Kpome Toro,
OH MOXET OBITh UCIOJIB30BaH M CIYIIATEISIMUA MPOXOISIIUMHE TMOJATOTOBKY IO Ta-
KOMY HallpaBJICHHIO Kak YmnpaBJjeHue nmepconasom (38.03.03), B mporiecce uzy-

YCHHUA KypCa MATCMATHUKMU.

[TocoOue paccunTaHo U Ha CTYJAEHTOB-UHOCTPAHIIEB, KOTOPbIE, KAK TTOKa3bl-
BAET OIBIT, JAJEKO HE BCETJa HACTOJIBKO XOPOLIO BIAACIOT PYCCKUM S3BIKOM, YTO
MOTYT 0€3 KaKUX-JIM0O 3aTpyJHEHHUM MOHITh CMBICI Pa3JIMYHBIX MAaTEMaTHYECKUX
TEPMHUHOB U BBIPAKEHUHN. B Takux ciydasx, 4aCcTO OKa3bIBAETCS IOJIE3HBIM MEpE-
X0/l Ha aHIJIMICKOE MMPOU3HOIICHUE U HAIIMCAHUE COOTBETCTBYIOLIUX MaTeMaTHde-

CKMX CJIOB U CJIOBOCOYCTAHUU.

Haneemcs, 4TO MCIOJIB30BaHKWE MPEACTABICHHOIO MaTepuaa CyIIECTBEHHO
O0JIErYuT M YCKOPUT MPOIECChl MOHUMAHMS U 3allOMHMHAHUS MaTE€MaTUYECKHX
TepMHUHOB. CONOCTABIEHUE AHIVIMMCKOIO M PYCCKOI'O HAIMCaHUs OJHOTO M TOIO
K€ TEPMHUHA MOBBICUT I'PAMOTHOCTh MHOCTPAHHBIX CIIyIIATEJIEH B PYCCKOM SI3bIKE
Y YCKOPHUT IPOLIECC OCBOEHUS.

JU1 pyCCKOSI3BIYHBIX CTYAEHTOB, IOCOOME OKAXKETCS MOJIE3HBIM KaK C TOUKHU
3pEHUsI OCBOECHUs Kypca, TaK U COBEPLICHCTBOBAHUS YPOBHsI IIOJATOTOBKH 110 aHI-

JIMHACKOMY SI3BIKY.



Introduction
By the present time, quite a large number of textbooks and various methodo-

logical manuals dedicated to the discipline of Probability Theory and Mathemati-
cal Statistics have been published. It is worth noting that, when working on them,
the authors usually used specific work programs, focused on the nature of training
specialists in particular educational institutions. The present textbook is a compila-
tion of brief lectures on Probability Theory, based on the teaching material, pre-
sented to the students of Nizhny Novgorod N.I. Lobachevsky State University's In-
stitute of Economics and Entrepreneurship. The proposed study material is mainly
intended for such specialties as Management (38.03.02) and Economics
(38.03.01). Moreover, it can also be used by students majoring in Human Re-
sources Management (38.03.03.03) in the process of studying the Mathematics

course.

The textbook is also designed for foreign students, since experience shows
that they do not always have such a good command of Russian, which allows them
to understand the meaning of various mathematical terms and expressions easily.
In such cases, the transition to English pronunciation and spelling of the corres-

ponding mathematical words and phrases is often useful.

This material will hopefully make it easier and faster to understand and re-
member mathematical terms. Comparing English and Russian spellings of the
same term will increase foreign students' literacy in Russian and accelerate the

learning process.

This textbook will be useful for Russian-speaking students, both in terms of

mastering the course and improving their English proficiency.



Pa3zgea 1.
1.1 IlpeameT Teopru BEPOATHOCTEH, OCHOBHbIE MOHSTHS U 321a4H
Teopus eéepoamuocmeit - mamemamuieckas HayKa, usyuaowas

3AKOHOMEPHOCMU 8 SABNIeHUAX (COOLIMUSX) C HEONPEOEeNeHHBIM UCXO00M, KOMOPbLE
npu HeO2PAHUYEeHHOM B0CNPOU3BEOCHUU 0OHO20 U MO20 Jice UCNbIMAHUs (onbima)
Kax)covlll paz npomexkaom HecKoIvko no-uromy. Ee OCHOBHBIMH TIOHSITHSIMHU
SBIIIIOTCS  9JIeMEHMApPHOe CcoOblmue W HPOCMPAHCHEO  3J1EMEHMAPHBIX
coovimui. Tlon snemenmapuvim cobvimuem CIAEAyeT TOHUMAThH TOSBIICHUE WU
HA0O0OpPOT HEMOSBJICHHWE TOTO WIJIM HWHOTO HWCXO0Ja HCIHBITaHus. [Ipocmpancmeo
NEMEHMAPHBIX COObIMULL TIPEJICTABIICT COOOW MHOMXECTBO, Ka)JAOMY DJIEMCHTY
KOTOPOTO COOTBETCTBYET OJMH WCXOJ UCIBITaHUS. [10IMHOXECTBO TIPOCTPAHCTBA
AJIEMEHTAPHBIX COOBITUI MPUHSATO HA3BIBATH CAYUAUHBIM COObIMUEM, KOTOPOE B
pe3yabTaTe UCTIBITAHKS MOXKET TIPOU30UTH W HE MPOU30UTH (BBIAACHUE ITUDPHI
IpY MOA0paChIBAHUY MOHETHI, 3BOHOK IO COTOBOMY TelehOHY B JaHHYIO MUHYTY
U T. 1.). IMEHHO MaTeMaTHYCCKUE MOJICITN CIIYYalHBIX COOBITUNA U MPEIACTABISIOT

peAMET UCCIEOBAHUS TEOPUU BEPOSATHOCTEH.

3agauu TEOPUU BEPOATHOCTEH, B IEPBYIO OYEpPEdb, 3aKIIOYAIOTCS B TOM,
9TOOBl OCYIIECTBJISITh HAYYHBIM TMPOTHO3 PA3JIMUHBIX SBJICHUM 3a CUeT
NpEABUJICHUSI BEPOSTHOCTEU MPEANIECTBYIONMX UM JPYruX OoJee CIO0KHBIX
aBJIeHUHA. Kpome TOoro, ¢ IIOMOIIBIO TEOPUU BEPOATHOCTEN OCYIIECTBISCTCS
KOJIMYECTBEHHAs OLICHKA BJIMSHUS PA3IUYHBIX CIy4alHbIX ()aKTOPOB Ha pe3yJbTatr
KaKOTO-TH00 KOHKPETHOTO HCHbITaHusA. [lociienHee, mpeacTaBiseT MHTEpEC s
AKCIIEPUMEHTATOPOB, C TOYKHU 3PEHUS U3YUECHUSI BO3MOKHOCTH OKa3aHUS BIWSIHUA

Ha KOHEYHBIN PE3yJIbTAT 3TOr68+0 UCIIBITAHUA.

Kaxmoe u3 coObITHH 007amaeT TOW MJIM WHOM CTEIEHBIO BO3MOKHOCTH
MOSIBJICHUS, KOTOpas (KOJMYECTBEHHO) XapaKTEpU3YETCS €r0 8epOsAmHOCHIbIO.
CoObITHE CUMTAETCSI 0OCHOBEPHBIM, €CII B PE3YJIbTATe OMbITA OHO O0A3aTEIbHO
JIOJDKHO TPOU3OUTH. (HAmpUMeEp, BBIMAJACHUE OJHOM U3 IIECTH TpaHeW mpu
OpocaHuu  urpalbHod  Koctu). Ero  BeposATHOCT  paBHA  €JUHUIE.

[TpOTUBOTIONIOKHBIM JJOCTOBEPHOMY COOBITHIO CUUTAETCSI COOBITUE HEB803MOMNHCHOE,
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KOTOPOE€ HE MOYKET MPOU30WTH B JJAHHOM ONBITE (BBINAJECHHUE AECSITH OYKOB IpHU
OpocaHuu urpasibHON KOCTH). Ero BepodaTHOCTh paBHa Hym0. B ToMm citydae, eciu
BEPOSITHOCTh COOBITUS HE paBHAa HYJIO HO OJM3Ka K HEMy, JAHHOE COObITHE
IPUHATO HA3bIBATh HPAKMUUECKU HEGO3MONCHBIM. A €CIIM BEPOSITHOCTh HE PaBHA

CAHMHUIIC, HO Onm3Ka K Hel — npakmuuecku 000m03epnbm.

B tom ciydae, ecnmu B pe3ysbTare OCYIIECTBIEHHUS KAKOTO-JIHOO OIIBITa,
OJTHO U3 HECKOJIbKUX COOBITUM 0053aTEIHHO JOKHO IIPOU30MTH, TO CUUTACTCS YTO
MOCJICAHUE 00pa3yIoT HOAHYH 2pynny coOvimuil. B xauecTBe MpuMepa MOKHO
npuBeCTH oOsi3aTenbHOEe TosiBieHue 1, 2, 3, 4, 5 u3 6 o4koB mpu OpocaHuU
urpaibHOM KocTu. [Ipu 3TOM, BIOJIHE TOHSTHO, YTO JIFOOBIC J1Ba W3 COOBITUH
(HanmpuMep, OJHOBPEMEHHOE TOSIBICHUE «2» U «5» OUKOB) HE MOTYT IMPOU30UTHU
OJHOBpeMeHHO. Takue CcOOBITHS M WM IOJ00HBIC MPUHITO HAa3bIBATh

HecoemecmHbIMU.

Eciu MOXHO cuuMTarh, YTO HU OJIHO M3 BCEX BO3MOXHBIX COOBITUH
MOSIBJISIIONIMXCS B PE3yJibTaTe WCIBITAHUS, HE SBIAETCS OOBEKTHBHO OoJiee
BO3MOXKHBIM 4Y€M Jpyrue (Kak B Clydae MOSBJICHUS OMPEICIICHHOTO KOJIMYECTBA
OUYKOB NMPU OPOCAHWUU UTPATBLHON KOCTH), TO TaKHE COOBITUS MPHUHSATO HA3bIBATh
PABHOBOIMOMNCHBIMU W CUUTATh YTO JAHHOE WCHbITaHHE (ONBIT) 00JaTaeT

CHMMeTpI/Ieﬁ H «CBOJUTCS K CXCMC CIIy4acB)».

1.2. BeposiTHOCcTh cayuyailHOro coObiTusi. Kiaccuyeckoe omnpenesneHue
BEPOSITHOCTH DJIEMEHTbl KOMOMHATOPHKH.

Kak w3BeCTHO, KakJa0€ WCHBITAHWE 3aBEPIIACTCS HEKOTOPHIM HCXOIOM
(pe3ynbpTaToM) WM coObITHEM. [l o0003Ha4YeHUsT COOBITUH HMCIOJIB3YIOTCS
3arnaBHbIe OykBbI JlaTuHCKOTO andasuta A, B, C,.... Kaxmoe u3 HHUX, KaK yxKe
OTMEYAJIOCh BHIIMIE, 00JaJaeT KaKOW-TO CTEMEHbI0 BO3MOXKHOCTH CBOETO
nosiBJeHUs. YncmoBast Mepa 3TOi BO3MOKHOCTH, HAIPUMEP KAKOTO-JIMO0 COOBITHS
A, mpencrtaBisieT coOOW HE UYTO HMHOE KakK BEpPOSTHOCTh €ro TIOSBICHUS U
ob6o3nauaetcsi cumBosioM P(A). Ilpennonoxum, 9To MPOBOAUTCS WUCIIBITAHUE U U3

obmero kojguyecTBa "n'" HECOBMECTHBIX PAaBHOBO3MOXKHBIX €ro HCXOJIOB

(ciyuaeB), "m" ciy4daeB OJIaronmpusiTCTBYIOT coObiTui0o A. Torma, corjacHo
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KIACCUYECKOMY  OnpeoesieHuto, BEPOSTHOCTh COObITHUST A ompenemnsiercs
OTHOIIICHHUEM YHCJIa HMCXOJIOB €My OJaronpusaTCTBYIONIUX, K OOIIEMYy YHCIY
HCXOJIOB:

P(A)=m/n (1)

B Tom cimydae ecnmu A4 — pmoctoBepHoe coObitne, To m=n u P(A)=1; ecnmu
HeBo3MOXkHOe, T0 m =0 u P(A4)=0; ecnmu A — ciayyaitHoe coObITHE, TO M<n U
P(A4)<1. CnepoBatelbHO, BIOJHE OYEBUIHO YTO BEPOSTHOCTH 3aKIIIOUYEHA B

npeaenax: 0< P(A)<1.

IIpumep 1. MHWrpanpHyro KOCTh moaOpachlBalOT OAuWH pa3. Haiitu
BEPOSITHOCTh COOBITUI: A — MOSIBIICHUE YETHOT'O YKCIIA OYKOB; B — MOSIBJICHUE HE
MeHee AT 04koB; C — MOsBIICHHE HE 0oJiee MATH OUKOB.

Pewenue. VicribiITaHue HUMEET WIECTh PABHOBO3MOYKHBIX HE3aBHCHMBIX
UCXOJI0B (TOSBICHHE OIHOTO, NIBYX, TPEX, YETHIPEX, IMSITH WU IIECTH OYKOB),
oOpasyromux TOoJIHYI0 cuctemy. M3 HUX, cOOBITHIO A ONarompusTCTBYIOT TpHU
UCX0Ja (BBIMAJICHUE JBYX, YETHIPEX U LIECTH OYKOB), modTomMy P(A)=3/6=1/2;
cobbiTUI0O B — 5Ba wucxoja (BBIMAJCHUE MSATH M IIECTH OYKOB), MOITOMY

P(B)=2/6=1/3; cobbsituio C — nsATh UCXOJ0B (BBINMAJCHUE OJHOTO, ABYX, TPEX,

YETBIPEX M IIATH OUKOB), cienoarensno P(C)=5/6.

[Tpu BEIYHCIIEHUHN BEPOSTHOCTH, YaCTO MPUXOIUTCS UCIIOIB30BaTh (POPMYIIBI
KOMOUHamopuxy — pa3jielia MaTeMaTHUKH, KOTOPBIM U3y4aeT, B YACTHOCTH, METOIbI
pelIeHusT JUCKPETHBIX (KOMOMHATOPHBIX) 3ajad, T.C. 3aJad Ha IOJCYET YHhCIia
paznu4HbIX KoMmOwHarmmii. Ecimm BBIOOpKM (KOMOWHAIMM) W3 7 DJIEMEHTOB
OTIIMYAIOTCS TOJBKO TOPSAKOM PACTIONIOKECHHSI dTUX JJIEMEHTOB, TO WX MPHHSITO
Ha3bIBaTh NepecmaHo8KaMU U3 N SIEMEHTOB.

P =n! (2)

B ToMm cnydae, eciu B nepecTaHOBKAaxX M3 OOIIEro yucia 7 3JIEMEHTOB MMEETCS
HEKOTOPOE MOJMHOXKECTBO, COCTOSIIEE U3 d 3JIEMEHTOB, B KOTOPOM 1-i 351€eMEHT
HOBTOpPSIETCS 71y Pa3, 2-H DJIEMEHT — 7, pas3, dJIEMEHT C HOMEpOM d — n, pa3 u

BBITIOJIHACTCA PABCHCTBO 714 + ny +-e ny; =n, TO TaKUC IICPECTAHOBKU IIPHUHATO

Ha3bIBATh IIEPCCTAHOBKAMHU C ITIOBTOPCHUCM U3 71 3JICMCHTOB!:

P, (n,ny+--+n,)= (3)

10
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Ecau BBIOOpKM M3 7 DIEMEHTOB MO M OTJIMYAKOTCS JIPYT OT JPyra TOJIBKO
COCTaBOM 3JIEMEHTOB, TO UX HA3bIBAIOT COYemanuem U3 n 3JIEMEHTOB 10 M :

n!
m
C,=——— 4)
n ! !
m!(n—m)!

B ClIydac, Koraa HCKOTOPBIC 3JICMCHThI (I/IJII/I BCG) MOT'YT OKa3aTbCA OANMHAKOBBIMH,
TO TAKHUC COUCTAHHU HA3BIBAKOTCA couemaHusimMu C noemMoperuiMu U3 n 3JICMCHTOB
10 m .

Cr=Cr (5)

n+m-1°*

Brei6opku w3 n 37IE€MEHTOB MO m, OTIMYAIOIIUECS APYr OT Jpyra JTudo
COCTAaBOM DJIEMEHTOB, JTUOO MOPSIIKOM UX PACIIONIOXKEHUS (JIUOO U TEM U JIPYTHUM)
NPECTABISIIOT COOON pa3MEIICHUs U3 /1 DJIEMEHTOB IO 1

n!

A'=C"-P =——
(n—m)!

(6)

Ecnu HCKOTOPBIC 3JICMCHTBI (I/IJII/I BCC) MOI'yT OKa3aTbCiA OJHUHAKOBBLIMU, TO TAKHUC
pasMCUICHUA HA3bIBAKOTCA pd3MeuleHUAMU ¢ noemoperusimu U3 n 3JICMCHTOB 110
m:

“m _ m

A5 =n (7)
PaccMoTprM  KOHKpETHBIE  OPUMEPBl  HEMOCPEACTBEHHOTO  BBIYMCIICHHUS
BEPOSTHOCTEM.

IIpumep 2. B ypHe Haxomurcs 7 KpacHBIX M 6 cHHMX 1apoB. M3 ypHsI
OJIHOBPEMEHHO BBIHUMAIOT JiBa Iapa. KakoBa BepOATHOCTb TOro, 4ro oba mapa
KpacHble (coobiTue 4)?

Pewenue. O6HIC€ YHUCJIIO PABHOBO3MOKHBIX HC3aBUCUMBIX UCXOO0B PABHO

| .
L 13 1312 o
2A(13-2)! 1-2

7-6

2
CoOsiTio A GnarompusitctBytor m=C; = =21 wucxonos. CnenoBarensHo,

21 7
€ro BEpOSTHOCTH onpezensiercs otHomennem: P(A)=—=

78 26

11
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Ilpumep 3. B maptum u3 24 neraneil narh OpakoBaHHBIX. M3 maptum
BbIOMpalOT Hayraa 6 neranedl. HailTu BEpOATHOCTH TOro, 4TO Cpean 3TUX 6
JeTanei OkaxyTcsi 2 OpakoBaHHBIX (CoObITHE B).

Pewenue. 0611166 YHUCJIO PaBHOBO3MOKHBIX HE3aBHUCUMBIX UCXOA0B PaBHO

pog 2 24123:22:21:20419 00
1-2:3:4-5-6

Uwucno ucxooB m OIAaronpuATCTBYIOMIUX COOBITHIO B MOXKET OBITh OMpeeIeHO

CIeAYIOIUM 00pa3oMm:

Cpeau miecTH B3SATHIX HAyraj JeTajel JOKHO ObITh 2 OpakoBaHHBIX U 4

5-4

CTaHAApTHBIX. J[Be OpakoBaHHBIE JAE€TANU U3 MATH MOXKHO BBIOPATH C% = 12 =10

cnocobamu, a 4 craHAapTHBIX JAeTanud U3 19 cTaHmapTHBIX MOXHO BBIOpATh
19-18-17-16

Cf'g = 1234 3876 cnocobamu. Kaxnas komOuHaiusi OpakOBaHHBIX

JeTajeldl MOXKET COdYeTaThCsid C KakJAoW KoMOWHAIMed CTaHJapTHBIX JeTalleH,

no3toMy .m =3876 x10=38760. CienoBaTenbHO:

38760 510 03
134596 1771

Ilpumep 4. [IeBaTb paznuWYHBIX KHUT pACCTaBIEHbl Hayjady Ha OJHOU

P(B)

nosike. HaliTh BEpOSATHOCTH TOTO, YTO YETHIPE OMPEIEICHHBIE KHUTH OKAKYTCS
MOCTaBJIEHHBIMHU psaJioM (coobiTue C).

Pewenue. 3nech 49uUCIO PaBHOBO3MOXKHBIX HE3aBHCHMBIX HCXOJIOB €CTh
n=Py=9! TlogcuuTaeM 4YHCIO HMCXOJOB M, OJaronpusATCTBYOmMUX cooObiTHi0 C.
[IpencraBum cebe, YTO YETHIPE ONPEACIICHHBIE KHUTH CBS3aHBI BMECTE, TOTJA 3Ty
CBS3KYy MOJKHO pacloJIOKHTh Ha Tmojke Pg=6! cmocobamu (CBS3ka IUTIOC
OCTAJIbHBIC TISITh KHUT). BHYTpH CBS3KM YEThIpEe KHUTH MOXHO TepecTaBiiTh P,=4!
criocobamu. [Ipu 3TOM Kakiass KOMOWHAIMS BHYTPH CBSI3KH MOXKET COYCTAThCS C
KaXJIbIM U3 Pg c11ioco00B 00pa3oBaHusl CBSA3KH, T.€. m = 614! .

6-41 1
9 21

IIpumep 5. CkONBKO MOXHO COCTAaBUTh BOCBMH3HAUHBIX YHCEN, KOTOPbIE

Cnenosarensno, P(C) =

cocTosT u3 udp 2, 3 u 4 npu ycnoBuu 4to 1udpsl 2 U 3 moBTOpseTcs mo 3 pasa, a
mudpa 4 — 2 paza ?

12
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Pewenue. Kaxnoe BOCBMHU3HAYHOE YHUCIO OYIET OTIMYATHCA OT JIPYroro
HOpPSAKOM cieoBaHus uudp (B JaHHOM citydae, n; =3, n, =3, ny =2, a UX CyM-
Ma paBHa 8). T.e., oTBETOM OyJET SIBISTHCS MEPECTAHOBKA W3 § AJIEMEHTOB (CM.
bopmyiy (3)):

8!

1.3 [leiicTBUsI HAJA COOBITHSIMM.

B nponecce pemeHus 3amad, HENOCPEACTBEHHBIM IOACYET CIy4acB
ONaronpuUATCTBYIOUIMX  JAHHOMY  COOBITMIO  MOXXET  OKa3aThCsi  OYEHb
3aTpyAHUTENbHBIM. B CBSI3W ¢ 3TUM, Uil ONpEAENICHHUs] BEPOATHOCTU COOBITHSA
yacTo ObIBaeT OoJiee yJOOHBIM TMPEACTABJICHHE PACCMATPUBAEMOTO COOBITHS B
BUJI€ KOMOMHAIMU JAPYTUX COOBITHH sBJstOIIUXCS Oonee mpocTbiMU. [Ipu 3TOM,
HEOOXOJMMO 3HAaTh TaKHe TMpaBWia JEHUCTBUH HaJ COOBITUSIMH KaK CyMMa,
Pa3HOCTb U IPOU3BEICHUE.

1.3.1. Cymma coovimuii

Onpeodenernue: CyMMOU HECKONLKUX COObIMUL  NPUHAMO  HA3bIBAMDb
coovlmue, Komopoe coCmoum 8 HacmynieHuu Xoms 0l 00HO20 U3 HUX.

Taxk, Harpumep, B IpOCTENIIEM ciydae, Koraa coObIThil ABa (4 u B), cymma (A+B)
O3HauvaeT Takoe TpeTbe coObiTHe C, KOTOpOE, €Clii OHM COBMECTHBI, COCTOUT B
NOSIBJIEHUU JTMO0 cOOBITUS A MO0 B, UM TOTO U IPYroro, U HacTyIuieHue Jauodo A4

1100 B, eCiii OHU HECOBMECTHEL.

Teopembl_coxcenus eepoamuocmeii:

Teopema 1: Beposmnocms Hacmynienusi 00HO20 U3  HECKOJIbKUX

HeCOBMECMHBIX COOLIMULL PABHA CYMMe 8EPOSIMHOCE SMUX COObIMUIL

P(A+B+...D)=P(A)+ P(B)+....+ P(D) (3)
[IpuMeHeHue NaHHOM TeOpeMbl Bcerjga TpeOyeT MPOBEPKH paccMaTPUBAEMbBIX
COOBITHI Ha TIPEIMET UX COBMECTHOCTH !

IIpumep 6. B norepee pasbirpeiBaerca 1000 Ouneros, mpu 3TOM, Ha OAMH
BBIUTPBIIHBINA OunieT npuxoautcsa 100 py6., Ha 5 OuneroB — 20 py06., mHa 100
oueroB — 5 py0. Hailtu BepodaTHOCTD BblUrpbilia He MeHee 20 pyOsieli mo ofHOMY
JOTepEeHHOMY OHUJIeTY.

Pewenue. Ilycts A, — cobbITHE COCTOALIEE B BRIUTPHILIE 5 pyO., TOrIa

13
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100 1
P4)=——=—;
(4) 1000 10

nyctb A, — cobbiTue BeiUrpsbima 20 pyo., Toraa

5 1
P(4)=——=—-
) =100 ~ 200
nyctb A; — coositue Bemrpsima 100 py06., Toraa
1
P(4y) =——

1000

CoObitus 4, Ay, A; — HECOBMECTHBIL.

ITyctb 4 — coObitve Boiurpbima > 20 pyO., torma 4= A, + A; HOCKOJIBKY

HACTYIUT Wi A,, win Az, To coranacHo (8):

5 .1 _ 6 _
1000 1000 ~ 1000

Teopema 2: BeposTHOCTh CyMMBI IByX COBMECTHBIX COOBITHIT 4 U B paBHa

P(A) = P(4y + 4;) = P(4y) + P(4s) = 0,006.

CyMME BEpOSTHOCTEH OTUX COOBITUI 0€3 BEpPOSITHOCTH HMX COBMECTHOTO

MOSIBJICHHUSI, TO €CTh
P(A+B)=P(A)+ P(B)—P(A4-B) 9)
IIpumep 7. Haiitu BeposITHOCTB, UTO MIPH MOAOPACHIBAHUU JIBYX HTPAbHBIX
KyOMKOB XOTsI ObI OJTUH pa3 BbINAAET 6 OYKOB.
Pewienue. BeeneM coObITHS:
A — BeIMajzicHue 6 OYKOB Ha 1-oM KyOuke
B — Brimanienne 6 04kOB Ha 2-0M KyOuKe

BBugy Toro, uto coObiTHss 4 W B COBMECTHBI, TO €CTh 6 OYKOB IO YCIOBHIO
3a]]a4d MOKET MOSIBUTHCS JIMOO Ha OJHOM M3 KyOMKOB, MO0 Ha 00OUX cpasy, TO
COTJIaCHO Teopeme 2.

P(A+B)=P(A)+ P(B)—P(A-B)
C yaerom Toro, uto P(4)=1/6; P(B)=1/6; P(AB)=1/36; nonyuum:

P(A+B):l+l—izﬂ.
6 6 36 36

14
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1.3.2 Paznocme coovitmuii

Onpeodenenue: Paznocmero 08yx cobeimuii A u B: A—B npuuamo
Hazvleamsv cobvimue, Komopoe cocmoumcs, ecau A npousotdem, a B mHe

npousotioem.

IIpumep 8. [loGenurens cOpeBHOBaHHS HarpaxxaaeTcs: MpU30oM (COOBITHE
A), nenexHoit mpemueit (coowsiTre B ), Menanbio (codsiTue C). UTo mpeacTaBiseT
coboit, Hanpumep, coobitue AB—C ?

Pewenue. Cobbitue AB—(C 3akioyaercss B HarpaxkJIeHUU NoOenuTens

OJTHOBPEMEHHO U IIPU30M, U MPpEeMHei 6€3 BhIIauu MeIaju.

Ipumeuanue: Pasznocms 08yx cobvimuii A u B mooxcno npedcmasumv u xax

npouszeedenue cobvimusi A Ha cobvimue npomusononodxchoe B: B, m.e.:
A—B=AB. Coomgeemcmeenno 6 npumepe 14 unmepecyroujee coovimue MONCHO

npeocmasums 6 eude: ACB .
1.3.3. IlpousBenenne coobITHI

Onpeoenenue: Ilpouzsedenuem o08yx cobvimuii AB nazvieaemcs maxoe
mpemuve codvlmue, KOmopoe COCMOUn 8 UX COBMeCMHOM NOSLGIeHUU.

Ecnmu coOwiThii Gonee nByX, TO MX MPOU3BEICHUEM Ha3bIBACTCS COOBITHE,
KOTOPOE COCTOUT B COBMECTHOM TIOSIBJICHHH BCEX dTUX COOBITHA.

Section 1.
1.1 Probability theory subject, basic concepts and problems
Probability theory is a mathematical discipline that studies regularities in

phenomena (events) with an uncertain outcome, where the same experiment (test)
is unlimitedly reproduced in a slightly different way in each case. Its basic con-
cepts are the elementary event and the space of elementary events. The appear-
ance or non-appearance of this or that outcome of the test should be understood as
an elementary event. The space of elementary events 1s a set, each element of
which corresponds to one outcome of a test. A subset of the elementary event
space is called a random event, which may or may not happen as a result of the
test (a number falling out when a coin is tossed, a cell phone call in a given minute,
etc.). The mathematical models of random events are the subject of probability

theory research.

15
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The primary objective of probability theory is to make scientific predictions
of various phenomena by anticipating the probabilities of other more complex
phenomena that precede them. Moreover, through the probability theory, the influ-
ence of various random factors on the result of any particular test is quantified. The

possibility of influencing the final result of this test is of interest to experimenters.

Each event has some degree of occurrence possibility, which is (quantita-
tively) characterized by its probability. An event is considered reliable if it must
necessarily occur as a result of the experiment (for example, the die comes to rest
after being rolled and shows one of six faces). Its probability is equal to 1. The op-
posite of a reliable event is an impossible event, which cannot happen as a result of
the experiment (a ten-point die roll). Its probability is equal to 0. An event is con-
sidered virtually impossible if its probability is not equal to 0 but is close to it.
When its probability is not equal to 1, but close to it, this event is called virtually

reliable.

In the event one of several events must occur as a result of any experiment, it
is considered that they form a complete group of events. The example is the obli-
gatory occurrence of 1, 2, 3, 4, 5 out of 6 points when rolling a die. However, any
two of the events (for example, the simultaneous occurrence of "2" and "5" points)
cannot be simultaneous. Such events and similar events are commonly referred to

as disjoint events.

When none of all possible events resulting from an experiment can be as-
sumed to be objectively more possible than others (as in the case of a certain num-
ber of points in a roll of the die), then such events are called equally possible and
the test (experience) is assumed to be symmetrical and "reduced to a pattern of

cases".

1.2. Random event probability. Traditional definition of probability. Elements
of combinatorics.

16
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It is known that each experiment concludes with some outcome (result) or
event. The capital letters of the Latin alphabet A, B, C,.... are used to denote
events. As previously mentioned, each of them has some degree of possibility of
its occurrence. The numerical measure of this possibility, for example of an event
A, is nothing but the probability of its occurrence and is denoted by the symbol
P(A). Let us assume that an experiment is carried out and of the total number "»"
of disjoint equally possible outcomes (cases), "m" cases are favorable to the event
A. Hence, according to the traditional definition, event A probability is determined
by the proportion of outcomes favorable to it to the total number of outcomes:

P(A)=m/n (1)

If A is a reliable event, then m=n and P(A)=1; if it is possible, then m =0 and
P(A)=0; if 4 — is a random event, then m<n and P(A)<1. Consequently, it is
quite obvious that the probability is within the range: 0 < P(A4) <1.

Example 1. The die is rolled once. Find the probability of the following
events: 4 - the result of an even number of points; B - the result of at least five
points; C - the result of no more than five points.

Solution. An experiment has six independent equally possible outcomes (the
result of one, two, three, four, five, or six points), which form a complete system.
Out of them, event 4 is favored by three outcomes (two, four, and six points),
therefore P(4)=3/6=1/2; event B is favored by two outcomes (five and six

points), therefore P(B)=2/6=1/3; event C is favored by five outcomes (one, two,
three, four, and five points), therefore P(C)=5/6.

When determining probability, we often have to use formulas of combina-
torics, a branch of mathematics that studies methods of solving discrete (combina-
torial) tasks, i.e. tasks for counting the number of different combinations. When
samples (combinations) of elements differ only in the order in which these ele-
ments are arranged, they are usually called permutations of elements.

P =n 2)

n

Should there be some subset consisting of x elements in permutations of the total
number of 7 elements, in which the Ist element is repeated n; times, the 2nd ele-

ment is repeated n, times, the element with number 4 1is repeated n,; times, and
the equality n +n, +---+n,; =n 1s fulfilled, then such permutations are called

permutations with repetition of 7 elements:

17
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n!

B, (ny,ny +---+n,)= 3)

n!nyl...n,!

If samples of n elements to m differ from each other only by the composi-
tion of the elements, they are called a combination of n elements to m:

m n!

cno ™
Y oml(n—m)! *)

In the case where some (or all) of the elements may be equal, then such combina-
tions are called combinations with repetitions of n elements to m:

(ij_ m (5)

n -~ “n+m-l:

Samples of n elements to m , which differ from each other either by their
composition or by their order (or both) represent placements of 7 elements to m:

|
A" =C".p __n
(n—m)!

If some (or all) of the elements may be equal, then such placements are called

(6)

placements with repetitions of 7 elements to m:

Let's discuss specific examples of direct calculation of probabilities.

Example 2. There are seven red balls and six blue balls in the box. Two
balls are taken out of the box at the same time. What is the probability that both
balls are red (event 4)?

Solution. The total number of equally possible independent outcomes is

! .
13 1312

=% = —
A(13-2)! 1.2

7-6

Event 4 is favored by m = C? = ﬁ = 21 outcomes. Consequently, its proba-
e : : : 21 7
bility is determined by the following ratio: P(A4) = e = 2%

Example 3. There are five defective parts in a batch of 24 parts. Six parts
from the batch are chosen at random. Find the probability that there are 2 defective
parts among these 6 parts (event B).

18
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Solution. The total number of equally possible independent outcomes is

poc J24:23:22:21:20419 o0
1-2-3-4-5-6

The number of outcomes m favoring event B can be determined as follows:

There must be two defective parts and four standard parts among the six parts tak-
54
1-2
ways, and 4 standard parts out of 19 standard parts can be chosen by
?9 = 191' lj ';7 :6 =3876 ways. Each combination of defective parts can be

matched with each combination of standard parts, so m = 3876 x10 = 38760

en at random. Two defective parts out of five can be chosen by C2 = 10

Consequently:

38760 510 03
134596 1771

Example 4. Nine different books are placed at random on one shelf. Find the

P(B)

probability that four specific books will be placed next to each other (event C).

Solution. Here the number of equally possible independent outcomes is
n=Py=9! Let's count the number of outcomes m that are favorable to the event C.
We can assume that four certain books are bound together, then this bundle can be
arranged on the shelf by P¢=6! ways (the bundle plus the other five books). The
four books inside the bundle can be rearranged in P,=4! ways. Each combination
inside the bundle can be combined with each of P6 ways to form a bundle, i.e.
m = 6!-4! .

6!-4! 1
or 21
Example 5. How many eight-digit numbers can be composed of the figures

2, 3 and 4, provided that the figures 2 and 3 are repeated three times, and the figure
4 is repeated two times ?

Therefore, P(C) =

Solution. Each eight-digit number will differ from the other by the order of
figures (in this case, n; =3, n, =3, ny =2, and their sum is 8). That is, the answer

is a permutation of 8 elements (see formula (3)):

8!
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1.3 Operations with events.

Direct counting of occurrences favorable to a given event may be very diffi-
cult in the process of problem solving. In this connection, it is often more conve-
nient to represent the event in the form of a combination of other simpler events so
as to determine the event's probability. In this case, it is necessary to know such
rules of operations with events as sum, difference and product.

1.3.1. Sum of events

Definition: The sum of several events is an event which consists of the oc-

currence of at least one of them.

The example of the simplest case: there are two events (4 and B), the sum (4+B)
means a third event C which, if they are combined, consists in the occurrence of
either 4 or B, or both of them, and the occurrence of either 4 or B, if they are dis-
joint.

Probability addition theorems:

Theorem 1: The occurrence probability of one of several disjoint events is

equal to the sum of the probabilities of those events.

P(A+B+...D)=P(A)+ P(B)+....+ P(D) (8)
The application of this theorem always requires checking the events in question for
their coherence !

Example 6. There are 1000 tickets in the lottery, with one winning ticket
worth 100 rubles, 5 tickets worth 20 rubles, 100 tickets worth 5 rubles. Find the
probability of winning at least 20 rubles from one lottery ticket.

Solution. May A4 be the event of winning 5 rubles, then

100 1
P(4)=— = —;
(4) 1000 10

may A, be the event of winning 20 rubles, then

5 1
P(Ad))=— =~
(42) 1000~ 200

may Az be the event of winning 100 rubles, then

1

P(43) =500
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The events 4, 4,, A; are disjoint.
May A4 — be the event of winning > 20 rubles, then 4= 4, + 4; since either 4, or
Aj; will occur, then according to (8):

5,1 _ 6
1000 1000 1000

Theorem 2: The probability of the sum of two simultaneous events 4 and B

P(A)=P(A, + Ay) = P(4y) + P(4;) = = 0,006.

is equal to the sum of the probabilities of these events without the probability of
their simultaneous occurrence, that is

P(A+B)=P(A)+P(B)—P(A-B) 9)
Example 7. Find the probability that when two dice are rolled, at least once
the 6-point result will be obtained.
Solution. Let's introduce the events:
A - A roll of 6 points on the 1st die
B - A roll of 6 points on the 2nd die

Considering that the events 4 and B are simultaneous, i.e. according to the
task condition 6-point result may appear either on one of the dice or on both of
them at once, then according to Theorem 2.

P(A+ B)=P(A)+ P(B)—P(A-B)
Given that P(4)=1/6; P(B)=1/6; P(AB)=1/36; we get:

P(A+B):l+l—L:£.
6 6 36 36
1.3.2 Difference of events

Definition: The difference of two events A and A : A — B is commonly re-
ferred to as an event that will happen if A occurs and B does not occur.

Example 8.

The competition winner is awarded with: a prize (event 4 ), a money reward
(event B ), a medal (event C ). What is the event 4B — C, for example?

Solution. Event 4B — C includes awarding the winner with both a prize and
a money reward without awarding a medal.
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Note: The difference of two events A and B can also be represented as the prod-
uct of the event A on the event opposite to B : ,i.e.. A— B = AB . Respectively,

the event of interest in Example 14 can be represented as: AB.

1.3.3. The product of events

Definition: The product of two events is a third event that constitutes their

joint occurrence.

If there are more than two events, then their product is the event that com-
prises the joint occurrence of all these events.
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Pa3znen 2.
2.1. CraTucTu4yeckoe onpeaejieHue BepOSITHOCTH
Knaccuueckoe omnpeneneHne BEpPOSTHOCTH SIBIAETCS OTPAHUYEHHBIM, IO-

CKOJIBKY TPUMEHUMO TOJBKO JUISI TEX COOBITHM, KOTOPHIE MOTYT TOSIBUTHCS B pe-
3yJIbTaTe UCTBITAHUN OONANAIOIIUX cuMMempuell BO3MOXHBIX MUCXOJ0B WJIH, Kak
MPUHATO TOBOPUTD, CBOOAUUXCS K CXEME cllydaeB. J[pyruMu cioBaMu, KaxkJ0€ U3
TaKUX COOBITUH SIBIISIETCS PaBHOBO3MOXHBIM. Tak, HallpuMep, B CIIy4ae OIBITOB
MIPOBOJAUMBIX C UTPAJTBHOU KOCTBIO IPEANONAraeTCs, YTO MOCIEAHAS U3TOTOBIIEHA
U3 UJCAIbHO OJHOPOJHOTO Marepuana u uMmeer (hopmy mpaBuiabHOro kyoba. Ilpu
ATUX NPEANOJOKEHUAX BIOJHE OYEBUIHO, UYTO BBIMAJCHUE JIO00N W3 TpaHel
MIPEICTABIACT COOO0M COOBITUN C OAMHAKOBON BO3MOKHOCTBIO CBOETO IMOSBIICHUS.
OnHako, B peaJIbHOW IEMCTBUTEIBHOCTH, 3aa4l B KOTOPHIX MOYHO UCXOJHTH U3
coOOpaKeHU CUMMETPUU BCTpEYaloTCs KpaitHe penko. B c¢Bsizu ¢ aTuM, BMecTe ¢
KJIACCUYECKUM OIIPEIEIICHUEM BEPOATHOCTH UCIOIB3YIOT U Cmamucmuyeckoe oll-

PCOCIICHUC.

Cmamucmuyeckoil 6epoAmMHOCHIbI0 KaKOTO-IM00 KOHKPETHOTO COOBITHS
A TpUHSTO HA3BIBATh OTHOCUTEIBHYIO YaCTOTY TOSBICHUS 3TOTO COOBITHS B TIPO-
1ecce UCHbITaHui. JomycTuM, 4TO B HEKOTOPOM OIBITE MOKET MPOU3OUTH COOBI-
tie A . [Ipearnoaokum TaKkxke, 9To MPOU3BOIUTCS /1 OIBITOB, B KOTOPBIX COOBITHE
A wacrymaer m pa3. Uucimo m Ha3pIBaeTCS uacmomoti coObITust A, a 4ucio

P(A)=m/n— cmamucmuueckoii eeposmnocmvio 3T0ro COOBITHS, IPENCTAB-

nsoel coboit omnocumenvuyto wacmomy (uacmocms) nossienus A B n mpo-
BEJICHHBIX MCITBITAHUSX.

Crnenyer OTMETUTb, YTO JAHHOE OINPEJEICHUE BEPOSTHOCTH MIPUMEHUMO HE K JIIO-
OBbIM COOBITHSIM C HEONPEIEIEHHBIM UCX0/I0M, a TOJIBKO K TEM, KOTOpbIE 00J1aat0T
ONpPEJEICHHBIMA CBOWCTBAMM:

1). PaccmaTtpuBaembie cOOBITHSL TOKHBI OBITH HCXOAAMH TOJIBKO TE€X UCTIHITAHUMH,
KOTOPbIE MOTYT OBITh BOCIIPOM3BE/ICHBI HEOTPAHUUEHHOE YKCIIO pa3 MPHU OJHOM U
TOM K€ KOMILUIEKCE YCIIOBUN;

2). CoObITHS TOHKHBI 001aAaTh Cramucmu4eckoll ycmouyugocmoio (yCTOMUUBO-
CTBIO OTHOCHUTEIBHBIX YacTOT). J[pyruMu cioBamu, B pa3HbIX CEPUSX UCIIBITAHUH,
OTHOCHUTEJIbHAS YACTOTA COOBITHSI JOHKHA U3MEHSATHCS HE3HAUYNUTEIBHO, KOJIEOISICh
OKOJIO TIOCTOSTHHOT'O 3HAYCHUS,
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3). Yuciio ucnbITaHwid, B pe3ybTaTe KOTOPBIX MOSIBISETCS COOBITHE A JIOIDKHO
OBITh JIOCTaTOYHO BEJIHMKO, MOCKOJIBbKY, TOJIBKO B 3TOM ClIy4ae MOXHO I0JIaraTh,

uto BeposTHOCTL P(A) Gyner mpubIMKEHHO PaBHA OTHOCUTEIBHOM 9acTOTE.

HpI/I CTaTUCTHYCCKOM OIIPCACIICHUN BCPOATHOCTH, COXPAHAKOTCA BCC TC

CBOﬁCTBa, KOTOPBIC CIICAYIOT U3 €€ KIIACCUYCCKOT'O OIIPCACIICHUA:

1). BEepOSITHOCTh TOCTOBEPHOTO COOBITHUS PaBHA CANMHUIIE;
2). BEpOSATHOCTh HEBO3MOXKHOTO COOBITHS PaBHA HYJIIO;

3). ecnu ciyvaitHOe coObITHE C SIBIIICTCS CYyMMOM KOHEYHOT'O YHCJIa HECOBMECT-
HBIX cOObITHH A, A,,...,A, MMEIOMUX BEPOSTHOCTH, COOTBETCTBeHHO, P(4,),

P(4,), ..., P(A,), T0o ero BeposITHOCTb ONPENEIICTCS CyMMO:
P(C)=P(A4)+P(4)+...+P(4,)

2.2. 'eomeTpuueckoe onpeaeieHue BePOSITHOCTH
[lonsiTue Knaccuueckoii 6eposimHocmu OCHOBBIBAETCS HA PACCMOTPEHHUH KO-

HEYHOTO YKCJIa PABHOBEPOSITHBIX UCXOJ0B UCTbITaHUSA. OJJHAKO, B pEaIbHOM IMpaK-
THUKE, OY€Hb YAaCTO BCTPEUYAKOTCS MCIBITAHUS, YUCIO BO3MOXKHBIX MCXOJIOB KOTO-
pbix OeckoHeuHo. [1oaTOMy, BBOJST Apyroe OnpeesieHust BEPOSITHOCTU — 2eoMent-
puueckoe.

['eoMeTpuueckasi BEpOITHOCTh MPECTABISET COOOM BEPOSTHOCTD MOMAIaHUsI TOY-
KU B HEKOTOPYIO 00J1acTh (OTPE30K, YacTh IUIOCKOCTH, YacTh Teda u T. 1.) [Ipeamno-
JIOKUM, 9TO MMeETCs HeKoTopas obnacte G M B Hell comepKuTcs apyras 001acTh
g. B obnacte G naymauy Gpocaercss TOYKa W TpeOyeTcsi ONMpeIeNIuTh, YTO OHA

nonajeT B oonacte g. Ilpu 3TOM, MMeeTcsa BBUAY, YTO OpOIIEHHAs TOYKA MOXKET

nonacte B JH00Oyi0 Touky obnacth (G, a BEpOATHOCTH TIONACTH B KAKYIO-THOO
4yacTh 001acTH ¢ MPOINOPIHMOHAIIbHA MEpe 3TOW 00J1acTu (AJIMHE, TUIOWAAN U T. 11.)

1 HE 3aBHCHUT OT €€ PACIOJIOKCHHS U (DOPMBI.

CornacHo OIpeAeNCHUI0, 2eoMempuUdecKoll B8eposiImHOCHbI0 PACCMaTPUBAEMOTO
cobwiTHst A (B IaHHOM ciTydae, MOMAaaHus TOYKH B 00IAcTh g ) HA3bIBACTCS OT-

HOIIIEHHE MEPBI 001aCTH, OJaronpUATCTBYIOIICH MOSBICHHUIO coOBbITHS A, K Mepe
BCEl o0nacTu:

P(4)= mes g
mes G
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PaccmoTpum crnenyromue KOHKpPETHBIE IIPUMEDBI.

Ipumep 1 3a0aua o secmpeue. JIga nuna A u B 10roBOpUIIMCH BCTPETHTHCS B
ONPENEIICHHOM MeCTe€ BO BpeMeHHOM HHTepBaie Mexay 12-00 m 13-00. /Joroso-
PWINCH TaK, YTO MPUILEIIINI IEPBBIM KJIET APYyroro B TeueHue 20 MUHYT, MOCIIE
yero yxonut. Bonpoc: Uemy paBHa BEpOSTHOCTh BCTPEUYH 3TUX JIUL, €CIU MPUXO]L
KaXJO0r0 U3 HUX B TEYEHUE YKA3aHHOT'O Yaca MOKET MPOU30WTU HayJlayy U MO-
MEHTBI IPUXO0/1a HE3aBUCHUMBI (T. €. MOMEHT IPUX0Ja OJJHOrO JIMIA HE BIUSAET Ha
MOMEHT NIPUX0Ja APYroro) ?

Pemenue. ITycts X U ) —3TO MOMEHTHI MPHUX0/a, COOTBETCTBEHHO it A u B.

Jl1st Toro 4To0bl BCTpeya NpOoU301LUIa, HEOOXOAUMO U JOCTATOYHO YTOOBI BBINOJ-
HSJIOCH CIIELYIOIEE YCIOBUE:

| x—y[£20

B cucreme koopaunatr Ox) Bo3bMeM 3a Hayano orcyera 12-00, a B KayecTBe €/1u-

HUIBI MaciiTaba BeiOepeM MUHYTY. B 3TOM ciydae, BO3MOMKHBIE UCXObI U300pa-
34TCSl TOYKaMU KBajapata co crtopoHamu 60. Mcxonapl OnaronpusiTCTBYIOLIME
BCTPEUE — PACIIONOKATCS B 3aIITPUXOBAHHONU 0OJIACTH.

yh Hckomast BEpOATHOCTh OYyJIeT ONMpeACIsIThCS OTHOIIIE-
60

HUEM TUIOMIA N 3aTPUXOBAHHOHN (DUTYPHI K TIJIOMIATH
BCET0 KBaJpara:

2 2
» p=00 405 555
60> 9

(T. e.. MOMEHT TpUX0Jia OJAHOTO JIMIIA HE BJIMSIET Ha
MOMEHT HPUXO0Ja IPYToro.)

2.3. YcaoBHasi BepOATHOCTD coObITHSI. TeopeMa yMHOKeHNSI BEPOATHOCTE.
He3aBucumeble coObITHS.
Onpedenenue: YcnoHoil 6eposmHocmplo Kako2o-iubo cobvimusi B npums-

MO HA3bIBAMb €20 6EPOSMHOCHIb NPU YCI08Ul, Ymo opyeoe cobvimue A yoice npo-
U30ULILO.

Jlist yCIOBHOM BEpOSTHOCTH Hcmonb3yercs obo3Hauenne P,(B) wm P(B/ A).

[Tomyuum dopmyny nmst ee BerurcieHus. [Ipeanonoxum, yTo MpOBOAUTCA KaKoe-
TO HCHBITaHUE, 00Illee YUCIO PABHOBO3MOXKHBIX M HECOBMECTHBIX MCXOJOB (CITy-
yaeB) KOTOPOro paBHO 7. IIycTh U3 3THUX 71, COOBITHIO A GIAronmpusATCTBYIOT m
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cayuaes, a cobbiTuo B — k ciydaes. [Ipy 5TOM, COBMECTHOMY TOSIBJICHHIO COOBI-
it A u B, 1.e. cobsrtuio AB Gnaronpusarcreyior [ ciygaes ([ <m,l < k).

Torga, COrJacHO KIACCHYECKOMY ONpeaeneHuro BepostHoctn: P(A)=m/n;

P(AB)=1/n.

ITocne Toro, Kak coObITHe A MPOM3OIILIO, YKMCIIO BCEX PABHOBO3MOKHBIX HCXO/I0B
(citygaeB) cOKpaTuioch ¢ n 10 m. IIpu 3TOM, 4KCIlIO CilydaeB 01aronpusTCTBYIO-
mux cobwITuio B, cokpatmnocs ¢ k 10 . TlosTomy, yClIOBHAs BEPOSTHOCTD

P,(B)=1/m=P(AB)/ P(4) (10)
AHaJIOTHYHO

P,(A) = P(4B)/ P(B) (11)

VMHOXkast TIPaByIo | JIeBYIO 9acTi paBeHCTB (1) u (2) coorBercTBenno Ha P(A) n

P(B) nonyuwnwm:

P(AB) = P(4)-P (B)
P(AB) = P(B)- P,(4)

T.e.:

P(4B)=P(4)-P (B)=P(B)- P (4) (12)
[TocneaHee paBeHCTBO MPEACTABIsAECT COOON aHATUTUYECKOE BHIPAXKEHUE TEOPEMbI
(mpaBuJI1a) YMHOKEHHSI BEPOSITHOCTEN.

CornacHo 3TOH TEOpEME, 8epOsMHOCHb NPOU3BEOCHUs 08YX COObIMULL PABHA NPO-
U3BEOCHUIO B8EPOSIMHOCMU O0HO20 U3 HUX HA YCI08HYIO 8EPOSAMHOCHb OpPY2020,
HAUOEHHYI0 8 NPEeONOIONHCEHUU, UMO Nepeoe cobblimue yice npousouLo.

B ciiydyae npou3BosIbHOTO ynciaa coObITHH (T. €., OoJbllIe IBYX), TEOpeMa YMHOXKeE-
HUSI BEPOATHOCTEH JIeTKo 00001maeTcst 1 GopMyIHPYyETCs CIEAYIONIMM 00pa3oM:

Beposmnocmv npoussedenus HeckOIbKUX COOLIMULL PABHA NPOU3BEOCHUIO BEPO-
AMHOCMU 00HO20 U3 DIMUX COOLIMULL HA YCII08HbLE BEPOSIMHOCU OPY2UX.

P(ABC..KL)=P(4)-P (B)-P, (C)..P . (L) (13)
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(yCHOBHaH BCPOATHOCTDb KaXKAOT'0 IMOCICAYHOIICTO COOBITHS BBIUMCISAETCS B npea-
IMOJIOKCHHH, YTO BCC MPCABIAYIINC cOOBITHS HpOI/I3OH_U'H/I)

[Tpu 3TOM, COBEpIIIEHHO OE3pa3TUYHO KaKO€ COOBITHE CUUTATH MEPBBIM, BTOPHIM U.
T. 1. T. e., TOPSIAOK, B KOTOPOM PACIOJOXKEHBI COOBITHS, MOXKET ObITH BBIOpaH

JIFOOBIM.

Teopema yMHOXKEHHUS BEpPOSITHOCTEM MPUHUMAET HambOojee MPOCTOW BH,
KOr'/1a COOBITHSA, 00pa3yIolIne MPOU3BEICHUE SBIISIOTCS He3a8UCUMBIMU.

CoObiTie B Ha3bIBaeTCs HE3aBUCUMBIM OT COOBITHS A, €CIIM €10 BEPOSTHOCTH HE
MEHSIETCsL OT TOTo, mpousouwto cobbitue A wnu wer, 1. e. P,(B) = P(B). (Ecin

3TO PaBEHCTBO HE BBITOJIHIETCS, TO COObITHE B Ha3bIBaeTCs 3aBUCKHMBIM 0T A ).

Heckombko cobwsitnii 4, B, ..., L mpuHATO Ha3bIBaTh HE3aBUCHMBIMH, €CIIA HE3a-
BUCHUMBI JIIOOBIE JIBa U3 HUX M HE3aBHCHUMBI JII000€ U3 JaHHBIX COOBITUN U JHOOBIE
IPOU3BEJEHUS OCTAIBHBIX COOBITHA.

JU1st He3aBUCUMBIX COOBITHI, TPaBUWIIO (T€OpeMa) YMHOXKEHUS BEPOSATHOCTEH s
NBYX (3) 1 HeCcKOJIbKUX (4) COOBITHI UMEET BUI:

P(AB) = P(A)- P(B)
P(ABC..KL)=P(A)- P(B)- P(C)...P(L)

T. e. seposmuocms npouszeedenuss 08YX Ul HECKOIbKUX HE3ABUCUMbBIX COObIMUL
PABHA NPOU3BEOCHUIO 8EPOSIMHOCMEN IMUX COObIMULL.

PaccMoTpuM KOHKpETHBIE TPUMEPHI.

IIpumep 2. B ypHe comepxutcsa Tpu OeNbIX U TPU YEpHBIX miapa. M3 ypHbI
JBaX/bl BBIHUMAIOT MO OJHOMY IlIapy, HE Bo3Bpamas ux oOpatHo. Haiitu
BEPOSITHOCTh MOSBJIECHUS O€NOoro mapa Nnpu BTOPOM HUCHBITaHUM (coObiTHE B),
€CJIM TIPY TIEPBOM UCIIBITAHWU ObLT U3BJICUEH YEPHBIN map (cooniTue A ).

Pemenue. B ypHe, mocie nepBoro UCObITaHUSI OCTAIOCH S MIAPOB, U3 HUX 3
oenbix. CreoBaTeNbHO, UCKOMAsl YCIOBHASI BEPOATHOCTh

P,(B)=3/5

DTOT Ke pe3yJbTaT MOXKHO moiayuuTh U no ¢dopmyne (1). IlpeaBapurensHo
OTMETHUM, YTO OOIllee YUCIIO UCXOJIOB, T. €. COBMECTHOTO IMOSBICHUS ABYX IIApOB

. 43
(He Ba)KHO KaKOTrO L[BETa) ompenensiercs ynuciom pasmernennit 4, =6-5=30. U3

ATOr0 YKCJIa UCXOJI0B, COOBITUIO AB, 4TO B IEPBOM HCIBITAHUU MOSIBUTCS YEPHBIN
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map, a BO BTOPOM — Oeiblif, OmaronpuarctByioT 3-3 =9 wucxomos. ITostomy,

P(AB)=9/30=3/10. Toraa, uckomas ycrnoBHasi BEpOITHOCTh
P,(B)=P(AB)/ P(A)=(3/10)/(1/2)=3/5

IIpumep 3. CTyneHT NOJDKEH CAAaTh MO MATEMATHKE 3a4€T U 3K3aMEH.
Beposaraocts cnaum 3auera paBHa 0,8. Eciu 3a4eT cliaH, TO CTYIAEHT JOIYCKaeTCs
K 3K3aMEHY, BEPOSITHOCTh CHAa4¥ KOTOpOro s crylaeHra paBHa 0,9. Kakosa
BEPOSATHOCTH TOT'O, YTO CTYJICHT CIACT U 3a4YET U IK3aMEH ?

Pewenue. Beenem cienyronme cOObITHS:

A — cnaua crynenTom 3auera, torna P(A) =0,8;

B — cnava crynenrtom sk3amena nocie A, torna P, (B)=0,9, mockonsky

cobsitue B 3asucur ot 4, 10 P(AB)=P(A)P,(B)=0,8-0,9=0,72.

IIpumep 4. BeposTtHOCTh IONagaHus B LEJIb KAKIOTO M3 TPEX OpPYyIUU
coorBerctBenHo pasHa P, =0,8; P, =0,7; P, =0,9. Haiitu BeposTHOCTb XOTs

OBI OJHOTO IIoIMMaJaHu:A IIpU OAHOM 3aJIIIC U3 BCCX Opy,ZII/If/'I.

Pewenue. Tlycts cobbitus A, A,, A, — nomaganue B IeIb IEPBBIM,
BTOPBIM U TpeTbuM opyaueMm, torna P(A4,)=0,8; P(A4,)=0,7; P(4,)=0,9.B
3TOM cilyyae, coObITUs A, A, A; — NPOMaxH, COOTBETCTBEHHO, MEPBOT0, BTOPOIO

1 TpeTbero opyaus. ClleoBaTebHO
P(4)=1-08=02=g¢;
P(4,)=1-0,7=03=g,;
P(4)=1-09=0,1=gq,.

CoGbiTHe A COCTOMT B TOM, 4TOOBI XOTS OBl OJHO OPYIME IOMAIO0 B LENb,
TOT/Ia TIPOTHBOITONIOKHOE COObITHE A OYyIeT COCTOSATH B TOM, YTO BCE TPH OPY/IHS

npomaxuytes, T.e. A = A - A, - A,.
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Torma P(A)=P(A4,)-P(4,)-P(43,)=0,2-0,3-0,1 =0,006
Hckomas Bepositiocts P(A) =1—P(A4) =1-0,006 =0,994.

B ToM ciyuae korzma coOBITHSL HE3aBUCHMBIE, HAlpUMEpP, BEPOSTHOCTH
coObITUS B HEe 3aBUCHT OT MOsABIEHHE COOBITHS A, TeopemMa yMHOxeHHs (11)
IPUHUMAET CJIETYIOINNA BT

P(AB) = P(A)P(B) (14)

MIOCKOJIbKY, B JIAHHOM CJIy4ae, YCJOBHAs BEPOSTHOCTb COObITHS B paBHa €ro
6esycnoBroit  BepositHocti: P, (B)=P(B). PpasencrBo (14) MoOxHO

HCII0JBb30BaTh B KAa4YCCTBC OIPCACICHHA HC3aBUCHMBIX COOBITHH. ﬂBCl coovimus

AGNAIOMCS  HE3ABUCUMBIMU, €CTH BEPOATHOCTH HX COBMECTHOTO HACTYILICHHUS
paBHa MPOM3BEACHHUIO BeposiTHOCTel 3THX cobbithii. Ecmu P, (B)# P(B) -

coObITHS A U B ABJIAIOTCS 3aBUCUMBIMHU.

IHpumep S.. Nmerored 3 sammka, kotopeie coaepxkar no 10 neraneit. B nepsom
AIIUKEe — 8, BO BTOPOM — 7, a B TpeTbeM — 9 cranaapTHbIX aeraneil. M3 kaxmoro
AIIMKA BBIHUMAKOT HayJavy 10 OJHOM JeTanu. Halitu BEpOsATHOCTh TOr0, YTO BCE TPU

BBIHYTBIC JE€TAIN OKAXXyTCA CTAHIAPTHBIMH.
Pewenue.

CobOwiTust A, B, C — u3BIeueHue CTaHAAPTHON JIeTalid, COOTBETCTBEHHO, U3
I-ro, 2-ro u 3-ro fAmuKa.

P(A4)=0.8; P(B)=0,7; P(C)=0,9.
[Tockonbky cobbitust A, B u C — HE3aBUCUMBIE TO:
P(ABC)=P(4)P(B)P(C)=0,8-0,7-0,9=0,504.

Section 2.
2.1. Statistical definition of probability
The traditional definition of probability is limited, because it applies only to

those events that can occur as a result of experiments that have a symmetry of
possible outcomes or, as it is commonly said, are reducible to a scheme of cases. In
other words, each of these events is equally possible. For instance, in the case of
experiments carried out with a dice it is assumed that it is made of a perfectly ho-

mogeneous material and has the shape of a regular cube. These assumptions make

29



30
it clear that rolling and result of any of the faces is an event with the same proba-
bility of its occurrence. But in reality, tasks which make it possible to proceed from
symmetry considerations are extremely rare. In this regard, along with the tradi-

tional definition of probability, a statistical definition is also used.

The statistical probability of any particular event A is usually called the rel-
ative frequency of that event occurring in an experiment. Let us assume that an
event 4 may occur in some experiment. Let us also assume that 7 experiments
are performed in which the event 4 occurs m times. The number m is called the
frequency of event A, and the number P (A) =m/ n— is the statistical probability

of this event, which is the relative frequency (occurrence frequency) of 4 in n

experiments performed.

It is worth noting that this definition of probability does not apply to any

event with an uncertain outcome, but only to those with certain characteristics:

1). The events under consideration must be the outcomes of only those expe-
riments that can be reproduced an unlimited number of times under the same set of

conditions;

2). The events must possess statistical stability (stability of relative frequen-
cies). This means that in different series of experiments, the relative frequency of

the event must vary insignificantly, ranging close to a constant value;

3). The number of experiments leading to event 4 must be large enough,

because only in this case we can assume that probability P (A) will be approx-

imately equal to the relative frequency.

All those properties that derive from the traditional definition of probability

are retained in its statistical definition:

1). the probability of a reliable event is equal to 1;

2). the probability of an impossible event is equal to 0;
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3). If a random event C is the sum of a finite number of independent events 4,
4,,..., 4, , having probabilities P(4,), P(4,), P(A,), ..., respectively, then its
probability is determined by the sum:

P(C)=P(A4)+P(A)+..+P(4)

2.2. Geometric definition of probability
The traditional probability concept is based on the consideration of a finite

number of equally probable outcomes of an experiment. But in real practice, we
often encounter experiments with an infinite number of possible outcomes. There-
fore, there is another definition of probability: geometric probability.

Geometric probability is the probability of a point falling into some area (a
segment, part of a plane, part of a body, etc.). Let us assume that there is some area
G and it contains another area G. A point is tossed into the area G at random and it
is required to determine that it will fall into the area g. This means that the point
can fall into any point of area G, and the probability of falling into any part of the
area g is proportional to the measure of the area (length, size, etc.) and does not
depend on its location and shape.

Definition says that the geometric probability of the event A in question (in
this case, a point falling into area g) is the ratio of the area measure favorable for
the occurrence of event A to the measure of the whole area:

mes &

P(A) =
(4) mes G

Let's look at the following particular examples.

Example 1. The task about the meeting. Two persons I and B agreed to meet at a
certain place between 12:00 and 13:00. They agreed that the person who came first
would wait for the other person for 20 minutes, and then would leave. Question:
What is the probability of these persons meeting, if the arrival of each of them dur-
ing the specified hour can happen at random and the moments of arrival are inde-
pendent (i.e. the moment of one person's arrival does not affect the moment of the
other person's arrival)?

Solution. May X and y — be the moments of arrival of persons 4 and B, respec-

tively. In order for the meeting to occur, it is necessary and sufficient that the fol-
lowing condition is satisfied:

| x—y <20
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In the Oxy coordinate system, we will assume that the starting point is 12-00, and

we will choose the minute as the unit of scale. In this case, the possible outcomes
will be represented by points of a square with sides 60. The outcomes favorable to
the meeting are located in the shaded area.

vA The required probability would be determined by the
60 ratio of the shaded figure area to the area of the whole
square:
20 60> —40° 5
P=——5—=—-=~0,555
N 60 9

(That 1s, the moment of one person's arrival does not
affect the moment of another person's arrival.)

2.3. Conditional probability of an event. The probability multiplication theo-
rem. Independent events.
Definition: The conditional probability of any event is its probability in case

another event has already occurred.

The notation P,(B) or P(B/ A) is used for the conditional probability. Let us

obtain the formula for its calculation. Let us assume that some experiment is per-
formed, the total number of equally possible and independent outcomes (cases) of
which is equal to 7. May m events of these 7 be favorable to event 4, and &

events be favorable to event B. In this case, the joint occurrence of events 4 and

B, i.e., the event 4B , is favored by [ events (l <m, [<k ).

Then, according to the traditional definition of probability: P(A)=m/n;
P(AB)=1/n.

The number of all equally possible outcomes (cases) decreased from 7 to m after
event 4 occurred. Meanwhile, the number of cases favorable to the event B has

decreased from & to /. Therefore, the conditional probability is

P (B)=1/m=P(AB)/ P(A4) (10)
Similarly

P,(A)=P(AB)/ P(B) (11)
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When multiplying the right and left parts of equations (1) and (2) by P(A) and
P(B), respectively, we shall obtain

P(AB)=P(4)-P (B)
P(AB) = P(B)- P,(4)

Le.:

P(AB) = P(A)-PA (B) = P(B)-PB (A) (12)
The last equation represents an analytical expression of the probability multipli-
cation theorem (rule).

Pursuant to this theorem, the product probability of two events is equal to the
product of one event's probability over the conditional probability of the other,
which is found under the assumption that the first event has already occurred.

When there 1s an arbitrary number of events (i.e., more than two), the probability
multiplication theorem is easily generalized and formulated as follows:

The product probability of several events is equal to the product of the probability
of one of these events by the conditional probabilities of the others:

P(ABC..KL)=P(4)-P (B)-P, ,(C)..P . (L) (13)

(Each subsequent event probability is determined under the assumption that all
previous events have occurred).

It does not matter which event is the first, the second, etc. This means that the or-
der in which the events are placed can be chosen freely.

The probability multiplication theorem takes the simplest form when the
events forming the product are independent.

Event B 1is called independent of event A, if its probability remains the same
whether event 4 occurs or not, i.e. P,(B) = P(B). (If this equality is not true,

then the event B is called dependent on A4).
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Several events 4, B,...,L are called independent if any two of them are indepen-
dent and any of the given events and any product of the other events are indepen-
dent.

The rule (theorem) for multiplication of probabilities for two (3) and several (4)
events for independent events is as follows:

P(AB) = P(A)- P(B)
P(ABC..KL) = P(A)- P(B)- P(C)....P(L)

It means that a product probability of two or more independent events is equal to
the product of the probabilities of those events.

Let's look at the following particular examples.

Example 2. There are three white balls and three black balls in the box. One
ball is taken out of the box twice, without putting it back. Find the probability that
a white ball would appear in the second experiment (event B), if a black ball was
taken out in the first experiment (event 4).

Solution. There are 5 balls in the box after the first experiment, 3 of them
are white. Thus, the unknown conditional probability

P,(B)=3/5

One can obtain the same result by formula (1). Previously, we note that the total
number of outcomes, i.e., the joint appearance of two balls (whatever is the color)

is determined by the number of placements A’ = 6-5 =30 . Given this number of

outcomes, the event AB, in which a black ball appears in the first experiment and
a white one in the second experiment, is favored by 3 -3 = 9 outcomes. There-

fore, P(AB)=9/30=3/10. Then, the required conditional probability is
P,(B)=P(AB)/ P(4)=(3/10)/(1/2)=3/5

Example 3. A student is required to pass a math test and an exam. The prob-
ability of passing the test is 0.8. If the test is passed, the student is allowed to take
the exam, the probability of passing the exam for the student is 0.9. What is the
probability that the student will pass both the test and the exam?

Solution. Let's introduce the following events:

A is the student's passing of the test, then P(A4)=0,8;
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B is the student's passing an exam after 4, then P,(B)=0,9, since the
event B depends on 4, then P(4AB)=P(A)P,(B)=0,8-0,9=0,72.

Example 4. The probability of hitting the target by each of the three cannons
is equal to B, =0,8; P, =0,7;, B, =0,9 respectively. Find the probability of at
least one hit at one salvo from all the cannons.

Solution.

May the events 4, 4,, A; be the hits of the first, second and third cannon,
then P(A4,)=0,8; P(4,)=0,7; P(4,)=09. In this case, the events
A, A, 23 are misses of the first, second, and third cannon, respectively. Therefore

P(Zl) =1-0,8=0,2=¢q,;

P(ZZ) =1-0,7=0,3=¢,;

P(Z3) =1-0,9=0,1=g¢,.

Event A is the event that at least one cannon hits the target, then the oppo-
site event 4 will be the event where all three cannons miss the target, i.e.
=4, -4, 4,

Then P(A) = P(Zl) - P(Zz) - P(Z31) =0,2-0,3-0,1 =0,006

The desired probability P(4)=1-P(A4)=1-0,006=0,994.

When the events are independent, like the probability of event B does not
depend on the occurrence of event 4, the multiplication theorem (11) takes the fol-
lowing form

P(AB) = P(A)P(B) (14)
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since the conditional probability of event B in this case is equal to its uncondition-
al probability: P,(B)= P(B). Equality (14) may be used as the definition of inde-

pendent events. Two events would be independent if their joint occurrence proba-
bility is equal to the product of the probabilities of those events. If P,(B)# P(B)

then events 4 and B are dependent.

Example 5. There are 3 boxes that contain 10 parts each. The first box con-
tains 8, the second box contains 7, and the third box contains 9 standard parts. One
part is taken out of each box at random. Find the probability that all three parts taken
out are standard parts.

Solution.

Events 4, B, C mean taking out a standard part from the 1%, 2"® and 3™
boxes, respectively.

P(A)=0.8: P(B)=0,7: P(C)=0.9.
Since events 4, B and C are independent, then:

P(ABC)= P(A)P(B)P(C)=0,8-0,7-0,9=0,504.
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Paspnean 3.
3.1. ®opmy.aa noHou BepossTHOCcTH. Dopmyaa baiieca.

Teopema: BeposTHOCTE cOOBITHSI 4, KOTOPOE MOXKET HACTYIUTH TOJIBKO TIPH

YCIOBUM HACTYIJIEHUS OJHOIO M3 HECOBMECTHBIX coObITUH B, B,,....B,,

KOTOpbIE 00pa3yloT MOJHYIO TPYIITY, paBHA CyMME MPOU3BEICHUIA BEPOSTHOCTEH
KOKIOTO W3 OTUX COOBITUH Ha COOTBETCTBYIOIIYIO YCIOBHYIO BEPOSTHOCTH
coObpITHs A :

P(A) = P(B)F, (A)+ P(B,)F, (A +...+ P(B,)F; (4) (15)

®opmyiy (15) mpuHATO HA3BIBATE YOPMYI0U NOTHOU BEPOSMHOCHIU.

Ipumep 1. Ilaptusa peraneit comepxut: 20% neraneil, U3rOTOBIECHHBIX
3aBojjoM Ne 1; 30% peraneii, M3rotoBieHHBIX 3aBojgoM Ne 2: 50% neramei,
W3TOTOBJICHHBIX 3aBOJIOM Ne 3.

COOTBETCTBEHHBIE  BEPOSITHOCTH  BBIMYCKAa  OpakOBaHHBIX  JeTajei
cocraBisitor:  0,05; 0,01; 0,06. UemMy paBHa BEpOATHOCTH TOrO, YTO HayAady
B3siTast U3 MAPTUH JeTalb OKaKeTcs OpakoBaHHOM ?

Peuwienue. O603HaUNUM CIICIYIONINE COOBITHSA:

A — BBIIyCK GpakOBaHHOM J€TanH,

B, — netans ¢ 3aBoza Ne 1 P(B,)=20/100=0,2;
B, — nerans c3aBoga Ne 2 P(B,)=30/100=0,3;
B, — nerans ¢ 3aBoza Ne 3 P(B,)=50/100=0,5.
TTOCKOITBKY, COTACHO YCIOBHIO 3aatH:

Py (4)=0,05; B, (4)=0,01; P, (4)=0,06;

To, cornmacuo (15), MO>XHO 3amucaTh CIEayIOIIee paBEHCTBO:

P(A)=P(B)F, (A) + P(B,) P, (A) + P(B,)F; (4) =
=0,2-0,05+0,3-0,01+0,5-0,06 = 0,043
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Hrtak, uMeercss kakoe-To COObITHE A, KOTOPOE MOXKET HACTYIHUTh TOJBKO

IOpU YCIOBUM TOSBICHHUS OJHOIO M3 HECOBMECTHBIX cOObITUH B, B,,...B,

oOpa3zyromux MnoiHyw rpymnmy. [lockonbKy 3apaHee HE M3BECTHO, KAKOE MMEHHO
U3 3TUX COOBITHI HACTYIIUT, UX MPUHSATO HA3bIBATh 2UNOMEIAMU.

TCHCpB MMPCAIOJJIOKUM, YTO UCIIBITAHUC OBLIO IMPOU3BCIACHO 1, B pC3YyJIbTATC,
MTOSIBHJIOCH COOBITHE A . Ol'[pCI[CJ'II/IM, KaKOBBI BEPOATHOCTHU THIIOTE3 B CBA3U C TCM,

91O coOmITHE A YK€ HACTyNIWJI0, T. €., BbBIYHUCJIUM YCJIIOBHBIC BCPOATHOCTU

P(B), P,(B,),.... P(B), ... P(B.); (i=1...,n).

I[anee, YUYUTBIBAsA TO YCJIOBHUC 4YTO coObITHST A M Bi 3aBUCHUMBIC, U TIPUMCHIIA

TEOPEMY YMHOKEHUS 3aBUCUMBIX COOBITHI, IOJyUYNUM BbIpAXKEHHE:
P(AB)=P(4)-P,(B)=P(B)- P, (A).
U3 KOTOPOTo MoJIy4aercs cienyromas Gpopmyia
P(B)F; (4)
P(4)

P,(B,)= (16)

riae P(A) — nojHas BEPOATHOCTh HACTYIUICHHS COObITHS A .

®opmyna (16), momyuusinas Ha3Banue Gopmyssl baiieca, Mo3BoJsSET MEPEOLICHUTD
BEPOSITHOCTU THUIIOTE3 TIOCJIE€ TOr0, KaK CTAHOBUTCS W3BECTHBIM pPE3yJIbTaT
UCIIBITAHUS, B HTOI'€ KOTOPOI'O MOSBUIIOCH COOBbITHE A .

IIpumep 2. Ha cOopky noctynatot getanu ¢ 3-x craikoB. [Ipu atom, 50% neranei
noctymnaer ¢ 1-ro cranka, naromero 1% Opaka; 30% peranel moctymaer co 2-To
cTaHka, aatoiero 2% Opaka u 20% nerasnieil moctymnaer ¢ 3-ro cTaHka, JaroIIero
1,5% Opaxa.

W3 nocrynuBmmx Ha cOOpKy aeraneil Oana Haynady H3BJIEYEHA OJHA JETAllb,

KOTOpasi oOKa3ajach OpakoBaHHOUW. HaliTH BEepOSTHOCTH TOTO, YTO OHA M3rOTOBJICHA
a) Ha 1 cTtaHke; 0) Ha 2 cTaHKE; B) Ha 3 CTaHKE.
Pemerne. O603HaYMM CIISYIONINE COOBITHS:

A — OpakoBaHHas JIeTallb.

B, — netans usrotosnena Ha 1 cranke;  P(B,)=50/100; P, (4)=1/100.
B, — netans usrotosnena Ha 2 cranke;  P(B,) =30/100; P, (4)=2/100.

By — netans usrotosnena Ha 3 cranke;  P(B;)=20/100;F, (4)=15/100.
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tornga P(4)=0,5-0,01+0,3-0,02+0,2-0,015=0,014.

Beruncioum BCPOATHOCTHU T'HIIOTC3, YTO U3BJICUCHHAA C60pHII/IKOM 6paKOBaHHa5{

JAC€TaJlb U3IOTOBJICHA

a) Ha 1-om CTaHKC, a UMCHHO:

P(B)-F,(4) 0,5-0,01
P(A) 0,014

P(B)= =0357;

0) Ha 2-OM CTaHKe:

P(B,))- P, (4) 03-0,02
P(A4) 0,014

P,(B,) = =0,429;

B) Ha 3-€M CTaHKe:

P(B;)- P, (4) 0,2-0,015
P(A) 0,014

P,(B,) = =0,214.

HpaBI/IHBHOCTB BBIYMCIICHUU IMOATBCPKAACTCA TCEM, UTO!

P(B)+ P, (B,)+ P, (B;) =1

3.2. lloBTOpHBIC He3aBHcHUMBbIe HcnbITaHUsA. [IpuOankeHHbIe GopMyIbl AJs
pacyera BepOSITHOCTH.

3.2.1. ®opmyaa bepuyiin.

[IpeanonoxuM 4To NPOU3BOAUTCA 7 HE3ABUCHMBIX MCIBITAHUM, B KaXIOM
U3 KOTOpbhIX cOObITHE A MOXeT JHO0 HACTynuT MO0 He HacTynuTh. I[lycTh

BEPOATHOCTh HACTYIUIEHUsS COOBITUS A B KaaoMm ucnbitanuu pasna P(A4) = p,

TOT/Ia BEPOSATHOCTH TOTO 4TO 3TO cobbitre He Hactymut: P(A)=1-p=¢q.

[ToctaBuM mnepen coOOl CIEAYIONIYIO 3aJauy: BBIUUCIUTH BEPOSTHOCTh TOTO, YTO
OpU 7 HUCHBITAaHUSX, COObITUE A OCYLIECTBUTCSA Kk pa3 M, CIENOBATEIbHO, HE
ocymectButcsa (n—k)pas. Ilpu atom, HEe Tpebyercst 4TOOBI COOBITHE A TOBTO-

PHUJIOCH POBHO & pa3 B ONPEACIICHHOM mociieoBaTeIbHOCTH. [locie1oBaTeIbHOCTh
MOXKET MEHATHCI BKIIOYAs IIOSBJICHHE M HEMNOsABIEHHE coObiThst A. ta
BEPOSITHOCTh BBIUMCIISIETCS TI0 ClIeAyrolie (hopMysie MoMyUHBILEH HazBaHUE (POPMYJIBI
bepnyim:
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k_k n! k n—k
P(k)y=C,p"q" m q (17)

[Ipn pemeHnn Kakaod 3agadud MO TEeME JAaHHOTO maparpada, Tpexkae BCETO,
HEOOXOJMMO YCTaHOBHUTh, UYTO PACCMATPUBAEMBIA SKCIEPUMEHT YAOBIIETBOPSET
cxeme bepHymim, T. €. HEOOXOAUMO MPOBEPHUTH, UTO: 1) IPOBOJUMBIC UCTIHITAHUS
HE3aBUCUMBI; 2) KaXJ0€ UCHBITAHHE HMEEeT JBa MCX0Ja; 3) BEPOATHOCTH

MTOSIBJICHUS COOBLITHS B Ka’X/IOM HCIIbITAHUHU IMOCTOSSHHA WU paBHA P.

ITpu OonbIIMX 3HAYEHUAX 7, BBIYMCICHUE BeposTHOcTeW P,(k) ¢ momouisro

dbopmybl bepHyin oka3piBaeTCs JOBOJIBHO CIOKHBIM. [I03TOMY OHO MpOBOAUTCS
C TIOMOIIBIO IPYTUX MPUOTMKEHHBIX (POPMYIT.

3.2.2. ®opmyaa Ilyaccona.

B TOM ciiydae, eciM KOJIMYECTBO HCIBITAHMN BEJIUKO M —> 0, a
BEPOSATHOCTH coObITUst Mania p —> 0, tak uto np > a, 0<a<owo u p<1/+/n,

TO MCMOJb3YyeTCs NpubIMxKeHHas goopmyna Ilyaccona:

k
a —-a
P (k)= 2 e (18)
3.2.3. ®opmyasl MyaBpa-Jlaniaca.
Ecau xonu4ecTBO HMCHBITAHUW BEJIUKO # —> 00, a BEPOATHOCTH p WU (
JIOCTaTOYHO OOJBIIKME, TAaK YTO BBITIOJHSIIOTCS YCIOBUS: 0<np—3\/@ u

np +3,\/npq < n, TO IPUMEHSIOT CJIeIyIOIIKNe TPUOIKeHHbIE hopmylibl Myaspa-

Jlannaca:

Jf(x)
— nokamvnas P (k) = —=—=,
\npq

k- K—np o X 12
rae X = ; f(x)= — ynkius Faycca;
\npq N2

(ky —np) | _ o (ki —1p)

v Ipq v hpq

— unmeepanvias P(n,ky, <k <k,)= @

40



41

2

rie O(x) = \/;7 {e_zdx — ¢ynkuus Jlannaca.
®dyukuus  f(x) - werthas  (f(x)= f(—x)), a @(x)- HeuerHas

(—D(x)=D(—x)). O6e PpyHKIMH TaOyIUpOBaHbI (PEACTABICHLl B Ta0IMIAX

[Tpunoxenus 1r000r0 y4eOHOTO TOCOOMS).

IIpumep 3. BeposATHOCTH TOrO, YTO PACXO] AJNEKTPOIHEPTUM B TECUCHHUE OJHUX
CyTOK HE NPEBBICUT YCTAHOBJIEHHOW HOpMbI, paBHa (,75. HailTu BeposSTHOCTH
TOT0, YTO B OJIMKaiiIMe 6 CyTOK pacxo/1 dJIEKTPOIHEPTUU:

1) He mpEeBBICUT HOPMBI B TeueHUE: a) 4-X CyTOK; 0) oT 3-X 70 4-X CyTOK.

Pemenune: 1. Beenem coObiTHe A4 — 3TO HOPMAJIBHBINA PacxXoj 3HEPIUH B TEUECHHE
cyTok, nodtomy P(A)=0,75. Torna coobiTue A — MPEBBIIEHUE HOPMBI pacxojia

3JIEKTPOIHEPTUHU B T€YEHUE CYTOK, TO €CTh:
P(Z) =1-P(A4)=1-0,75=0,25.

OTBeTUM Ha MOCTaBJICHHBIE BOIIPOCHI 33/Ia4H:

a) YMCJIO UCTIBITAHUN 1 =6

Cobeitue A wactynur 4 pasa, 1. e. k=4, = p=P(4)=0,75;
q= P(Z )=0,25

Ucnonb3ys popmyny bepuymu (17), nomyunm:

P(4)=Cp'q* = % .0,75%-0,25* =0,30
0) YMCII0 UCTIBITAaHUN n=06.

CobbiTne A4 wHactynut oT 3-x 10 4-x pa3, 10 ectb 3<k<4, Torma
p=P(A4)=0,75; g=P(A4)=0,25.

Hcnonp3ys npeacTaBieHHbIE BbIIIE (OPMYIIb, TOTYUUM:
P(3<k<4)=P(3)+P(4)=C.-0,75-0,25 +C; -0,75" - 0,25 =
=0,131+0,30=0,431

3.3. HauBeposiTHelillIee YMCJI0 NMOSIBJIEHUS COOBITUSA

HpI/I peuicHun 3aaad, 4YacTo IPUXOAUTCA BBIYHUCIIATHL TaK HA3BIBACMOC
HaueepOﬂmHeﬁmee YHCJIOM ITOSIBJICHUS TOT'O I MHOT'O COOBITHS.
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Onpedenenue: HauBeposTHEMIIUM NPUHATO HA3BIBATH YUCIO /M, HACTYIJICHHUM

coObITUSI A TIpU 71 TOBTOPHBIX HE3aBUCHUMBIX HCHBITAHUSX €CIH BEPOATHOCTH
OCYILECTBJIEHUSI 3TOro coObltust P (my), mo KpaillHE Mepe, HE MEHbIIE

BEPOSITHOCTEN Apyrux coObltuil P,(m) npu aro0om m .

BriBenieM ¢Gopmyiy A HaMBEPOSATHEMILNETO YUCA 71, HACTYIUIEHUH COObITHS A

IpU 7 TTOBTOPHBIX HE3aBUCUMBIX UCTIBITAHUSX, YUUTHIBAS
P(A)=p; P(4)=1-p=¢
[To onpenenenuto:
P,(my) > P, (my - 1) (19)
P,(my) > P, (mq +1) 0)
C momompro popmynsl beprymmn, u3 HepaBeHncTsa (19) momydnm:

n! m n-m n! m

p o_q 02 p Ofl.qn-mon
m,(n-m,)! (m, -DHn-m, +1)!
Niun, mocie coxpaieHui: P > q
m, n—m,+1
Torma: p(n + 1) > my(p + q), uu yuutsiBas, uto p+q =1:
my, < p(n+1) (21).
[To popmyne bepuysu, uz Hepasenctna (20), morydum:
n! . n! N o
' "pmo‘qanZ ' '_pmo .qnmo
m,(n—-m,)! (m, +D)(n-m, -1)!
Wi, ocie coxpaieHui: P > q .
n-m, m,+]I
Torma: pn—q <my(p+¢q), WIM yUUTHIBas, 4TO p + ¢ =1, NOITyInM:
my = pn—q (22).

CoBMelasi MOJTYyYEHHBIE PEIICHHS JBYX HEPAaBEHCTB MOIy4YyuM (QopMmyiy s

OIIPCACJICHUA I'PAHULIBI HUCJIA M, :

np—q<my, < pn+1),um p(n+1)—1<m, < p(n+1) (23)
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[Tockonbky pasHocts np+p—(np—q)=p+qg=1 , 10 Bcerma cyiecTByer
1eJI0€ YHUCII0 M, ynosaeTBopsromee (22). IIpu sTom, ecnu np + p —1ea0€e Yuco,
TO HAaMBEPOATHEUIINX YUCE IBA: M, = NP+ p u m, =np —¢.

IIpumep 4. BepostHocTh nonaaanusi opyaus pasHa 0,9. HaliTu HauBeposiTHelIee
YHUCIIO TIonaganui npu 50 BeICTpeIIax.

Pemenne: 3nece: n=50; p=0,9;g=1-p=1-0,9=0,1; m, =?
[To hopmyne (23) moayunm: 50-0,9 — 0,1 <m;<0,9-(50 + 1).
Torpa: 44,9 < my, <45,9. CienoBarensHo: m, = 45.

Ipumep S. IIpu xakoM 4uciie BBICTPEIOB HAUBEPOATHEMILEE YKUCIIO IONANaHUN
paBHO 16, eciii BEpOSITHOCTh IONaAaHusl B OTJEIbHOM BbIcTpene paBHa 0,7 ?

Pemenne: 3nece: m, =16; p=0,7; g=1-p=1-0,7=0,3;n="?

ITo popmyne (23) nonyuum: 0,7-n—0,3<16<0,7-(n+1).

, 2
N3 peliennst noouepEQHO JIEBOTO U MPABOI0 HEPABEHCTB MOMYyUUM: 1 < 23 = ;
7 2

6
n>21 = Torma monyaum: 1, =22; n, =23. To ecTh YHCIIO BBICTPEIOB MOXKET

OBITH 22 niu 23.
3.4. Cayuaiinble BeJIMYUHBI.

Ecoiu paccmorpeTs Kakoe-muOO HCHBITAHUE, TO €ro KadeCTBEHHOMU
XapaKTepUCTUKON  SBJISETCS CBS3aHHOE C HHUM CiIydyailHOe coObITHEe, a
KOJIMYECTBEHHOM XapaKTEPUCTUKOW — CBSI3aHHAsA C HHUM Cly4yalHas BEJIWYMHA.
Hampumep, nmogOpaceiBaHue UTPaIbHOM KOCTH MPEACTABISIET COOOM HCHBITAaHUE,
JUIsL KOTOPOTO CiIy4allHOE€ COOBITME — BBINAJACHUE OJHOM W3 IIECTU TIpaHEH, a
cllyyaiiHas BEJIMYMHA — BBINIABIIEE HA 3TOM I'PaHU KOJIMYECTBO OYKOB. PaccMoTpum

OCHOBHBIC OIIPCACIICHUA

Onpeoenenue 1. Cnyyaiinas eenuuuna npeocmasisem coOOU NepemMeHHyIo,
KOMOpas, Modxcem NPUHUMAMb 6 3ABUCUMOCIIU OM  UCX0008 UCNbIMAHUSA
PA3IUYHbLEe CAYYALHble 3HAYEHUS].

[IpuHATO paznuuaTh OucCKpemuble U HenpepbigHvle CIyYaiiHbIe BETUYHHBI.

Onpeoenenue 2. J[uCKpemHoOU CIYHAUHOU BEIUYUHOU NPUHSAMO HA3LI6AMb MY,
KOmopas. 6 npoyecce UCHNbIMAHUA NPUHUMAenm OmoelbHble, U30IUPOBAHHbIE
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B03MOJICHbLE 3HAYEHUSL C ONPEeOeNIeHHbIMU BEPOSMHOCMAMU, NPUYEM, YUCTIO OMUX
SHAYEHUN Moxcem Oblmb TUOO KOHEUHBbIM, TUOO0 OECKOHEUHbIM.

Onpeodenenue 3. HenpepolgHoti npuHAmo Ha3vleamsv CIYYAUHYIO 8EUYUHY, KOMOpPAs
MOodcem NPUHUMAMb 6Ce 3HAYEHUs U3 HEeKOMOPO20 KOHEUHO020 UMU OeCKOHeYHO20
npomesicymra. OuesuoHo, Ymo Yucio 803MONCHBIX 3HAUEHUN HeNpepblEHOU CTYYAUHOLL
BeUYUHBL OECKOHEUHO.

MHOXeCTBO 3HAUEHUN TUCKPETHOM CITydailHON BETMYHMHBI TPEICTaBISIET COO0M

KOHEYHYIO WM OECKOHEYHYIO YUCIIOBYIO TIOCIEA0BATENBHOCTD  X|, X5,..., X, . IIpH 3TOM,

BEPOSITHOCTH TOTO YTO CITy4aiiHasi BeIMYMHA IPUMET KAKOE-TMO0 KOHKPETHOE 3HAYEHHUE
X; obo3HavaeTcsi CUMBOJIOM: P(X;).

Onpeodenenue 4. Oynxyueili pacnpeoenenus Ciyuaunou eenuyunovl X Ha3bIBACTCS

@dyuxyua F(X), xomopas, 011 kax)xcoo2o 3HayeHUus X Gvlpaxjcaem 8eposmHOCHb

moeco, 4mo Cﬂy’{aﬁHClﬂ geauuuna X npumem 3HA4YeHUe MeHvulee XxX., n.e.
F(X)=P(X <x).

Section 3.
3.1. Total probability formula. Bayes formula.

Theorem: The probability of event 4, which may occur only in case of one
of the disjoint events B, B,,.... B, , which form a complete group, is equal to the

sum of the probability products of each of these events by the corresponding con-
ditional probability of the event 4 :

P(4) = P(B1)P131(A)+P(Bz)PB2 (A)+"'+P(Bn)PBn(A) (15)

Formula (15) is commonly referred to as the fotal probability formula.

Example 1. A batch of parts contains: 20% of parts manufactured by Plant
#1; 30% of parts manufactured by Plant #2; 50% of parts manufactured by Plant
#3.

The relative probabilities of producing defective parts are: 0.05; 0.01; 0.06.
What is the probability that a part taken at random from the batch will be defec-
tive?

Solution. Let us denote the following events:

A — defective part production,

B, — part from Plant #1 P(B;)=20/100=0,2;
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B, — part from Plant #2 P(B,)=30/100=0,3;
By — part from Plant #3 P(B,)=50/100=0,5.

According to the task condition:
P, (4)=0,05; B, (4)=0,01; P, (4)=0,06;

Then, following (15), we can write down the following equality:

P(A) = P(B)F, (A) + P(B,) Py, (A) + P(B,)F; (4) =
=0,2-0,05+0,3-0,01+0,5-0,06 = 0,043

Therefore, there is an event 4, which may occur only in case of one of the
disjoint events B, B,,... B, , forming a complete group. Since it is not known in

advance which of these events will occur, they are called hypotheses.

Now we assume that the experiment has been performed and, as a result, the
event 4 has occurred. Let us determine what are the probabilities of the hypotheses
due to the fact that the event 4 has already occurred, i.e., let us calculate the condi-

tional probabilities: P,(B,), P,(B,), ..., P(B), ..., P,(B,); (i=1...,n).
Then, given the condition that events 4 and B, are dependent, and using the mul-
tiplication theorem for dependent events, we obtain the expression
P(A4B;)=P(A4)-P,(B;)=P(B,)- P, (4),
from which the following formula is derived
P(B;)F; (4)

P(4)

P,(B)= (16)

In which P(A) is the total probability of event 4 occurrence.

The formula (16), called the Bayes formula, allows you to re-estimate the probabil-
ities of hypotheses after the outcome of experiment that resulted in the event A4 is
known.

Example 2. Parts from three machines come in for assembly. In this case, 50% of
the parts come from the 1* machine, giving 1% of rejects; 30% of the parts come
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from the 2" machine, giving 2% of rejects and 20% of the parts come from the 3"
machine, giving 1.5% of rejects.

Among the parts that came in for assembly, one part was taken out at random and
turned out to be defective. Find the probability that it was made

a) on machine 1; b) on machine 2; ¢) on machine 3.
Solution. Let us denote the following events:
A — defective part.
B, — the part is made on the 1* machine; P(B;)=50/100; P, (4)=1/100.

B, — the part is made on the 2" machine; P(B,)=30/100; P, (4)=2/100 .
B; — the part is made on the 3" machine; P(B;) = 20/100; P, (4)=15/100.

then P(A)=0,5-0,01+0,3-0,02+0,2-0,015=0,014.

Let's calculate the hypotheses probabilities that the defective part taken out by
the assembler was made

a) on the 1* machine, namely:

P(B)-F,(4) 0,5-0,01

EB)=""54 0,014

=0,357;

b) on the 2™ machine:

P(B,) P, (4) 0,3-0,02

=0,429;
P(A) 0,014

PA(BZ) =

¢) on the 3™ machine:

P(B;)- P (4) 02-0,015
P(A) 0,014

P,(B;)= =0214.

The accuracy of the calculations is confirmed by:

PA(BI)+PA(BZ)+PA(B3) =1

3.2. Repeated independent experiments. Approximate formulas for probabili-
ty calculation.

3.2.1. Bernoulli’s formula.
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Let's assume that there are 7 independent experiments, in each of which the
event 4 may or may not occur. May the occurrence probability of event A4 in each
experiment be equal to P(4)=p , then the probability that the event will not occur

is: P(A)=1-p=gq
Let us set the following task: to calculate the probability that event 4 will occur
k times and consequently will not occur (n—k) times in 7 trials. It is not required

that event 4 be repeated exactly & times in a certain sequence. The sequence may
vary, including the occurrence and non-occurrence of event 4. This probability is
calculated using the following formula, called Bernoulli's formula:

|
P(k :Ck k n—k _ n. k n—k 17
(K)=C,p'q AP (17)

In solving each task on the topic of this paragraph, first of all, it is necessary to es-
tablish that the experiment in question satisfies the Bernoulli's scheme, i.e., it is
necessary to ascertain that: 1) the performed experiments are independent; 2) each
experiment has two outcomes; 3) the probability of the event occurring in each ex-
periment is constant and equal to P .

When values of n are large, the calculation of probabilities F,(k) using Bernoul-

li's formula is rather complicated. That is why it is carried out with the help of oth-
er approximate formulas.

3.2.2. Poisson's formula.

If the number of experiments is large 7 %, and event probability is small
p—>0,s0that np —»a, 0<a<ow ,and p<1/+/n , then the approximate Poisson's
formula 1s used

k
a
~—e“ 18
B (k) ~="e (18)
3.2.3. De Moivre-Laplace formulas.

If the number of experiments is large”? =%, and the probabilities ¥ and ¢

0<np—-3\npq

are large enough so that the following conditions are satisfied: and

np+3\npq < n, then the following approximate De Moivre—Laplace formulas are
applied:
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f(x)
Jnpq’
k—np 1
In which x = : __ L
n winic m f(.X) \/ﬂe

—integral P(n,k;, <k <k,))= @{M} _ q)|: (ky — np)}

\1pq \V1pPq
1 X

fe_de is the Laplace function.
N2 0

Function f(x) is even (f(x)= f(-x)) and function @(x) is odd
(— D(x) = D(—x)). Both functions are tabulated (presented in the tables of any
textbook Annex).

—local P (k)=

~¥ /215 the Gaussian function;

In which @(x) =

Example 3. The probability of electricity consumption not exceeding the estab-
lished norm for one day is 0.75. Find the probability that in the next 6 days the
electricity consumption:

1) will not exceed the norm for: a) 4 days; b) 3 to 4 days.

Solution: 1. May the event 4 be the normal consumption of energy per day, so
P(A)=0,75. Then the event 4 is the exceeding of the normal energy consumption

per day, i.e:
P(A)=1-P(4)=1-0,75=0,25.

Let's answer the questions of the task:

a) number of experiments n = 6

Event A4 will occur 4 times, i. e k=4, = p=P(4)=0,75;
g=P(A4)=0,25

By using Bernoulli's formula (17), we get:

|
P.(4)=C'p'q* = % -0,75%-0,25% = 0,30

b) number of experiments n =6 .
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Event 4 will occur 3 to 4 times, that is 3<k <4, then p=P(A)=0,75;
qg=P(4)=0,25.

Using the above formulas, we get:
P(3<k<4)=P3)+P(4=C.-0,75-0,25 +C; -0,75*-0,25° =
=0,131+0,30=0,431

3.3. The most probable number of event occurrence

When solving tasks, it is often necessary to calculate the so-called most
probable number of event occurrence

Definition: The most probable is the number m, of event 4 occurrences in 7 re-
peated independent experiments if the probability of that event P,(m,) occurrence

is at least equal to the probabilities of the other events P,(m) at any m.

Let's derive a formula for the most probable number m, of event 4 occurrences in

n repeated independent experiments, given
P(A)=p;P(4)=1-p=gq
According to definition:
P, (my) 2 P, (m, ~1) (19)
P (my)= P (m,+1) (20)
By using Bernoulli's formula, from inequality (19) we get:

n! n!
: M gt > : P
(m, -1){(n-m, +1)!

mO!-(n—mO)!.

Or, after the shortcuts: P > 1
m, n—m;+1

Then: p(n + 1) > my(p + q), or considering that p+ g =1:
my, < p(n+1) 21).

By using Bernoulli's formula, from inequality (20) we get:
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n! m, nm, n! m
0 > . 0+1‘ n—mofl
P i  faem, -1y P

m,(n—m,)! |

Or, after the shortcuts: P > q .
n-m, m;+I

Then: pn—q <my(p+q), or considering that p+g =1, we get:
m, = pn —q (22).

By combining the obtained solutions of the two inequalities we obtain a formula
for determining the limits of the number m,:

np—q<m,< p(n+l),or p(n+1)—-1<m,< p(n+1) (23)

Since the difference is np + p —(np —q) = p + g =1, there is always an integer
m, which satisfies (22). In this case, if 2D+ P — is an integer, then there are two

most probable numbers: m, =np + p and m, =np —q .

Example 4. The probability of the cannon hitting the target is 0.9. Find the most
probable number of hits after 50 shots.

Solution: In this case: n=50; p=09; g=1-p=1-0,9=0,1;
my, ="
Using formula (23) we get: 50-0,9 — 0,1 <m, <0,9-(50 + 1).
Then: 44,9 < my <45,9. Therefore: m, = 45.

Example 5. What number of shots gives the most probable number of hits equal to
16, if the probability of hitting a target by a single shot is 0.7?

Solution: Here: m, =16 ; p=0,7, g=1-p=1-0,7=0,3;n =2
Using formula (23) we get: 0,7n—0,3<16<0,7-(n+1).

By solving the left and right inequalities one by one, we get: n <23 2 ;

7

n >21 g Then we get: n, = 22; n, =23. That is, the number of shots may be 22

or 23.
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3.4. Random variables.

If we consider an experiment, its qualitative characteristic is the random
event related to it, and its quantitative characteristic is the random variable related
to it. For example, rolling a die is an experiment, the random event of which is one
of six faces, and the random variable of which is the number of points on that face.
Let's review the basic definitions

Definition 1. A random variable is a variable that can acquire different random
values depending on the outcome of the experiment.

It is accepted to distinguish between discrete and continuous random variables.

Definition 2. A discrete random variable is defined as one that takes separate, isolated
possible values with certain probabilities during an experiment, and the number of
these values can either be finite or infinite.

Definition 3. A continuous random variable is usually called a random variable that
can acquire all values from some finite or infinite interval. Obviously, the number of
possible values of a continuous random variable is infinite.

A set of values of a discrete random variable represents a finite or infinite numeri-

cal sequence x;,x,,...,x, . The probability that a random variable will acquire a particu-

lar value x; is denoted by the symbol: P(x;).

Definition 4. The distribution function of a random variable X is a function
F(X), which expresses the probability for each value of X, that the random va-

riable X will acquire a value less than x . i.e. F(X)=P(X <Xx).
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Pa3nen 4.

4.1. InckpeTHbie caydyaiiHbie BeJUIMHbI. OYHKINSA pacnpeaeaeHus.
MHOXeCTBO 3HAUEHUN TUCKPETHOM CIIydailHOM BEMMYMHBI MPEACTABISIET COOOM

KOHEYHYIO WM OECKOHEUHYIO YMCIIOBYIO MOCIEA0BATEIBHOCTD  X|,Xy,...,X,, . [IpH 9TOM,

BEPOSTHOCTb TOTO YTO CITy4aifHasi BEIMUMHA PUMET KaKOe-TM00 KOHKPETHOE 3HAUCHUE

x; (tme i =1...n) o6o3nauaercs cumBosoM: P(X;).

Onpeodenenue. Dyuxkyueti pacnpeoeneHus CIyyauHou eeaudunvl X HA3bIBACTCS
dyukyus F(X), komopas, 01 Kaxc0020 3HAYEHUs. X 8blpaxcaenm 6eposimHOCHb

moeo, 4mo CJZyLlaIZHCl}Z genuuyurna X npumem 3HA4YeHUe MeHvbulee X., ni.e.
F(X)=P(X <x).

IIpumep 1. Ananuszupyercs npudsuib X (%) npeanpusaruii oTpaciu. PesynbTaTsl
o0cnenoBanuss n =100 npennpusTuil 3aHECEHbl B CIEAYIOIIMA BapUallMOHHBIN

ps:

X 5 10 |15 |20 |25
n; 5 20 (40 |25 |10

1

n;/n 0,05 0,2 (04 |0,25 0,1

Heobxoaumo onpenenuts GyHKIUIO pactipeaesieHus F(X)u MOCTPOUTh ee Tpa-

¢buk.

PELIIEHUME:
0, x<5
0, x<5
0,05, x<10
0,05 5<x<10
<
P ] 02 10<x<15 = F )= 0,25 x<I15
x =
" 0.4 15<x<20 0,65, x<20
025 20<x<25 090, x<25
0,1 x> 25. 1 X < 400,
Fn(x) &
£ —
-------------------------------------------- —
0,90 | i 1
o E— S
L e I D § i
0,05 --=-=---- f——— i : P
0 5 10 15 20 25 x
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(Bameuanue. CTpenku MOTYT OBITh TaKXKe U ClieBa OT TpaHUYHBIX JUHUN. Bce

3aBUCUT OT YCJIOBHMM MOCTaBJICHHOM 3a/1a4u. )

CornacHo JaHHOMY TIPUMEPY, MOKHO YTBEPKIATh, YMmo (DYHKYUs pacnpeoenenuis
10001  OUCKPEMHOU CNYYAUHOU BelUYUHbI Npedcmasisnem cobOoll pa3puléHyIo
cmyneHuamylo  (QYHKyuro, CKauKu KOMOPOU UMelm Mecmo 6 MOYKax,
COOMBEMCMBYIOWUX BO3MONCHLIM 3HAUEHUSAM CHYYAUHOU BEeIUYUHbL U DABHLI

sepoamuocmam smux sHavenuu. Cymma 6cex ckaukos Gyuxkyuu F(x) pasna

eounuye.
[TpuBenemM HEKOTOpBIE CBOMCTBA (PYHKIIMH PaCIIPEIeICHU.

1. Dyukyus pacnpedenenus CcnyyauHoOU BeIUYUHbI €CMb HeOMPUYAMeIbHAas

@dyuryus, 3axnouernnas mexcoy nyrem u eounuyetl. 0 < F(X)<1;

2. Qynukyus pacnpedeneHus CIy4auHoOU 8eIUYUHbI eCmb Heyoblealowas QyHKYus

Ha ecetl yucnosou ocu: lim F(X)=0; lim F(X)=1;
X —>—o X —>+o0

3. Beposmnocms nonadauus Cry4yauHoOu 6eIuduHbl 6 UHmepean [x;,Xx,) (T.e.
BKNIOYAsL X;) paeHa NpupaweHuro ee QYHKYuu pacnpeoenenus. Ha dmoMm
unmepsae:

P X <x))=F(x)—F(x)

4.1.1.3akoHbI pacnpeaejeHUus1 TUCKPETHBIX CIYYAHbIX BeJIUYHH.

Onpeoenenue 1 Coomeemcmeue MedcOy GOIMOICHLIMU SHAYCHUAMUX]|,Xy ..., X,
ouckpemmuou cayyaunol eenuyunvt X; (i=1..n) u coomeemcmeyowumu um
BEPOAMHOCMAMU Py, D ,..., P, HpeOCcmasisem coOou 3aKOH pacnpeoeneHusi Imou

6EJIUYUHDbL.

3aKoH PacpCaACiICHUSA MOXKCT OBITH 3aJJaH B BHJIC Ta6J'II/IIIBI:

X, X X, . X; . X,

P P P> Pi Pn

[Tockonbky cobbiTus X; =X, X, =X,,...X, =X, 00OpasylT MOJHYIO TIpyHILy

COOBITHH, TO:

> r(x)=2p; =1
i=1 i=1
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[TpuBenemM HEKOTOphIE HaWOOJIEe YACTO BCTPEUAIOIIMECS 3aKOHBI pacipeeeHus
CIIyYalHbIX BEJIMYMH.

1. PasnomepHoe pacnpeodenenue 6eposmHoCmu CAYYAUHOU GenuduHvl X,

npunumaiower n (i =1...n) snauvenuii: P (X =x;)=1/n.

HpHMep 2. CocTaBUTbh 3aKOH pacnpcacyicCHuA 4ncijia BbIIABIIUX OYKOB IIPU OAHOM

no10packIBaHUM UTPAIbHOM KOCTH (KyOuKa).
Pemenne: [lo ycnoButo ciryyaiinast BennunHa X; (i =1...6) — KOJIMYECTBO BBINABIINX
oukoB. CrnenoBarenbHO, X; MMeEET 6 pasIM4HBIX 3HAYCHUM, ITOCKOJIBKY Ha KaXKIOU

I'PaHy PAa3HOE YUCIIO OUKOB: X =1, x, =2, x3=3, x4, =4, x5=5, x, =6.

BepositTHocTH  BbIMAAEHUS ATUX CIOy4YalHBIX BEJIMYMH PAaBHBI BEPOSITHOCTH
MOSIBJICHUSI OJIHOM TpaHu, TO ecTh 1/6, cieaoBaTenbHO, 3aKOH pacmlpeeieHus

HUMECT BU .
X, 1 2 3 4 5 6
P, 1/6 /6 | 1/6 | 16 | 1/6 1/6

6
OueBuzHO, 4T0 Y p; = 1.
i=1

Ipumep 3. [enexnas notepes coaepkut 10000 OunetoB, mpuyem 1 Owuier
BemurpeiBaetT 1000 py6., 10 6mmeroB — mo 100 py6., a 100 GunetoB — mo 1 pyo.

CocTaBUTh 3aKOH paclpelieNieHHus] BEJIUYMHBI CIy4allHOTO BBIMTPHIINIA HA OJUH
JIOTEPEUHBIN OUIIeT.

Pemienne: B nanHoM ciydwae, ciydaiiHoW BenuumHoOW X; (i=1..4) sABuserca

BEJIMYMHA BBIMIPHINIA HAa OAWH JOTepelHbI Ouiner. OHa HMMeeT CleAyIoLIue
3HAYCHUS x; =1000, x, =100, x; =1, x, =0, TOrJa:
p; = p(x;)=1/10000 = 0,0001;

P2 = p(x,) =10/10000 = 0,001;

4
> p; =0,0001+0,001+0,01+0,9889 =1

i=l1
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CrnemoBaTellbHO, 3aKOH paclpeieSieHUs] BEIUYMHBI BBIMTPHINIA Ha 1 JIOTepeHHbBIN
owiet OyJeT UMETh CIICIYIOIINI BU/I;

X; 1000 100 1 0

Di 0,0001 0,001 0,01 0,9889

2. bunomuanvnoe pacnpeoenenue 8eposmHocmu CAy4auHou enudunsl X;,

SHAYEeHUAMU KOmOPOZZ ABNAIOMCA B603MOIHCHbIE 3HAYEHUA Yucia m II0ABJICHUA
coOpITHS A IIpHu IIPpOBCACHNUN 71 ITOBTOPHBIX HC3aABHCUMBIX HCIIbITAHUH.

DTa BeposATHOCTH 3anaeTcs popmyinoi beprysim:
P,(X=m)=C,'p"q"™",tne m=0,1,2,...n.

B tabnuunoit popme:

X; 0 1 2 n

1

0.0 1.1 n-1 2.2 n-2 0
pi C,pq" C,pq" C,p7q" C,p"q

CBoe Ha3BaHUE I[aHHBIﬁ 3daKOH pacIpCaACiICHUA IMOJIY4YWJI B CBsA3M C TEM, YTO

BepositTHOcTH P(X) coBmagaloT ¢ COOTBETCTBYIOIIMMHU CllaraeMbIMU OWHOMA

Hrrorona:
n 0 0 n 1 1 n-1 2 2 n-2 n n 0
(p+q) =C,pq"+C,pq= +C,pq" +..+C/p'q .
A TOCKOJIBKY p +¢g =1, TO CymMMa BEpOSTHOCTEN z D, = ZC; piqn_i =1.
i=0 i=0

IIpumep 4. Monera nonOpoiieHa aBa pa3a. CocTaBUTh 3aKOH pacrpeicsieHus
Yiclia MosiBJIEHUH repoa.

Pemenne: CrnydailHoN BenuunHOW X OyJeT 4uWCIO MOSBIEHUN Tepba mnpu
JIBYKPATHOM NOAOpachlBaHUU MOHETHl. O4EBHUIHO, YTO T€pO MOKET MOSBUTHCS OT

0 o 2 pas, TO ecTb ciydaiiHas BeaM4rMHa X IPUHHUMAET 3HadeHus x, =0; x; =1;

X, =2, Torja:
p(x)=C(1/2)°(1/2)* =0,25; p(x))=C3(1/2)'(1/2)' =0,5;

p(x,)=C5(1/2)*(1/2)° =025, 1.x. p=1/2, ¢=1/2
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Torna 3akoH pacrpeneneHuss UMeeT BU/L:

0 1 2

Xj

D; 0,25 0,5 0,25

2
Caenaem npoBepky: Y. p; =0,25+0,5+0,25=1..
i=0

3 Pacnpeodenenue I[lyaccona.

[Ipenmonoxkum 4YTO MMeEeTcd CiydadHas BelqnunHa X, KOTOpas
MPENCTaBIsAeT COOOM 4YHCIO TOSBICHHM HEKOTOpPOro coObITUS A TIpu n
HE3aBUCHUMBIX UCHBITAHUAX. B KaXJIOM TakOM HWCOBITAHUM, BEPOSITHOCTH
nosiBiieHuss cobObiTuss A odenb Mana, T. €. P —> (0. Cnyuaiinas Benmumba X
MOXET NPUHUMATH 3HadyeHHss oT 0 OO 7, a BEPOATHOCTh €€ HACTYIUICHUS
orpezensieTcs Mo cienyolen Gopmye

m

P (m)= ﬁ—e_;t ,Tne A=np
m!

u3BecTHOM Kak (popmymna Ilyaccona.

[Ipu 3TOM, 3aKOH pacHpencieHusl CIy4YalHOW BEIWYUHBI X , TIPEICTABJICHHBIN B
Tabnu4YHON opMe, UIMEET BU/L:

x| 0 1 2 n
i 0 1 2 n
0! I! 2! n!

HazbIBaeTcd pacnpenenenueM [lyaccona.
4.1.2. YnucaoBble XapaKTEPUCTUKH TUCKPETHBIX CJIY4YailHbIX BeJTUYHH.

I[J'ISI AUCKPCTHBIX CﬂyqaﬁHLIX BCIIMYUH TIPUMCHAKOT TAKUC YHUCIIOBBIC
XAPaKTCPUCTUKHU KaAK Mmamemamudeckoe OJfCMOClHue, ducnepcuﬂ )41 cpec)Hee

KeadpamulteCKoe OMKJIOHEHUE.

—Mamemamuueckoe oxcuoanue.

Onpeodenenue 2. Mamemamuueckoe 0xcuOanue OUCKpemHou CIy4auHou 6eUYUNbL
X npeocmasnsiem coOol cymmy NPOU38e0eHUll 8Cex 803MONCHBIX 3HAYEHUL IOl
eenuuunvl X; (i =1-n) na coomeemcmeyowue um epoasmuocmu p;:

M(X)=x,p; + X3Py +ect X, D, = DX, D;
in1
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MaremaTudeckoe OXXuJaHue 001a/1aeT CICAYIOIMIMMH CBOUCTBAMU

1. Mamemamuueckoe odcudanue nocmosinHou eeaudunvt C pagHo camou 3mou
eenuuune: M(C)=C,

2. Ilocmoannvli MHOMCUMENL MOMCHO BbIHOCUMb 34 3HAK MAMeMamuyecko2o

oorcuoanus: M(CX)=CM(X);

3. Mamemamuueckoe odcuoanue npou3eeoeHus 63auUMHO He3a6UCUMbBIX CTIYYAUHbIX
genuyun  X,X,,...,X, PaBHO NPOU3BEIACHUID MATEMaTUYECKUX OXUIAHUU

comHoxureneit: M (X, X,,...X,)=M(X)) - M(X,)-....-M(X,);

4. Mamemamuueckoe odcuoanue cymmol cayuaunvix eeaudun X, X,,...,X, paguo

cymme mamemamudecKux 0XCUOAHUL cilacaemnslx.
MX|+ X+, +X,) =M(X)+M(X,)+....+ M(X,).
—g ucnepcus

Onpeodenenue 3. /[ucnepcuetl (paccesnuem) OUCKPEMHOU CAVHAUHOU GelUYUHDL
HA3bIBACMCS. MAMEMAMuU4ecKoe O0dCuoanue Keaopama OMKIOHEeHUsl CIyYauHou

genudUHbl 0m ee mamemamuiecko2o odcudanusi: D(X)=M[X - M (X )]2 :

Jucnepcuro  ymoOHO  BBIYHCIATH C  TOMOIIBIO  CIEAYIOMICH  (OpMYIIbL:
D(X)=M(X*)~[M(X)]

JHucnepcus o61aaet ciaeayomuMI CBOMCTBAMM:

1. Jucnepcus nocmosinnou eenuyunvl pagua Hyno: D(C)=0.

2. ITlocmosinubli  MHOMCUMENL  MOJICHO  B8bIHOCUMb 3A  3HAK c)ucnepcuu,

npeosapumebHo 8036e0s e2o 6 keaopam: D(CX)=C 2D(X );

3. Hucnepcusi cymmovl Hezasucumvix caydauuvix eeauuur X;,X,,..,X, paeHa
cymme OUCnepcull Ciazaembix:

D(X,+X,+,...+X,))=D(X))+ D(X,) +....+ D(X,)

3ameuanusn:

1. Ecmm paccmaTpuBaTh OMHOMHUHAIBHBIA 3aKOH pacHpeieNieHus CIy4aiHOU
BEJIMUYMHBI, TO JUcHepcusi OyAeT paBHAa NMPOU3BEACHUIO UMCIIA UCHBITAHUN 7 Ha

BGpOHTHOCTB ITOABJIICHUA p U HCITIOABJICHUA q CO6I>ITI/I$I B OJHOM HUCIIBITAHHUN:
D(X)=npq
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2. Ecnm paccmaTpuBarh pacnpelefieHUe CIy4ailHOM BEJIMYHMHBI, IO 3aKOHY
[lyaccona, To: D(X)=A=mnp

—CD@@H@@ KGCZ@DCZI’I’ZM'{@CKOQ OMKJIOHEeHUue

JIst OLIEHKM paccessHusl BO3SMOXKHBIX 3HAUEHUH CITyYaliHOM BEJIMUYMHBI BOKPYT €€
CPEIHETO 3HAYEHHSI KPOME JUCIIEPCHHU CITY>KAT U HEKOTOPBIE APYrUe XxapakrepucTtuku. K
VX YHCITy OTHOCUTCSI CPEIHEE KBAIPATUUECKOE OTKIIOHEHHE.

Onpeodenenue 4. CpeOnum K6a0pamudHbIM OMKIOHEHUEM CLYYAUHOU GequyuHbl X
HA3bIBAIOM KE8AOPAMHbIU KOPEHb U3 OUCHEPCUU:

o (X)=+/D(X)

O4eBHUIHO, YTO IHUCTIEPCUS UMEET Pa3sMEPHOCTh, PABHYIO KBaJApaTy pPa3MEpPHOCTHU
paccMaTpuBaeMOW CIIy4yallHOW BEJIWYMHBI. A TIOCKOJIBKY CpEIHEE KBaJIpaTUYHOE
OTKJIOHEHUE PABHO KBAJAPaTHOMY KOPHIO U3 AUCIIEPCUM CIIyYaWHOU BEIUYUHBI X ,
TO pasmepHocTh o(X) coBmamaer ¢ pazMepHocTbio X . B cBsizu ¢ 3TuM, B Tex

ClIydaidax, Korga XKCJIaTCIIbHO YTOOBI OOCHKa pacCCiHud HMCJIa pPasMCPHOCTDb

M3y4aeMou CIy4ailHON BeTUYUHBI, BEIUUCISIIOT o(X), aHe D(X).
Ecnmu cnydaiinas BenmWuuHa pacmpeeneHa Mo OMHOMHHAIBHOMY 3aKOHY, TO
o(X)=+/npq .

IIpumep 5. Cnyuaitnas BenuurHa X 3aJaHa 3aKOHOM pacIpeieIeHusl.

Haittn o(X).

X 2 3 10

P 0,1 0,4 0,5

Pemienue:

1. MaremaTtuueckoe oxunanne X : M(X)=2-0,1+3-0,4+10-0,5=6,4.
2. Maremarnueckoe oxunasne X - : M(Xz) =22.0,1+3%-0,4+10%-0,5="54.
3. qucnepens D(X) =M (X?)—[M(X)]* =54—-6,4* =13,04.

4. Uckomoe CpeaHcC KBAAPAaTHIHOC OTKJIOHCHUC!

(X)) =/D(X) =4/13,04 ~3,61.
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4.2. HenpepbiBHbIE CiTy4aiiHble BeJIMYMHBI U X YHCJI0BbIE XapaKTePUCTUKH.

Onpeodenenue. Henpepuvignoii nazvieaemces makas ciuydauvnas eeauyura X , 0Js
KOmMOopou yHKYusl pacnpeoeieHus HenpepvleHd.

B nganHoM ciyyae, Npou3BOJHYIO OT (QYHKUUHM pPACHpPEeNeHUs CIy4aiHOu

BCIIMYUHBI IIPUHATO HA3BIBATH INIOTHOCTBIO PACIIPCACICHUA BEPOATHOCTH.
!/
p(x) = F'(x)

B ortnumuumu or QyHKUMHM pacmpeneneHMs, MOHATUE MIOMHOCHb GEPOSMHOCHU
CYIIECTBYET TOJIBKO JJIi HENPEPBIBHBIX CIy4alHbIX BEJNIWYMH. Humezpan 6

OecKoHeuHblX npedenax om NIOMHOCMU 8EPOSIMHOCIU HENnpepbl8HOU CAYYAUHOU
o0

BEUYUHBL PABEH eOUHUYe: j LP(x)dx=1.

[I10THOCTP BEPOSATHOCTH HENPEPHIBHOW  CIy4allHOW BEJIMYMHBI  00JIaaeT

CJICIYIOIIUMHU CBOWCTBaMH.

1. IInomnocmo 6eposmuocmu — Heompuyamenvras ynxkyus, m.e. ¢(x)=0;

2. Beposmuocmv nonadanus HenpepuléHOU CAVYAUHOU BeIUUUHbL 8 UHMEpPBall

[a,b] pasna onpedenennomy ummezcpany om ee NIOMHOCMU BEPOSMHOCU 6

npeodenax om a 0o b, me. P(a< X <b) = jjgo(x)dx.

3. @yukyusa pacnpeoenenus HenpepwvleHOU CAVHAUHOU BEIUUUHbL MOdCem Oblmb
8bIPAdICEHA Yepe3 NIOMHOCMb 8EPOSIMHOCMU N0 NPEOCMABIIeHHOUL 8bluie hopmye
Gopmyne, npu a —> —0, eciu GepxHuil npedeir b 3ameHumv Ha nepemeHHblil
npeoen X :

F(x)=[" o(x)dx

HpI/IBC,ZICM OCHOBHBIC YHUCJIOBBIC XapPAKTCPHUCTHUKU HCIIPCPBIBHBIX CﬂyqaﬁHLIX
BCINYHH.

—MaTeMaTH4eCKoe 0KUIAHNUE:

MareMaTu4eckuM OXUJAHUEM HEINPEPHIBHOW CIy4YalHOW BEIMYUHBI X C

IUIOTHOCTBIO BEPOSITHOCTH  @(X) Ha3bIBAETCA CIEAYIOIIUMH  OINpeAesICHHbIN

unrerpan M(X) = Ijoooxw(x)dx :

—2 !I/ICHC[)CI/IHI

Jluciepcuerd  HENPEPHIBHOW  CIIydallHOM BeJIMYMHBI X Ha3bIBACTCS
MAaTEMaTHYECKOE OKHUIAHUE KBAIpAaTa €€ OTKIIOHEHHUS OT CPEIHETO 3HAYCHUS
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D(X)=[" [x=MX)p(x)dx.
OpmHako, 4aCcTO OKa3bIBaeTCs yA00HEE IIPOBOIUTH BRIYMCICHUS 110 (hOpMyJIe:
DY) =7 X p(x)dx ~[M(X)].

—CpenHee KBaJpaTHIECKOE OTKJIIOHCHUE:

CpennuMm  KBaJIpaTUYECKUM  OTKJIOHEHHEM HEIMPEPHIBHOW  Cily4ailHOM

BCJIMYMWHBI ITPUHATO HA3bIBATH KOPCHb KBaHpaTHBIﬁ n3 IUCIICPpCUU

o(x)=+/D(X)

Ecou Benmuuuna Z = f(X) mnpeacraiaser co0oil (YHKIUIO CIIy4alHOTO
aprymMeHTa X , KOTOpBIA HMEET TUIOTHOCTh BEPOSATHOCTH @(X), TO ee
MaTeMaTHYeCKOe OXUJAAHWE U JUCTIEPCUS ONPEACTSIOTCS 10  CIICAYIOIIUM
bopmynam:

M(2)=["_f(x)p(x)dx

D(Z)=[" fP(0)e(x)dx—[M(Z)]

Ipumep 6. Cnyuaiinas BenmumHa X  3a/JaHa TUIOTHOCTBIO BEPOSITHOCTH
@(x)=(1/2)x—5 B unrepnane (10,12), BHe aToro unatepana ¢@(x)=0. Tpebyercs

ONPEAECIUTh MATEMAaTUUECKOE OKUJIAHUE, TUCTIIEPCUIO U CPEIHEE KBAIPATUUYECKOE
OTKJIOHCHHME CIIy4YallHOW BEJIMYUHBI X .

Pewenue: Marematnnueckoe OKugaHueE:
M(X) = [ x((1/2)x - 5)dx =11,33333333;

Hucniepcus:
D(X) = [ x*((1/2)x = S)dx ~[M (X)]* = 0.5[ "x?dx — 5[ "x?dx ~[["x((1/2)x = 5)dx]* =

=0,2222226

Cpennee KBapaTUUYECKOE OTKJIOHEHHE:

o (X)=4+/0,2222226 ~0,471.

Mpumep 7. JlaHa IUIOTHOCTH BEPOSITHOCTH HEIPEPHIBHOW CIy4anlHOU

BeIUYUHBI X
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0, npu x<0,
@(x)=| Asinx npu O0<x<r,

0 npu x>

Haiitu wnTerpanpuyro ¢QyHkuuioo F(x), mpeaBapuTeNbHO BBIYHMCIWMB 3HAUYCHUE

napametpa 4.
Pemienne: IlockoinbKy BCce 3HA4YeHUs CIIydYalHOM BEIWMYMHBI X

npuHaanexar uarepsainy |10, 7z{ . To J'(;[ Asinxdx=1=> A=1/2.
WuterpanbHas QyHKIHS ONpeAesseTcs CIeIyonIM 00pa3oMm:

Ipu x <0, F(x)szde:O;
[pu 0<x <7, F(x):jf®0dx+j§(1/2)sinxdx:(1/2)(1—cosx);

Mpu x> 7, F(x)=[" 0dx+ [ (1/2)sinxdx+ [“0dv=1.

CrnenoBaTesbHO:
0, npu x<0,
F(x)=|(0/2)(0-cosx) mpu O0<x<mr,
0 npu x>
Section 4.

4.1. Discrete random variables. Distribution function.

The set of discrete random variable values is a finite or infinite numerical sequence

X{,%5,...,X,, . In this case, the probability that a random variable will acquire any particu-

lar value x; (where i = 1...n ) is denoted by the symbol: P(x;).

Definition. A random variable X has a distribution function called F (X)), which

expresses the probability for each value of X, that the random variable X will ac-
quire a value less than x ., i.e. F(X)=P(X <x).

Example 1. Profit X (%) of the industry enterprises is analyzed. The following
variation series represents the results of survey of » =100 enterprises:
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X 5 10 15 20 25
n; S 20 40 25 10

1

n/n 0,05 02 04 025 0.1
IT IS NECESSARY TO DETERMINE THE DISTRIBUTION FUNCTION F'(X) AND PLOT ITS

GRAPH.
SOLUTION:
0, x<5
<
0,  x=5 005, x<10
0,05 5<x<10 095 <15
ol 02 10<x<15 = Faj=1 > 7
"V 04 15<x<20 0,65, x<20
0,25 20<x<25 090, x<25
0,1 x> 25. 1 X < 400,
Fn(x) &
I —
e —
0,90 : : i
S E— SRS
0,05 --------- i<—' ' : .
0 5 10 15 20 25 x

(Note. The arrows can also be to the left of the baselines. It all depends on the con-
ditions of the task).

According to this example, we can say that the distribution function of any discrete
random variable is a discontinuous step function whose steps take place at points
corresponding to possible values of the random variable and are equal to the
probabilities of these values. The sum of all steps of F(X) function is equal to 1.

Below are some properties of the distribution function.

1. The random variable distribution function is a non-negative function contained

between 0 and 1.: 0 F(X)<1;

2. The random variable distribution function is a non-decreasing function on the

entire numeric axis: lim F(X) =0 lim FX) =1;
X —> - X = 4o

3. The probability of a random variable being in the interval [x;,x,) (i.e. including

X1 ) is equal to the increment of its distribution function on that interval
P(x; <X <x) =F(xy) — F(x;)
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4.1.1. Discrete random variables distribution laws.

Definition 1. The variable distribution law is the correspondence between the possi-

ble values x{,X,,...,x, of a discrete random variable X, (i=1..n)and their corres-

ponding probabilities py, p,,..., D,

The distribution law may be specified in the form of a table:

X, X X% X; X,

1

P 2 P 2 Pa

Since the events X| =x;, X, =x,,...X, =x, form a complete group of events,
then:

Zp(xi) = Zpi =1.
i=1 i=1

Here are some of the most common random variables distribution laws.

1. A uniform probability distribution of a random variable X; acquiring n
(i=1..n) values: P, (X =x;)=1/n.

Example 2. Formulate the distribution law of the number of points scored with a
single roll of the die.

Solution: According to the condition, the random variable X; (i=1...6)— is the
number of points rolled. Therefore, X, has 6 different values, because each face
has a different number of points: x; =1, x, =2, x3 =3, x4, =4, xs =5, x4 =6.

The probabilities of these random variables occurring are equal to the probability
of one edge occurring, i.e. 1/6 , hence, the distribution law has the following form:

1 2 3 4 5 6

i

P, 1/6 1/6 1/6 1/6 1/6 1/6

1

6
It is obvious that > p, = 1.
i=1

Example 3. A money lottery consists of 10000 tickets, with 1 ticket winning 1000

rubles, 10 tickets winning 100 rubles, and 100 tickets winning 1 ruble. Formulate
the distribution law of the random prize value per lottery ticket.
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Solution: In this case, the random variable X; (i=1..4) is the value of the prize
per lottery ticket. It has the following values x; =1000, x, =100, x; =1, x, =0,
then: p; = p(x;)=1/10000=0,0001;

P> = p(x,)=10/10000= 0,001,

p3 = p(x3)=100/10000=0,01; p, = p(x4)=(10000—111)/10000=0,9889

4

> p;=0,0001+0,001+0,01+0,9889 =1
i=1

Consequently, the distribution law of the prize per lottery ticket will be as follows:

X; 1000 100 1 0

1

D 0,0001 0,001 0,01 0,9889

2. The binomial probability distribution of a random variable X;, whose

values are the possible values of the number m of event A in n repeated indepen-
dent experiments.

This probability is given by Bernoulli's formula:
P(X=m)=C"p"qg" ", tme m=012,...1.

In tabular form:

X; 0 1 2 n

1

P Gl Cup'q" Cip’q"”? Cip"q"

This distribution law got its name due to the fact that the probabilities P(X)coin-

cide with the corresponding terms of Newton's binomial:
(P+q)" =C/p°q" +Cop'q" " + Cp?q" + .+ Cp""
. eqe, . . L n I 7 7
And since p+¢ =1, the sum of the probabilities is > p, = > . C, p'q" ™" =1.
i=0 i=0

Example 4. The coin is tossed twice. Formulate the distribution law for the num-
ber of coat of arms appearances.
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Solution: The random variable X will be the number of coats of arms appearing
when the coin is tossed twice. Obviously, the coat of arms can appear from 0 to 2

times, that is, the random variable X takes values x, =0; x; =1; x, =2, then:
p(x,)=C,(1/2)°(1/2)*=0,25; p(x,)=C,(1/2)'(1/2)' =0,5;

p(x,)=C2(1/2)*(1/2)°=0,25,1.x p=1/2,q=1/2
Then the distribution law is:

X; 0 1 2

1

P 025 | 05 0,25

2
Let's check it: Y’ p, =0,25+0,5+0,25=1..
i=0

3. Poisson's distribution.

Let us assume that there is a random variable X, which represents the number of
occurrences of some event 4 in 7 independent experiments. In each such experi-
ment, the probability of event 4 occurrence is very small, i.e., P — 0. The ran-
dom variable x can acquire values from O to 7, and its occurrence probability is
determined by the following formula

m

A"
P,(m) z%e * in which A=np

known as Poisson's formula.

In this case, the random variable X distribution law, represented in tabular form, is:

X; 0 1 2 n

)2 0 1 2 n

il A o A o A o A o
0! 1! 2! n!

is called the Poisson’s distribution.
4.1.2. Numerical characteristics of discrete random variables.

Such numerical characteristics as mathematical expectation, variance, and
standard deviation are used for discrete random variables.

— Mathematical expectation.
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Definition 2. The mathematical expectation of a discrete random variable is the
sum of the products of all possible values of that variable X; (i =1-n) by their

corresponding probabilities p;:

n
M(X)=xp|+ X3Py + et X, Py = DX D;
i=1

The mathematical expectation has the following properties:

1. The mathematical expectation of a constant value C is equal to the very value:
M(C)=C;

2. The constant multiplier can be taken beyond the sign of mathematical expecta-

tion: M(CX)=CM(X);

3. Mathematical expectation of the product of mutually independent random va-

riables X, X,,...,X, is equal to the product of mathematical expectations of the
factors: M (X, X5,....X,))=M(X)) - M(X,)-.... M(X,);

4. The mathematical expectation of the random variables sum X, X,,..., X, i1s

equal to the sum of the mathematical expectations of the summands:
MX,+Xo+,...+X,)) =M(X)+M(X,)+...+ M(X,).
— Variance

Definition 3. The variance (dispersion) of a discrete random variable is the ma-
thematical expectation of the squared deviation of a random variable from its ma-
thematical expectation: D(X)=M[X — M (X)]*.

It i1s easy to calculate the variance using the following formula:
D(X)=M(X?*)~[M (X))’

The variance has the following properties:
1. The variance of a constant value is equal to 0: D(C)=0.

2. The constant multiplier can be taken out of the variance sign, having previously
squared it: D(CX)=C?*D(X);

3. The variance of the sum of independent random variables X, X5,...,X, is equal

to the sum of the summands' variances:
D(X,+ X, +,....4X,) = D(X)) + D(X,) +....+ D(X,)
Notes:
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1. If we consider the binomial distribution law of a random variable, then the va-
riance will be equal to the product of the number of experiments 7 by the proba-
bility of occurrence p and non-occurrence g of event in one experiment

D(X) =npq

2. If we consider the distribution of a random variable according to Poisson's law,
then: D(X)=A=np

— Standard deviation

In addition to the variance, some other characteristics are used to estimate the va-
riance of possible values of a random variable around its mean value. These include the
standard deviation.

Definition 4. The standard deviation of a random variable X is the square root of
the variance:

o(X) = D(X)

Obviously, the variance has a dimension equal to the square of the random varia-
ble' s dimensionality. And since the standard deviation is equal to the square root
of the variance of Xrandom quantity, o(X) dimension coincides with X dimen-

sion. Therefore, in cases when it is desirable for the estimation of variance to be in
the dimension of the studied random variable, o(X) is calculated instead of

D(X).

If a random wvariable is distributed according to the binomial law, then
o(X)=+/npq.

Example 5. A random variable X is given by the distribution law.

Find o(X).

X 2 3 10

p 0,1 0,4 0,5

Solution:

1. Mathematical expectation X: M(X)=2-0,1+3-0,4+10-0,5=6,4.

2. Mathematical expectation X*: M (X2)=22.0,1+32.0,4+10%-0,5 = 54.

3. Variance D(X)=M (X?)- (M (X))* =54 - 6,4* =13,04.
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4. The required root mean square deviation:

o(X) =+/D(X) = /13,04 ~ 3,61

4.2. Continuous random variables and their numerical characteristics.

Definition. A random variable X, for which the distribution function is continuous
is called continuous.

In this case, the derivative of the distribution function of a random variable is
called the probability distribution density.

P(x)=F'(x)

Unlike the distribution function, the concept of probability density applies only to
continuous random variables. The infinite integral of the probability density of a

continuous random variable is equal to .- [* p(x)dx =1.

The probability density of a continuous random variable has the following proper-
ties.

1. The probability density is a non-negative function, i.e. ¢(x)20;

2. The probability of a continuous random variable being in the interval [a,b] is

equal to a certain integral of its probability density within a to b, ie.
P(a< X <b)= [ p(x)dx

3. The distribution function of a continuous random variable can be expressed
through its probability density using the formula given above, when a —» —x, if
the upper limit b is replaced by a variable limit X :

F(x)=|[" o(x)dx

Here are the basic numerical characteristics of continuous random variables.

— Mathematical expectation:

The mathematical expectation of a continuous random variable X with
probability density ¢(x) is the following definite integral M (X) = [" x¢p(x)dx .
—Variance:

The variance of a continuous random variable X is the mathematical expec-
tation of the square of its deviation from the mean value.
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D(X) = [ [x=M(X)Fp(x)dx,

However, it is often more convenient to calculate it by the formula

D(X)=[" X p(x)dx ~[M(X)].

— Standard deviation:

The standard deviation of a continuous random variable is the square root of
the variance

o(x) =+ D(X)

If Z=f(X) is a function of a random argument X, which has a probability
density ¢(x), then its mathematical expectation and variance are determined by the

following formulas:
M(Z)=["_ f(x)p(x)dx

D(Z)={" fA(x)p(x)dx—[M(Z)]

Example 6. A random variable X is specified by the probability density
@(x)=(1/2)x—5 in the interval (10,12), outside this interval @(x)=0. Determine

the mathematical expectation, variance, and standard deviation of a random varia-
ble X.

Solution: Mathematical expectation:
M (X) = [ x((1/2)x ~ 5)dx =11,33333333;

Variance:
D(X) = [ x*((1/2)x = 5)dx ~[M (X)* = 0.5[ x*dx — 5[ "x*dx [ [ "x((1/ 2)x ~ S)dx]* =
- 0,2222226.

Standard deviation:
o(X)=40,2222226 =~ 0,471.

Example 7. We are given the probability density of a continuous random va-
riable X:
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0, npu x<0,
p(x)=| Asinx npu O0<x<r,
0 npu X>r

Find the integral function F'(x) having previously calculated the value of the pa-

rameter A4.

Solution: Since all values of a random variable X belong to the interval

10, 7] . then j(fAsin xdx=1= A=1/2.
The integral function is defined as follows:
When x <0, F(x)=[" 0dx=0;

When 0<x<z, F(x)=[" 0dv+ [(1/2)sinxdx = (1/2)(1-cos x);

When x>, F(x)zjfwociﬁjo’“(l/z)sin xdx + [ 0cx =1.

Therefore:

0, npu x<0,
F(x)=|([1/2)(1-cosx) npu O0<x<r,

0 npu  X>r
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HPUJIOKEHHUE

APPENDIX to the text

71

1, 1,
3nauenue pyukuuii ['aycca ¢(x) = \/;_/z .e 2y Jlannaca D(x) = \/;_/j; e_gx dx.
1, . 1
The values of the Gaussian ¢@(x)= e 2 and Laplace @(x)= \/;_ /Z_[ e_Ex dx
0
functions.
X P(x) D(x) X P(x) D(x))
0,0 0,3989 0,0000 1,55 0,1200 0,4394
0,05 0,3984 0,0199 1,60 0,1109 0,4452
0,10 0,3970 0,0398 1,65 0,1023 0,4505
0,15 0,3945 0,0596 1,70 0,0940 0,4554
0,20 0,3910 0,0793 1,75 0,0863 0,4599
0,25 0,3867 0,0987 1,80 0,0790 0,4641
0,30 0,3814 0,1179 1,85 0,0721 0,4678
0,35 0,3752 0,1368 1,90 0,0656 0,4713
0,40 0,3683 0,1554 1,95 0,0596 0,4744
0,45 0,3605 0,1736 2,00 0,0540 0,4772
0,50 0,3521 0,1915 2,10 0,0440 0,4821
0,55 0,3429 0,2088 2,20 0,0355 0,4861
0,60 0,3332 0,2257 2,30 0,0283 0,4893
0,65 0,3230 0,2422 2,40 0,0224 0,4918
0,70 0,3123 0,2580 2,50 0,0175 0,4938
0,75 0,3011 0,2734 2,60 0,0136 0,4953
0,80 0,2897 0,2881 2,70 0,0104 0,4965
0,85 0,2780 0,3023 2,80 0,0079 0,4974
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X P(x) D(x) X P(x) D(x))
0,90 0,2661 0,3159 2,90 0,0060 0,4981
0,95 0,2541 0,3289 3,00 0,00443 0,49865
1,00 0,2420 0,3413 3,10 0,00327 0,49903
1,05 0,2299 0,3531 3,20 0,00238 0,49931
1,10 0,2179 0,3643 3,30 0,00172 0,49952
1,15 0,2059 0,3749 3,40 0,00123 0,49966
1,20 0,1942 0,3849 3,50 0,00087 0,49977
1,25 0,1826 0,3944 3,60 0,00061 0,49984
1,30 0,1714 0,4032 3,70 0,00042 0,49989
1,35 0,1604 0,4115 3,80 0,00029 0,49993
1,40 0,1497 0,4192 3,90 0,00020 0,49995
1,45 0,1394 0,4265 4,00 0,0001338 0,499968
1,50 0,1295 0,4332 4,50 0,0000160 0,499997

5,00 0,0000015 0,49999997
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http://padabum.com/d.php?id=10680

3. Tobodga M. Lecture on Probability Theory and Mathematical Statistics//—2-nd
Edition — New York, USA, 2012 , — 657 Pages.
https://www.pdfdrive.com/lectures-on-probability-theory-and-mathematical-
statistics-e188437236.html

4. Suhov Y. Kelbert M. Probability and Statistics by Example: 1. Basic Probability
and Statistics/—2-nd Edition — Cambridge University Press, 2014, — 476
Pages.
https://www.pdfdrive.com/probability-and-statistics-by-example-volume-1-
basic-probability-and-statistics-e166589935.html

JonosHuTEeIbHAA TUTEpPaTypa:
(Additional literature):
1. I'mypman, B. E. Teopus BepOATHOCTEH M MaTeMaTH4yecKas CTATUCTUKA:
y4eOHUK 715 TIpuKIIaHoro 6akanaBpuara / B. E. I'mypman. — 12-e uzn. — M.
WznatensctBo  FOpaitr, 2017. — 480 c. https://www.biblio-
online.ru/book/F6DC17CF-66E8-400F-9CDA-8067F86D996A
https://alleng.org/d/math/math321.htm

2. Kpemep, H. Il Teopuss BepOATHOCTEH: YyYEOHHMK ¢ TIPAKTUKYM JIJIst
akagemuueckoro OaxamaBpuata / H. L. Kpemep — M. : M3parenscTBO
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FOpaiit, 2018. — 272 c¢. https://www.biblio-online.ru/book/F6DC17CF-66ES8-
400F-9CDA-8067F86D996A

3. Soong T.T. Fundamentals of Probability and Statistics for engineers/— New
York, USA, 2004 , — 408 Pages.
https://www.pdfdrive.com/fundamentals-of-probability-and-statistics-for-
engineers-e6851455.html

4. Hucomennoiii, J. T. KoHcnekT Jiekiuii 1Mo TEeOopuu BEPOSITHOCTEH U
MateMmatnueckoil cratuctuke / JI. T. Ilucemennni — M. : U3paTenbcTBO
AWPHUC mpecc, 2015 — 288 c. http://padabum.com/d.php?id=22233

5. Cemenog B. A. Teopus BepOsSTHOCTEM U MaremaTudeckas cratuctuka / B. A.

CemenoB — M., C.-lIletepOypr, H.-HoBropon, Boponex, Pocrtos-Ha-/loHy,
ExarepunOypr, Camapa, HoBocubupck, Kwuep, XappkoB, MHUHCK,
N3 narenbcTBO IIMTEP, 2013 — 192 C.
https://www.razym.ru/naukaobraz/disciplini/matem/302650-semenov-va-

teoriya-veroyatnostey-i-matematicheskaya-statistika.html

6. Rohatgi V.K.,, A.K. Md. Ehsanes Saleh A.K An Introduction to Probability and
Statistics/—2-nd Edition — New York, USA, 1976 , — 747 Pages.
https://www.pdfdrive.com/an-introduction-to-probability-and-statistics-wiley-
series-in-probability-and-statistics-e168585572.html
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[1]. I'mypman, B. E. Teopust BepoATHOCTEH U MaTeMaTUYECKas CTaTUCTUKA: yUeOHUK
Uit mpukiaagHoro OakanaBpuara / B. E. I'mypman. — 12-e m3p. — M.
N3narenbcTBO FOpaiir, 2017. — 480 C. https://www.biblio-
online.ru/book/F6DC17CF-66E8-400F-9CDA-8067F86D996A
https://alleng.org/d/math/math321.htm

[2]. Kpemep, H. I1I. Teopusi BeposITHOCTEN: y4€OHUK U MPAKTUKYM JIJISI
akanemudeckoro Oakanaspuara / H. I1I. Kpemep — M. : U3natensctBo FOpaiiT,
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[3]. I{ucomennwiu, /[. T. KOHCHEKT JICKUUI 110 TEOPUU BEPOSTHOCTEN U
MateMmaTnueckoit cratuctuke / J[. T. IluceMmennsiii — M. : 3gaTenbcTBO AVPUC
npecc, 2015 — 288 c. http://padabum.com/d.php?id=22233

[4]. Xanagsan A. A., boposuxos B. I1., Kanaiiouna I'. B. Teopusi BepOosSITHOCTEH,
MaTeMaTH4YeCKas CTAaTUCTHKA M aHaJIu3 TaHHBIX. OCHOBBI TCOPUH U IIPAKTUKA Ha
koMmmbtoTepe. / A. A. Xanadsu u ap. . — M. URSS, 2017 — 320 c.
https://geminibook.xyz/books/teoriya-veroyatnostey-matemati

[S]. Cemenos B. A. Teopust BeposiTHOCTEN U MaTemMaTUyeckasi cratuctuka / B. A.
CemenoB — M., C.-Iletep6ypr, H.-Hoeropoa, Boponex, Pocros-na-/lony,
Exarepun0Oypr, Camapa, HoBocubupck, Kues, XapprkoB, MuHCK, : M31aTenscTBO
ITUTEP, 2013 — 192 c. https://www.razym.ru/naukaobraz/disciplini/matem/302650-
semenov-va-teoriya-veroyatnostey-i-matematicheskaya-statistika.html

[6]. Suhov Y.,Kelbert M. Probability and Statistics by Example: 1. Basic Probability
and Statistics/—2-nd Edition — Cambridge University Press, 2014, — 476 Pages.

https://www.pdfdrive.com/probability-and-statistics-by-example-volume- 1 -basic-
probability-and-statistics-€ 166589935 .html

[7]. Tobodga M. Lecture on Probability Theory and Mathematical Statistics//—2-nd
Edition — New York, USA, 2012 , — 657 Pages.
https://www.pdfdrive.com/lectures-on-probability-theory-and-mathematical-
statistics-e188437236.html

[8]. Suhov Y.,Kelbert M. Probability and Statistics by Example: 1. Basic Probability
and Statistics/—2-nd Edition — Cambridge University Press, 2014, — 476 Pages.
https://www.pdfdrive.com/probability-and-statistics-by-example-volume- 1 -basic-
probability-and-statistics-e166589935.html

[9]. Bunenxun H. /1., Ilomanos B. I'. 3aiaqHUK-IIPAKTUKYM 10 TEOPUHU BEPOSTHOCTEN
C DJIEeMEHTaMHU KOMOMHATOPUKY U MaTeMaTudeckoi crtatuctuku / Bunenkun H. 4.,
[Toranos B. I'. . — M. UznarensctBo [IPOCBEIIEHUE, 1979 — 112 c.
http://padabum.com/d.php?id=29021

[3]. Emenvanog I'. B., Ckumosuu B. Il. 3aia4HUK IO TEOPUH BEPOSITHOCTEN U
MaremaTtudeckoi cratuctuke / Emenbsnos I'. B., Ckutosuu B. I1. — Jlenunrpan,

N3paTenbCTBO JEHUHTPAACKOrO yHUBEpcuTeTa, 1967 — 333 c.
http://mexalib.com/view/33788

75



76

[5]. JIyney K. H. u op. Cooprux 3a0au no vicuieti Mamemamuxe ¢ KOHmMpOoab-HblMU
pabomamu /K. H. JIyury u gp. — M. : U3narenscto AUPUC mpecc, 2017 — 592 c.

https://www.razym.ru/naukaobraz/obrazov/53551-sbornik-zadach-po-vysshej-
matematike-2-kurs.html

[6]. COopHUK 3ama4 MO TEOPUU BEPOATHOCTEH, MATEMATHUYECKON CTAaTHCTUKE U TEO-
pun cayyaiiHbIx QyHKImit: Yuebnoe nmocobue / Ilox obmieit pea. A.A.CBenrHukoBa,
4-e u3n., - CIIO.; U3n. «Jlanby, 2008. — 448 c. http://en.bookfi.net/book/1501516

[8] IIpoxopos A.B., Ywaxoe B.I'., Ywaxoe H.I'., 3ajauu 1o T€oOpun BEPOITHOCTEM:
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oue. — M.: Hayka. I'm. pen. ¢us.-mar maut.,, 1968. 1968. — 328 c.
http://mexalib.com/download/10676
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Annpeit bopucosnu Konnakos

Anna CepreeBHa Pykomuna

KpaTtkuii Kypc neKkuuii o JUCHUIIINHE
«Teopus seposimunocmeti u Mamemamuueckas cmamucmuKka
Yacte 1. Teopust BEeposITHOCTEN.
(Short course of lectures on the discipline “Probability theory and Ma-
thematical statistics” Part 1. Probability theory)

Vyebno-memoouueckoe nocobue

denepanbHOE rOCYJapCTBEHHOE ABTOHOMHOE
00pa3zoBaTeNbHOE YUPEKIECHUE BBICIIEI0 00pa30BaHUs
«HanuronanpHbIN HCCIEN0BATENbCKUN HUKEropoackuii rocy1apCTBEHHbIN YHU-
BepcuteT uM. H.W. JIo6aueBckoroy.
603950, Huxunit HoBropon, np. I'arapuna, 23.
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