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1. Ilpenes u HenmpepbLIBHOCTh (PYyHKIUU MHOTHX
NEePEMEHHbIX B €eBKJIMI0BOM NPOCTPAHCTBE

1.1. Ee¢xnuooeo npocmpancmeo R"

Onpenenenune. IlpoctpanctBoMm R"  HasbiBaeTcs MHOXKECTBO HabOpPOB,

COCTOSIIIMX M3 N JelcTBUTENbHBIX yncel. R" = {(Xl,...,Xn)‘ X eR, i :1,...,n}.

IIpu n =2 npoctpanctBo R? — 3TO MIOCKOCTb.
Ipu n =3 npocrpanctBo R® — 310 TpexMepHOE MPOCTPaHCTBO.

Bo muOkecTBe R" MOXHO creayrommM o0pa3oM BBECTH OIIEPALMH CIIOKEHHS
U YMHOXKCHHSI Ha YHUCIIO.
Cymmoti anemenmos X =(X;,...X,) u Y=(Y,...,Y,) Ha3bIBaeTCsA DIECMEHT

X+y=0X +VYy0uX, +Y,). HelictTBue crnoxeHus o00mamaeT  CIEAYIOIIUMH
CBOMCTBAMU:

1. WX, ¥,z (X+Yy)+zZ=x+(Yy+2) (accolMaTuBHOCTS);

2. VX, Yy X+Y=Y+X (KOMMyTaTUBHOCTb);

3.30=(0,...,0): ¥x x+0=X (cymecTrBoBaHHE HYICBOTO >IEMEHTA);

4. ¥x 3 =X X+ (—x) =0 (cymmecTBOBaHHE IPOTUBOMOIOKHOTO SIEMEHTA).

IIpouseedenuem snemenTa X =(X;,...,X,) Ha YHCIO < HA3BIBACTCS DIEMEHT
- X=(a-X..,a-X,). JelicTBue yMHOXEHHS Ha 4YHCIO 00NajaeT CIeTyIOUIMMU

CBOMCTBaMU;:
1. Va,feR, VX a-(fB-X)=(a-f)-X;
2. VX 1-X=X;

3. Va,feR, VX (a+ ) - X=a-X+[f-X;
4. VaeR, VXY a-(X+Y)=a-X+a-Y.

Ecnn BO MHOXeCTBE BBEICHBI ONEPALUU CIIOKEHUS U YMHOXEHHsS Ha YHUCIIO,
oOnafaroue yKa3aHHBIMU BBIIIE CBOMCTBAMHU, TO TAKOE€ MHOXKECTBO HA3bIBAETCS
JUHEUHbIM NPOCMPAHCMEOM. DIIEMEHTHI JINHEWHOIO IIPOCTPAHCTBA HA3bIBAOT TAKXKE
6EKMOPAMU.

B nuHeWHOM NPOCTPaHCTBE MOXKHO BBECTU IOHATHUSA JIMHEMHOM 3aBUCUMOCTHU
Y HE3aBUCHUMOCTHU.

Omnpenenenue. BekTopel ¢,@,, ..., Ha3bIBAIOTCA JUHEUHO 3A6UCUMBIMU,

€CIM HaWIyTCsd KOHCTaHThl Cj,...,C,, HE BCE paBHBIE HYJII, M1 KOTOPBIX
C,-¢y+...+C ¢, =0. (B aTOM ciy4ae roBopsT, 4YTO CyHIECTBYET HETPUBHAIBHAS
JWHEHAs KOMOMHAISI BEKTOPOB @y, P, , ..., {, , PABHAS HYJIIO.)



[Mpumep. Bektoper x=(1,2,3); y=(3,6,9); z=(5,7,8) nuHEWHO 3aBUCHUMBI.
HerpuBmnanbHas JnHeliHas KOMOWMHAIMS, paBHas HYJO, CYIIECTBYET, HaIpHMep,
takasa: 3-X—-1-y+0.-z=0.

Ompenenenne. Bexktopsl ¢y, @,, ..., HA3BIBAIOTCS JIUHEUHO HE3ABUCUMBIMU,

€CIIM OHM HE SBJIAIOTCS JTMHEHHO 3aBUCHMMBIMH. JTO PaBHOCHUJIBHO TOMY, YTO TOJBKO
TpUBUAJIbHAs JIMHEHHAas KOMOUHALUS BEKTOPOB (),(,,...,(», MOXET OBbITh paBHOMI
HyJ 10 (TO ecTh U3 paBeHcTRa C; - ¢ +...+ C, - ¢, =0 BbITEKaeT, uto C; =...=C, =0).
Omnpenenenue. Pasmepnocmpio  IUHEUHO20  NPOCMPAHCMEA  HA3BIBAETCS
MaKCHUMAaJIbHOE YHCJIO JINHEHHO HE3aBUCHMBIX BEKTOPOB B 3TOM IIPOCTpaHCTBE. basuc

JIUHELH020 NPOCMPAHcmea — 3TO JI000W HAOOp, COCTOSANMN W3 MaKCHUMaJIbHOTO
YyuCya JUHEHHO HE3aBUCUMBIX BEKTOPOB.

Cmanoapmuwiii  6asuc B upoctpanctBe R" — 310 HaGOp BEKTOPOB
6 =10,.,0),¢6=(01..,0),...,6,=(00,..,1). Jwoboit smemeHT X=(X{,...,X;)
npocrpadctBa R" MOXHO NPEACTaBUTH B BHJE JIMHEHHON KOMOMHAIMH Oa3MCHBIX
BEKTOPOB. X=X, -€ + X, -€, +...+ X, -€,; 4uuciaa X,...,X, Ha3bIBAKOTCA KOOPOUHQ-
mamu eekmopa X 8 OaHHOM ba3zuce.

Onpenenenue. CkanapHublM npouzgeoexuem B JHUHEHHOM NIpocTpaHCTBe L
HaspIBaeTCsA CKausapHas (yHkius (X,y), 3aBucAas OT JBYX BEKTOPOB H
YAOBJICTBOPAIOIIAA CICAYIOIIUM aKCMOMaM:

1) VxelL (x,X)=0; (x,X)=0<=x=0;

2) Vxel vyelL (xy)=(y,X);

3) VxeL VyelL VAeR (1-xy)=4-(XY);

4) vxel VyelL VzelL (Xy+2)=(XY)+(x2).

JIvHEeHOE TPOCTPAHCTBO, B KOTOPOM 33JIaHO CKASIPHOE MPOU3BEIAECHUE, HA3BIBACTCS
eB6KIUO0BbIM npocmpancnieom.

[Ipoctpancteo R" MOXHO cHenaTh €BKIMIOBBIM, €CIM BBECTH B HEM
CKaJIIPHOE TPOU3BEACHUE JTIOOBIX IBYX BEKTOPOB X =(X{,...X,) H Y =(Y,...Y,) TIO

dopmyste |(X,Y) =Xy Yy +Xo - Yo + oot Xy - Yo = D% - Vil

i=1

Onpenenenue. Hopmoti B TMHEHHOM NpOCTpaHCTBE L Ha3bpIBaeTcs CKasipHas
¢byukuus ||X||, 3aBucsmas OT OJHOrO BEKTOPHOTO apryMEHTa W YJOBICTBOPSIOIIAS
CJIEYIOIIMM aKCHOMaM:

1) vxel ||[x|>0; [X|=0<x=0;
2) vxeL VAieR |1-X|=|4-|x];
3) VxeLvwyelL |x+y|<|x|+]y|.



HopMy MOXXHO BBecTH B JIFOOOM E€BKJIIMJIOBOM TIPOCTPAHCTBE, ECIIH
BOCITOJIP30BAThCSA  CKAJISIPHBIM  MPOU3BEIICHUEM HXH:J(X,X). Takas HOpMa

HaspIBaeTCsA eekaudosot. Hampumep, B mpoctpanctee R"  eBkimgoBa Hopma

n
aneMeHTa X = (X, ..., X,) BbIYHCIsETCS 1Mo Gopmyrie HXH = / inz :
i—1

B cBoro ouepesp, ¢ MOMOIIBEI0 HOPMBI MOYKHO 3a7aTh Mempuxy (paccTosHue
MEKIY IByMs dlieMeHTamu) 1o popmyiie | o(X,Y) = HX — yH _

MeTtpuka obnagaer ciaeayroIMMHA CBOMCTBAMM:

1) VxeR" p(x,X)=0; p(x,X)=0< x=0;

2) vxeR" vy eR" p(x,y) = p(y,X);

3) VxeR"VyeR"VzeR" p(x,2) < p(X,y) + p(y,2).

B eBKJIMI0BOM MPOCTPAHCTBE CKAISIPHOE MPOU3BEACHUE U HOPMY CBSI3BIBAET
MeXIy coboii HepaBeHCcTBO Komn-byHsIKOBCKOTO.

HepaBenctBo Komm-byHAKOBCKOTO: MOJYJb CKaJISIPHOTO MPOU3BEIICHUS JIBYX
BEKTOPOB HE MPEBOCXOIUT MPOU3BEAEHUS UX HOPM: ‘(X, y)( < HXH : H yH

Jokazamenvcmeo. 1lo akcuome 1) CKajsipHOrO MPOU3BENEHUS JJISI BCSKOTO
yncia A €R BBINOTHIETCS HEPABEHCTBO (/IX— Y, AX — y)ZO. Ecau MBI packpoem

31eChb CKOOKH, TOJIb3YACh akcuomMamu 2) — 4) CKalsIpHOro MPOMU3BEICHHUS, TO
momyanm: A% - (X, X) —24- (X, y) + (Y, y) = 0.

Tak kak JaHHOE KBaJpPaTHOE HEPABEHCTBO OTHOCUTEIHHO TMEpPEMEHHON A
CIpaBeIUBO Il JIIOOOT0 4mciaa A, TO JAUCKPUMUHAHT JOJDKEH OBIThH

neronoxurenet: D =4-(X,y)? —4-(x,x)-(y,y) <0.
3HauuT, BHIMONMHSETCS HepaBeHCTBO (X,Y)” <(X,X)-(Y,Y). V3Biekas KOpeHsb
u3 00euX ero YacTei, Mmoxy4yaeM J0Ka3bIBaeMOe HEPABEHCTBO. O

1.2. Omkpoimote, 3amxuymeoie, 02panuyenivie muoxyxcecmea ¢ R"

Omxpoimuim wapom B(X,r) ¢ nentpom B Touke X€R" wu pamuycom reR
Ha3bIBACTCS MHOXKECTBO, COCTOSIIEE M3 DJIEMEHTOB, OTCTOSIIMX OT IIEHTpa Ha
paccTossHUE MCHBIIIEE paguyca, TO €CTh B(X, r):{ ye Rn‘ (X, y) < r}.

AHAJIOTUYHO  OMNPEACISACTCS  3AMKHYMbIU  WAp B[X, r]: { ye Rn‘ (X y) < r}

¢ meHTpoM B Touke X € R" m pagnycom reR.

Yepes TmOHATHE Imapa BBOJHUTCS CJCAYIONIEe BaXXHOE OMpEICIICHUE:
& —oxpecmuocmb Touku X € R" 3T0 OTKpBITBIN IIap ¢ LEHTPOM B JTOH TOYKE
pagmuyca &, Oyznem ee obo3naqats U, (X) = B(X,¢).



I[Tycth 3amano npousBoiabHoe MHOKeCTBO G = R". Touka X € G HasbiBaeTcs
e6HympenHeli mouxkot MHOXecTBa G, eclid HaiJleTcs OKPECTHOCTh 3TOM TOYKH,
LEJIMKOM Jiexaias B MHOkecTBe G . Muoowcecmeo omkpeimo, eciu at00ast ero Touka
ABISIETCSl BHyTpeHHeil. MuoxkecTtBo F  HasbIBaeTcsi 3aMKHYmwuIM, €CIHA €ro

nononuenre CF =R" \ F orkpsITo.

MHOX€ECTBO U3 Rn Ha3bIBACTCA OcpaAHUYEHHbIM, C€CJIIM OHO M[CJIMKOM
COACPKUTCA B HCKOTOPOM 3aMKHYTOM LIapc.

1.3. Ilonamue ghynkyuu muocux nepemeHHbvIxX

[Tycte D —HEKOTOPOE MHOKECTBO M3 IpocTpancTea R".
Omnpenenenue. Dynkumenr f, ompenenennoid ©Ha MHOXectBe D

IMPUHUMAOIIEH JCHCTBUTENbHBIC 3HAYCHHUS, OYJIeM Ha3bIBaTh MPABHIIO, P KOTOPOM
KaXIOMY JIEMEHTY X W3 MHOXKeCTBa D COOTBETCTBYET OJTHO M TOJIBKO OJTHO YHUCIIO
y € R. bynem ucnonb3oBate 3amuch f :D >R, y= f(X).

[Ipumep 1. Haittu oGnacTe onpenene- A

HUS GYHKITUH Z:\/X+y+\/x—y. y
=X
Pewenue. OO6nacte  ompeaeneHus y
5 X+y>0;
3a/1aeTcs CUCTEMOM HEPaBEHCTB
X—y=>0.

Ha mockoctu 310 OyaeTr mnpsiMoit yrod.
OH sABsieTCA 3aMKHYTHIM, HEOTPAHUYEHHBIM
MHOECTBOM (CcM. puc. 1).

[Ipumep 2. Haiitu 00J1acTh
omnpenenenus pyakuuu Z =In(y -sin x).
Y ]
| WA
I | I I
| | | | Puc. 1
I | I I
| | | | Pewenue. OO6nacTh omnpenencHUs
| | | | 3aJ1aeTcs COBOKYITHOCTb CUCTEMOM
| I s I y>0;
I (N |2 | X sin x > 0;
| | | | HEPaBEeHCTB: Ha miockoctu
| | | | y <0
| | | | | [sinx<0.
| | | | 3TO MHOXECTBO COCTOUT H3 IOJIYIIOJIOC,
y
| ' | | HE BKJIIOYAs MX TpaHUIly. MHOXKECTBO
Puc. 2 SBIISICTCS.  OTKPBITBIM, HEOTPAHHYCHHBIM

(cMm. puc. 2).



PaccmorpuMm  Temepbh  (QyHKIHMIO ABYX IepeMeHHbIX Z= f(X,Y),
ompe/ieIeHHyI0 Ha MHOXecTBe D — R,
I'papux  ¢ynkyuu f — 3T0 MHOXKECTBO B TPEXMEPHOM IPOCTPAHCTBE,
COCTOSIILEE U3 TOUEK {(X, y, f(x,¥)eR®| (x,y) e D}.

Junus ypoeuss gynkyuu f — 310 MHOXKEcTBO Touek (X,Y) IUIOCKOCTH,
yaoBJieTBopstommx ypaBHeHuto f(X,y)=cC, rme C — koHcraHTa. JIMHHS YPOBHS

SIBIIIETCA Mpoekirer Ha iockocTh XOY munun nepeceucHus rpaduka z= f(X,y)

C TOPU30HTAIBHOM TNIOCKOCTHIO Z =C.
[Ipumep. Halitm MHUM ypOBHS M IOCTPOUTH

rpadux GyHKIHN Z = X + Y.
Pewenue. Ypasuernue X° + Yy’ =c nopu ¢<0 He

uMeeT pemreHui, npu C=0 ero penieHueM SBISETCS
enuncTBeHHas touka (0,0), mpu € >0 nuHUEH ypoBHS

SBIISIETCSL OKPY)KHOCTh ¢ IeHTpoMm B Touke (0,0) wu

paguycom Je. ['paduxom  dyHKIUM  SIBISETCS
napabosIou]1 BpaleHUs!.

1.4. Ilpeoen pynkuuu muozux nepemeHHvix

ITycts 3amana pynkmus f :D >R, DcR".

Onpenenenue. JneMeHT AeR M3 paclIMpeHHONW YHUCIOBOM MpsSMOM
Ha3bIBaeTcs mnpeaenoM ¢yHkuuu f mpu 3HaUYeHUM mepeMeHHOW X, cTpeMsiieMcs K

a, ecau i JII0OON & —OKPECTHOCTH A HaWJeTcsi O —OKPECTHOCTh TOUKU &, Takas
YTO JJIsS BCSAKOTO 3HAYCHHS TEPEMEHHOW X W3 00JacTd omnpeaeicHus (QyHKIUH,
JICKAIIETO B O — OKPECTHOCTh TOUKH a, 3HaueHue f(X) momamaeT B £ — OKPECTHOCTD

A. O6oznagaercs lim f(x)=A.

X—a

Omnpenenenue npenena GyHKIMA Tak K€, KaKk U B cioydae (YHKIUUA OJHOM
IIEPEMEHHON MOkHO pacrnucath 1o Komm u o I'eline.

Omnpenenenue npeaena GyHKIUN ABYX nepeMeHHbIX 1o Kormm:
lim f(x,y)=A <

X—a

y—>b

& Ve>035>0 V(x,y)eD:y(x—a)?+(y-b)? <5 =|f(xy)-A<e.

Omnpenenenue npeaena GyHKIIMU ABYX NMepeMeHHBIX 110 I 'eitHe:
lim f(x,y)=A < V(X,,Y,)eD:(x,,Yy,) = (a,b) = f(x,,y,) > f(ab).
X—a

y—b




2
. X%y
[Tpumep 1. Beraucmuts npeaen lim —— -

54y
X=p-COSQ
y=p-sing
[Ipu x—>0, y >0 mepemennsie p —0, @ —moboe. Torga npenen mpumer

Pewenue. IlepenineM K NOJAPHBIM KOOPAUHATAM {

BUJT
p2cos’p-sing

lim ——— ———=lim p-cos’p-sinp=0.
P00 P COS" @+ p~SIN“ ¢  ,P0

Xy
[Mpumep 2. Beraucmuts npegen lim — -

x—=0 X _|_y

y—0
Pewenue. TlokaxeM, 4YTO MaHHBIM TMpeaena HE CYLIECTBYET, IOJIb3YSCh
onpeaenaeHneM mpenena no ['erne.

ITycte X, :%—>O, Y :l—>0.
n

1
o1
[Tpu mogcTaHoOBKE B Tipesen morydaeM lim T 1 -5
N—o0
2T 3
n n
, 3 , 1
ITycts Teneps X, =——0, y,=——0.
n n
3
3
[Ipu noacranoBke B npeaen moiyyaem lim ———=—.
noo 9 1 10
2t 2
n n

Ecnu npenen QyHKIUU CylECTBYET, TO OH €IMHCTBEHHBIN. Tak Kak > * 10

TO JaHHBII Npe/iesl HE CYIIECTBYET.

1.5. Henpepboienocmuv hynKyuu MHO2UX NEPEMEHHBIX

Omnpenenenue. OyHKIKA HENPEpPhIBHA B TOUKE, €CIIH Mpenea PyHKIUUA B ATON
TOYKE PaBeH 3HAUYCHHIO (YHKIMM B JaHHOW Touke. B wactHOCTH, QyHKUMS ABYX

nepemeHHbIX f (X, Y) HempepbIBHA B Touke (X, Yo), ecmu lim (X, y) = f(X,,Y,)-
X—)XO
Y—Yo

OnpeneneHue  HeOpepbIBHOCTH  (pyHKuuM B Touke mno  Komm:
Ve>035>0 V(X Y)eD:iyf(Xx=x)2 + (Y= Yo)2 <& =|f (X, ) = f (X, Vo)l < &




OmnpeneneHre HEMPEPHIBHOCTH (PYHKIIMH B TOUKe 110 | eiiHe:
V(Xn, Yn) €D (X0, ¥0) = (X0, Vo) = (X0, ¥n) = £(X Vo)

OmnpeneneHre HEMPEPHIBHOCTH (PYHKIIMH B TOUKE Uepe3 MpUpaIleHue:
lim Af =0,rne AX=X—-X,, AYy=Y—Y, — OpupaIieHus epeMeHHBbIX,

AXx—0
Ay—0

Af=1(Xy)— f(Xy,Y,) —Tpupamenne GyHKIUH.

Onpenenenue. OyHKIUS HENPEPhIBHA HA MHOKECTBE, €CJIM OHA HEMPEphIBHA B
KaXKJI0M TOYKE 3TOTO MHOKECTBA.
Omnpenencuue. Oynkius f(X,y) paBHOMEpHO HempepbIBHA HA MHOXKECTBE M ,

ecn Ve>030>0V(x y,)eM V(X,y,)eM .

V04 %) + (91— ¥,)? <5 = F (%, 11) — (%, ¥5)] < e

PaBHOMEpHasT HETIPEPHIBHOCTh (PYHKITMU HA MHOKECTBE — ATO 00JIee CHIIBHOE
YCIIOBHE, Y€M MPOCTO HEMpPephIBHOCTh. Ecnu mis ukcupoBanHoro & >0 HangeTcs
0 >0, ynoBieTBOpsIOIIee YCIOBHIO PABHOMEPHOW HETPEPHIBHOCTH, TO 3TO ke O >0
MOJXOANT JJIS OTPEEICHUS HEMPEPHIBHOCTH B KAXJOW TOYKE ATOTO MHOKECTBA.
O6patHoe HeBepHO. OJHAaKO, €CIM MHOXKECTBO 00JaJaeT HEKOTOPHIMU
JIOTIOJTHUTEJIbHBIMA CBOMCTBaMHM, TO Ha HEM HEIMPEPHIBHOCTh M pPaBHOMEpHas
HEIPEPHIBHOCTH MOTYT COBIAAATh.

Onpenenenue. Komnaxr B mpoctpanctee R"— 3T0 orpaHMyeHHOE ¥ 3aMKHYTOE
MHO>KECTBO.

Ceoticmea yHKYuUll, HenPepvl8HLIX HA KOMNAKMe.

1. HenpepsiBHBIN 00pa3 KOMIAKTa €CTh KOMITAKT.

2. @OyHKIMS, HEMPEPbIBHAS Ha KOMITAKTE, OTPAHUYEHA HA HEM.

3. Ecnu ¢yHkuMs HenmpepblBHa Ha KOMIIAKTE, TO OHA JOCTUraeT Ha HEM
CBOMX TOYHBIX BEPXHEN M HUX)KHEU TPAHEM.

4. @DyHKIMSA, HENpepbIBHAs HA KOMIIAKTE, PAaBHOMEPHO HEIPEPHIBHA HA

HECM.
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2. InddepeHnupyeMocTb (PYHKIIMHA MHOTHX
NepeMEeHHbIX

J5is Toro uToOBI POpMYIIBI HE OBUTH CIMIIKOM TPOMO3IKUMHU, YacTo OyaeM
paccMmaTtpuBaTh (PYHKIMIO ABYX JIMOO TpeX MEpPEeMEHHBIX. B OCHOBHOM, Bce
OTIpe/ICTICHUS] K TEOPEMBI MOT'YT OBITh OOOOIIICHBI Ha Clyyail N MepeMEHHbIX.

2.1. Ilonamue yacmuvix nPpou3800HbIX

[Mycts 3amana ¢yukius z= f(X,y), onpeaenennas Ha MHOKecTBe D R? u
MPUHUMAIONIAsT JeUCTBUTENbHBIE 3HaueHHA. Touka (X,Y,) SABIAETCS BHYTpEeHHEH
TOYKON 00JIACTH OTIpe/ICTICHUS.

Omnpenenenne. YactHas npousBoaHas GpyHkiuu Z = f(X,y) mo mepemeHHON X

of
B Touke (Xy,Y,) OOO3Ha4aeTcs OIHUM H3 CIEAYIOIINX CHMBOJIOB 8—(X0,y0),
X

%(Xo’ Vo), Ti(X0,Yo), Zx(Xy,Yo) W BBIUMCISCTCS 1O (hOopMyIIe
. F(xy + AX — f(x
q(xo’yo):hm (Xo +AX, ¥o) — T( o’YO).
OX Ax—0 AX
AHaJIOTUYHO, YacTHas npou3BoaHas ¢pyHkuuu Z = f(X,y) mo nmepemeHHON Y

B TOUKe (X, Y,) BBIUMCIACTCS MO (opMyIIe
f(Xo: Yo +AY) — T (X5, o)

of , .
@(XO’yO): fy(XO’yO):AI;TO Ay -

[Ipumep. HaliTu 1o oOmNpeAeNeHuI0 YacTHbIE MPOU3BOJHBIE  (DPYHKIIMU
. V2
Z=X-SInYy B TOUkKe (1, Ej

Pewenue. Tlo ompenenenuto 4YacTHas Mpou3BoaHas QyHkumu f 1o
MIEPEMEHHOM X BBIUMCIISIETCS 110 hopMmyJie

f(1+AX,”J—f(1,”) (L+Ax)-sin” —sin”
@(1,5)=Iim 2 2) _ lim 2 2 .
OX 2 Ax—0 AX Ax—0 A X

[To ompenenenuto vactHas mpousBomHas ¢GyHkiuu f 1Mo mepemeHHON Y

BBIYHCIISIETCS 110 (hopmyTie
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sin(ﬁ + ij —sin”
2 2

f(l,ﬂJrAy) f(l,”j
oz(. r 2 .
—(1,—)= lim = lim =
ay 2 Ay—0 Ay Ay—0 Ay
A Ay’
CosAy-1 23in22y 2( 2 j Ay

= lim =—Ilim —%=—1Iim =—lim —=0.

Ay—0 Ay Ay=0 Ay Ay—0 Ay Ay—0 2

MOXXHO BBIYUCHATh YACTHYIO NPOU3BOJHYIO TaK e, KaK MPOU3BOIHYIO
(GyHKIMM OJHOW TEPEeMEHHOW, MOJIb3YACh MpaBWJIaMU U TaOIUIEH MPOU3BOJHBIX.
[Ipu BbIYKCIIEHUH YaCTHOW MPOU3BOAHON IO MEPEMEHHON X, BTOPYIO NEPEMEHHYIO
y cuutaeMm ¢ukcupoBaHHOU. Tak, 1 PyHKIIMM U3 TTOCIIETHETO IpUMeEpa

oz . : : or(, (7
—=(x-siny),=siny-(x),=siny; —|1= |=sin| =|=1.
@:(x-sin y), =x-(siny)', =x-cosy; @(ﬂj:co{f):o.
oy y y oy\ 2 2

2.2. 'eomempuueckuit cMulcjl YACMHOI RPOU3BOOHOI
[Tyctes dyHKIHSA z=1(XYy) 3a1aeT HEKOTOPYK ITOBEPXHOCTH B

POCTPAHCTBE, Y = Yo — IUIOCKOCTD, NMapajuienbHas miockoctu XOY . B nepecedenun
MOBEPXHOCTH C TIOCKOCTBIO MOJTydaeTCsl HeKOTopast KpuBasi. Torjaa reoMeTpryYeCKuin
CMBICJT YacTHOH NPOM3BOAHOW MO MEepeMeHHOW X B Touke (X,Y,) BBIpaKaeTcs

 of y y
bopmyoit G—(XO,yO):tga , TIIE ¢ — yroJl HAaKJIOHA KacaTeJIbHOM MPSIMOM B TOUYKE
X

(Xo,Yo) K KpUBOW, SBISIOMICHCS TmepecedueHneM moBepxHoctn Z=f(X, y) mu
IUIOCKOCTH Y = Y.

2.3. DusuuecKkuili CMbIC1 HACHHOI RPOU3BOOHOIL

of
YacTHasg npou3BOAHAS a—(xo,yo) — 3TO CKOPOCTb HW3MEHEHUs (YyHKIHMH
X

z=f(x,y) B Touke (X,,Y,) B HampaBieHnu ocu OX.

2.4. lugphepenyupyemocms hynkyuu ¢ mouxe

Omnpenencane. @yukuus f(X,y) HaswbIBaeTcs Ougghepenyupyemoti 6 mouxe

(X5, Yo), €cnm ee MpupalleHWe MNpPEACTaBUMO B BHAE CYMMBI TIJIaBHOW YacTH,

JUHEHHON OTHOCUTENBHO MPHUPAIICHUN TIEPEMEHHBIX, 1 OCCKOHEYHO Majon Oojee
BBICOKOTO TIOpsijiKa, yeM HopMma BekTopa (AX,AY), COCTAaBJICHHOTO U3 MpHpaIlCHHU

HepeMeHHBIX:
A (%, Vo) = T (X + A%, Yo + AY) — f (¥, Yo) = A- Ax+ B - Ay + ol (A% + (ay)? ),

12



_o(y/(A%)? + (Ay)?
rae A, B —uucma, lim (\/( X)2 + y)2 ):O.
28 V(A7 +(ay)
I'naBHas nunelHas yacth df (Xy,Y,) = A-AX+ B-Ay npupamenus Af (X,,Y,)

HaszbIBaetcs (noanvim) ougpghepenyuanrom dynxuun f(x,y) B Touke (X,,Y,)-

Teopema (HeoOxoaumMoe yciioBue JU(PPepeHIIUPYEMOCTH).
[Tycte dynxuus f (X,y) muddepennupyema B Touke (X,,Y,), TOrAa
1)  ¢ynxous f(X,y) HenpepsiBHa B ToUke (Xy,Yo):

2) A:%(Xoiyo)7 B:%(XO’yO)'

Lokazamenvcmeo.

1) JokaxkeM HenpepbIBHOCTH ()YHKIIUH TI0 OIPEICIICHUIO Yepe3 MpHUpaIIeHuUE:
lim Af (X,,Yo) = lIm (f (X, + AX, Yg +AY) — f (X5, Y)) =
AXx—0 AXx—0
Ay—0 Ay—0

= lim [A-Ax+ B- Ay +o((A)7 + (4y)%)|=0.
Ay—0

2) Ionoxxum B onpeaenenuu auddepenupyemoctu Ay =0, moaydum:
f(Xo +AX, Yo) — (X, Vo) = A- AX+0(|Ax]).
Berumcnsisi 4acTHYIO TPOM3BOAHYIO IO TMEpeMeHHOW XB Touke (Xg,Y,) MO
OTIpE/ICTICHUIO, TIOTydaeM
: — . A-AX+0(|AX
ﬂ(xo’ yo) = lim F(Xo + A%, ¥o) — (X0, ¥o) — lim (‘ D A
OX AX—0 AX AX—0 AX

of
AHaJIOTHYHO JTIOKa3bIBaeTCs, 9T0 B = 5 (Xo,Yo) - Teopema noxasana. m

N3 nokazaHHOW TeopeMbl cieayeT (opMyrna s BBIYUCICHUS TOJIHOTO

nuddepenimana GyHkiun 1Byx nepemenbx |df = % (Xos Yo) - AX + %(Xm Yo) - AY|.

Tak kak Ax=dx, Ay=dy, to momyusaem Takxke (opmymy |df =% -dx +%-dy.

B aroit dopmyrne kaxaoe cliaraeMoe Ha3bIBAETCA uacmubviM Oughghepenyuanom,
COOTBETCTBYIOIUM CBOEH IIEPEMEHHOM.

3amMeTuM, 4TO HeoOXoauMoe ycioBHe AUQPGHEpEeHIUPYEMOCTH HE SIBISETCA
noctaTouHbIM. Eciau ¢pyHKIMS HEenpepbhlBHA U UIMEET YaCTHBIE TPOU3BOIHBIC 110 BCEM
MEepEMEHHBIM B JJAHHOW TOYKE, TO OHA BCE YK€ MOXET ObITh He nuddepeHupyemoit
B OTOM TOUKE.

Cxema uccnedosanusn hynkyuu na ouggepenyupyemocms.
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1) Brruuciisiem 4acTHBIE TIPOU3BOIHBIC (DYHKIH B TOYKE.
2) CocrasiigeM npemnoiaraeMeiil tuddepeniman.
3) IlpoBepsiem, BBITIONHSETCS JIM ycloBue nudepeHImpyeMocTu:

Af —df

J(ax) +(ayy

— 0 mpu AX — 0,Ay — 0.

Hpumep. Oyuxuus f(x,y)=3/x* -y yaoBrerBopseT HEOOXOUMBIM YCIOBHAM
muddepenuupyemMoctd pyHKIUM B TOuke X, =Y, =0, oHa HenpepblBHA, HUMEET

KOHEUYHBIC YaCTHBIC MPOU3BOIHBIC B IAHHON TOUYKE, HO He auddepeHmpyema
B OTOH TOYKE.

Berancium gactHbie mponsBoaHbie pyHKIMU B Touke (0,0) mo onpenencHuro

N 0,0)= lim H&)=F00) _ ;, 0=0_,
OX AX—0 AX Ax—0 AX

X 00)= lim HOW =100 _,

6y Ay—0 Ay

CocraBuM npeanonaraemseiii tuddepeniman

of of
df ===(0,0)- Ax+—(0,0)- Ay =0.
= (00) X+8y( )- Ay

[TpoBepum ycnoBue nudpepeHInpyeMOCTH: Af - df — 0.

V(&%) + (ayy

BGJ’II/I‘-II/IHa, CTOAIIAas CJICBa, 3alIMCBIBACTCSA TaK

Af—df _ f(AxAy) - F(0.0) 3/(Ax)” - Ay |
VAP +(ayY J@axP @y J(ax) +(ay)
}/(ax)” - Ay

[Toxaxkem, uyto mpemen lim > =
AX—0
Ay—0 (AX) +(Ay)
onpezneneHueM rpenena no ['erne.

HE CYIIECTBYET, IOJIb3YAChH

1
Ecnmu AX=—, Ay =—, TO Ipu NTOJCTAHOBKE B BHIPAXKEHUE MO 3HAKOM TIpeeia
n n

sl DR DRDES

4
Ecmu ke AX=—, Ay=—, TO Opu NOACTAHOBKE B BBIPAXKCHHUE II0J 3HAKOM
n n

)2l ) -
npexaena noiydaem 3f| — | -— .| —| +|—| = = Tak xak MoJy4UsIUCH pa3HbIe
n n n n

3HAUEHUs, TO TMpejesia He CYHECTBYEeT. YcioBue Au(PpGepeHIupyeMOCTd He
BBITIOJIHSETCS.
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Teopema (moctaTrouHoe yciaoBue audpdgepenuupyemoctu). [Iycts QyHKIus
f (X,y) umeer oOe YacTHBIC MPOU3BOHBIC B HEKOTOPOH OKPECTHOCTH TOYKH (XO, Yo )

KOTOPBIE HENPEPBIBHBI B CAMOM TOYKE (XO, yo). Torma dynkuusa aguddepenunpyema
B TOYKE (XO, yo)-

Jlokazamenvbcmeo. 3anuiieM NpupaieHie QyHKIUA B BUIE

AF = (X + A%, Yo +AY) = F (X0, Yo) = (F (X + A%, Yo + Ay) = (%o, Yo + AY)) +

+(F (X0, Yo +AY) = (X0, Yo))

[To Teopeme Jlarpanxka npupamieHue GyHKIHUN MO IEPEMEHHON X, CTOsIIee B
MEepBOil CKOOKE, MOYKHO MPEICTABUTH KAK YACTHYIO MTPOU3BOAHYIO IO IEPEMEHHOM X
B HEKOTOPOM NPOMEKYTOYHOM TOYKE, YMHOKEHHYIO Ha NPUPAIICHHUE IEPEMEHHOM.
AHaJIOTHYHO MOKHO 3alucaTth cllaraéMoe Bo BTOpoil ckoOke. Toraa

Af :%(x0 +6, - AX, Y, +Ay)-Ax+%(x0,yo +6,-Ay)- Ay.

[TpoBepum ycinoBue nuddepeHInpyeMOCTH:
Af —df

JAxP +(ayf

of of of of
aX(Xo +6, - AX, Y, +Ay)'AX+ay(X01yo +0, 'AY)‘AY_aX(XO’YO)‘AX_ay(Xo’YO)'A)

V(Axy +(ay)’

OueHuM 3Ty BETMYUHY 110 MOJIYJIIO:
Af —df of of
‘ > ‘ > S_(Xo+‘91'AX’YO+AY)__(XO'Y0)1‘
J(ax)? +(ay) X J

OX
of of
@(Xw Yo + 6, ‘AY)_E(XO’ YO)<‘

|AX
(ax)” + (ay)*

+

I
V(ax)” + (ayy

Sy

JOXP + Ay (X + (ay)

YAaCTHBIX ITPOMU3BOAHLIX B TOYKE (Xo,yo), Pa3HOCTH YaCTHBLIX IIPOHU3BOJHLIX IIOM

_|_

Tak kax <1, a, B CuJy HENpPEpPHIBHOCTU

3HAKOM MOJIYJISI CTPEMSATCS K HYJTI0, TO yciaoBHue nuddepeHITpyeMOCTH
Af —df

V(8% + (ayy

2.5. Ilpubnusicennvle bI4UCICHUSA C HOMOULBIO
oupgepenyuana

[Iycte ¢ynxums f(X,y) nmuddepenumpyema B Touke (X,,Y,), TO €CTh
BBITIOJIHSICTCS] PABEHCTBO

— 0 BemostHeHO. Teopema JToka3aHa. O
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of of
f(Xo +AX, Yo +AY) - f(xo,yo>:&(xo,yo)-AxW(xo,yo)-Ay+00\hH)-

Tak kak mocieHee ciiaraeMoe B MPaBOM YacCTH SBISACTCS OCCKOHEYHO Mo
Ooyiee BBICOKOTO TOps/IKA, YeM HOpMa BEKTOpPA, COCTABJICHHOTO W3 MpPUpAICHHMA
MEPEMCHHBIX, TO NMPH MaJbIX MPHUPAIICHUAX TEPEMEHHOM IOCIICAHEe claracMoe B
TOM (opMyse MOXKHO OTOPOCHUTH, 3aMEHHUB TOYHOE PABEHCTBO MPHUOIMKECHHBIM.
Takum oOpazom, oiydaeM GopMyITy JUIS PUOIMKSHHBIX BBIYUCICHUH

of of
f(Xg +AX, Y, + AYy) = f(xo,yo)+&(x0,y0)-Ax+5(xo,yo)-Ay.

Ota popmyna OyaeT TeM TOUHEe, YeM MEHbIIIE PUPAIICHUS IEPEMEHHbIX.

IIpumep. BerauciuTs NpuOIMKEHHO \/ (2,98)2 + (4,01)2 :
Pewenue. Bpemem ¢ynkmmio f (X) =~/ X% + y? . Toraa Hy)HO

BBIUMCIINTh 3HaueHue Qyukuuun  f(2,98; 4,01). BsibepeM OMu3Kyl0 TOYKY
Xg =3; Yo =4, B KOTOPOH 3HaUYeHUs (PYHKIMH, a TAKXKE €€ YACTHBIX MPOU3BOAHBIX,
BBIUUCISAIOTCS Xopouio. dopmyra sl NpUOIMKEHHBIX BBIYMCIEHUN PUMET BUA

f(2,98:4,01) ~ f(3,4) + a (3.4) - Ax + q(3,4) -Ay.
OX oy

[Ipupamenns IIEPEMEHHBIX
Ax=2,98-3=-0,02; Ay =4,01—-4=0,01.35aucHue byHKIAHA f(3,4)=5.
Brrancium YaCTHBIE IIPOU3BOIHBIE
EZL, ﬂ(314'):§:O161 i:L’ ﬂ(314):ﬂ2018
X x®+y* OX 5 & JxP+yr O 5

[Toxcrasisist Bce B opMyITy, TOITYIUM
f (2,98,4,01) ~5+0,6 - (~0,02) + 0,8- 0,01 w + (2,98) +(4,01)° ~4,99.

2.6. Ilpouseoonasn cnosxcnoii hynkuuu

Teopema. Ilycts BHemnss ¢yukuus f(X,y) auddepenuupyema B TOUKe
(X0, Yo). Buyrpennue ¢pynkmmn X = X(t), y = y(t) mudpdepenumpyemsr B Touke t,,
npuaeM X, = X(t,), Yo = Y(t,). Torma cnoxnas dynkums f(t) = f(x(t), y(t)) raxxe
nuddepeHuupyema B Touke t, U ee Npou3BOAHAS BBIUUCIAETCS 10 popmyIie

df of dx of d
(0= 5 00 Y0) g (o) + 0% ¥o) - (t). M Goee kparko

af _of ox_ of dy
dt ox dt oy dt|

Hokazamenvcmeo. I1o onpenencHuio npousBoanoi ¢pyukiuu f (t) umeem
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f(t, +At)— f(ty)

—(ty) = lim —=2 2,

( O) At—0 At

Hpeo6pa3yeM YHUCIIUTENH IpoOu. YUuThIBas, 9uTo X, = X(ty), Yo = Y(t,) 1

AX = X(t, + At) — X(t,), Ay=y(t, + At) — y(t,), moxygaem
fty + A — T (t) = (Xt +AD), Yty +AD) =  (X(t,), Y(to)) =
= T (Xo + AX, Yo +AY) — T(Xo, o)
Tak kak BaemHssa ynkmus f (X,y) muddepenumpyema B Touke (X4, Y,), TO
of of
flto + A1)~ 1) =5 (o, Yo) - A+ 2 (g, ¥o) -2y + ().

HOI[CTaBJ'IHH 9T0 B npou3BoAHyto pyHknuu f (), momyuaem

of
ox (Xo: Yo) - AX + 8y(xo’ Yo) - Ay + O(HhH)

—“o)—A'Ho At =
ot Ax _of o(fhl)
—a_(xo,)’o) lim E"‘ay(xo,YO) IlmoAt+Algrgo At

[TokaxkeM, 4TO OCIIETHEE CIaraeéMoe PaBHO HYJIIO

o) _ . o0h) H_, olh) e+ (ayF _
A0 At At—0 Hh” At At>0 Hh” At—0 At

= lim (HhH) - lim \/(&T+(ﬂjz = lim O(HhH) \/( ) (yt) =0,

At—0 Hh” At—0 \[\ At At [h|-0 HhH

tak kak lim (H H)
o [

=0, a X{, Y; — KOHEUHBl U, B CHIy HENPEPHIBHOCTH

dynxmmit X = X(t), y = y(t) B Touke t,, BennunHa HhH —0mpu At — 0. Urax,

i(to) = q(XO, Yo) -%(to) + q(XO, Yo) -%(to) U TeOpeMa JoKazaHa. [

oy

B wactHOM cityuae, korna BHemHss pynkuus f(x,y) muddepenuupyema
B Touke (X,,Y,), BHyTpeHHssS QyHKms Y = Y(X) nuddepeHunpyema B Touke
Xy, Torma cnoxknas ¢yakuus f(X)= f(X, y(X))Taxke muddepenuupyema B TOUKE
df _of 81‘ dy

Xo ¥ €€ IPOU3BOAHAS BBIUUCIAECTCA  TaK —— —-—. DTta dopmyna

dx ox oy dx

Ha3bIBACTCS POpMYIOU NOHOU NPOU3BOOHOU.

AHAJIOTHYHYIO TEOPEMY MOHO JI0Ka3aTh JJIs CIIy4ast YaCTHBIX TPOU3BOIHBIX
CJIIO’)KHOU (PYHKITHH.
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Teopema. Ilycte BHemnsis ¢ynkuus f(X,y) muddepenuupyema B TOUKE
(X0, Yo). Buyrpennme ¢pynkmmu X = x(u,v), y =Yy(U,v) muddepeHnupyeMsl B TOUKE
(Ug,Vg), mpuueM X, =X(Ug,Vy), Yo=Y (Uy,Vy). Torma cnoxnas ¢yHKIMA
f(u,v)=f(x(u,v), y(u,v)) rtaxke mudpdepennupyema B Touke (Uy,V,) U ee
YACTHBIC TPOM3BOIHBIC BEIYUCISIOTCS IO (OpMyJiam

of _of ox of oy of _of ox of o

U X du oy aul N X o oy ov|

. X o
Ipumep 1. [inst dyuxupn z =arcsin—, y=+/x* +1 HaifTi YaCTHYIO U IOJIHYIO
y

MPOM3BOJIHBIC 110 IEPEMEHHON X .
Pewenue. 1) BplUncauM 9acTHYIO TPOU3BOIHYIO IO TMIEPEMEHHON X, cunTas
MEPEMEHHYIO Y TTOCTOSIHHOM

0z LX) 1 1 1

— =| arcsin— ==

6)( ( ny X 2 y y2_X2
y

Eciu mozctaButh Y =+ X° +1, TO HONy4HM ? =1.
X
dz _oz oz dy

2)  Ilpumenum dopMysTy HOTHON MPOU3BOJHON — =— +

dx ox oy dx’

YacTHas mpou3BOAHAS MO IEPEMEHHOM Y paBHA

@:(arcsinﬁJ ’:;.[_i]:_;
o Yy 1(x]2 ) yy? -«

y

Ipu y =+/x* +1 yacTHas IPOU3BOIHAS % ___ X

X2 +1

. dy X

[TpousBoaHas GyHKIIMK Y TIO MEPEMEHHON X paBHA —— = > :
dx x%+1

[Toxcrassist 3T BeIpakeHUs B (GOPMYITY JIJIs1 TIOJIHOM TIPOM3BOIHOM, TIOJTydaeM

dz X X 1

dx _\/x2+1.\/x2+1:X2+1.

[Mpumep 2. Jlokaszats, urto ¢pyHKIHs U =SIiN X+ F(Siny —Sin X) ymosieTBopseT

ou ou
paBEHCTBY — - COSX + — - COSY =COSX - COSY.
oy OX
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Pewenue. @yakmus F(siny —sin X) sBiseTcst cloxkHOW. BHeNHSAS QyHKIHS
F(t), a BHyTpenHss t =Sin Yy —sin X . Beaucaum yacTHbIC IPOU3BOAHBIC QYHKIUH U,
CUUTAs IPOU3BOIHYIO OT BTOPOT'O CJIaraéMoro Mo MPaBUIy CIIOKHON (YHKITHH:

ou dF . o, dF ~ou dF

— =C0SX+ —-(Siny —sin X)|, =COSX ———-COSX; —=——"-COSY.
dt dt oy dt

Torna

ou

ou (dF j ( dF j
—+COSX+—-COSYy=| — -COSY |-COSX +| COSX ——— - COSX |- COSYy =
OX dt dt

dF dF
:E -COSY :-COSX + COSX-COSY —E-COSX-COSyZCOSX-COS)/,

qTOo " Tp€6OBEUIOCB JOKa3aThb. a

2.1. Hneapuanmnocmu hopmol noinozo ougghepenuyuana
[Monueiit muddepentman pyukuun T (X,y) Bbraucisgercs no popmysie

of of
df = Fva dx+—-dy, eciu X,y —He3aBUCHUMBIC TICPEMCHHBIC.
X

WNuBapuanTHOCTH (hOpMBI MOJTHOTO AU(depeHIana 3aKiIo4aeTcss B TOM,
yTOo (hopMa €ro OJMHAKOBA, HE3ABUCHUMO OT TOrO, SIBIIAIOTCS JIM TEPEMEHHbIE
HE3aBHCHUMBIMH WJIM OHU caMU (PYHKIIMM OT HOBBIX NIepeMeHHbIX. [okaxem 3To0.

IMycts X=x(u,v), y=y(u,v). Torma, moxcraBuB >t Qpyukiuu B f(X,y),

nosiyunM cioxuyto pyakouto f(u,v) = f(x(u,v),y(u,v)). Ee muddepeniman papex

of of
df =—-du+—-dv. YacTtHbic TPOU3BOAHBIE —, — BBIYUCIISIFOTCS IO IPABHITY
ou ov ou ov

U Ox du dy aul v X v Ay ov
9TH BeIpakeHus B popmyny mis quddepennnana
df = Q%_{_QQ .du + Q%_Fq@ .dv.
OoXx ou oy ou OX OV oy ov
Packpoem CKOOKHM B TIpaBO 4acTH U TIEPETPYIITHPYEM CllaracMble

df =@(%du+%dvj+@(@-du+@-dvj=idx+idy,
ox \ou ov oy \aou oV OX oy

YTO U TPeOOBAJIOCH JJOKA3aTh.

2.8. Ilpasuna evtuucnenusn oughpepenyuana

Paccmotpum byHKIIUN HECKOJIbKUX MEPEMEHHBIX
U(Xy XoyeeeiXy )y V(Xgs XpeensX,) -

CripaBeAsTUBEI CIEAYIOLIUE MpaBUia sl BBIYUCIICHUS AU PEepeHIInaIoB:

1) d(c-u)=c-du, roe c=const;

19



2) d(u+v)=du+dv;
3) d(u-v)=v-du+u-dv;

" d(g):v-du—u-dv.

v v
Joxazamenvcmeo. Jloxkaxem, Hanpumep, (popmyny 4). B cuiny cBoiicTBa

WHBAPUAHTHOCTH U pepeHiraia cripaBeyInBbl paBeHCTBA

d(ﬂ)z(ﬂ) '-du+(ﬂ)'-dv:l-du—iz-dvﬁ'd“‘zu'd".
v) \v), V), v v v

OcranbHbIe (1)0pMy.]II>I JOKa3bIBAIOTCA aHAJIOTUYHO.
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3. HesiBHbIC (DYHKUMM M CUCTEMBbI HESIBHBIX QYHKIIUA

3.1 IlIpou3eoonvie neaBHBIX PYHKUUIL OM 0OHOU U HECKOJIbKUX
nepemeHHbIX.

Teopembl CylecTBOBAHHUS M ¢TMHCTBEHHOCTH HesIBHOH (pyHKIMMI
PaccmatpuBaem citydaid, korma ¢yHKius Y(X) 3amaHa HESIBHO ypaBHCHHEM

F(x,y)=0.
Ecnu npeamonoxuts, uto HesBHas (GyHKmus Y(X) CymeCTBYeT M (PYHKIIUU
y(X) u F(X,y) muddepenmupyemsl, To Gopmysaa I BBIUHUCICHHS MPOU3BOIHOMN

HESIBHOM (DYHKIIMM BBIBOAMTCS JieTKO. B 3TOoM ciiydyae nauddepeniupyema cioxHas
byakmus F(X) = F(X,y(X)) u ee nmpou3BoaHas BBIYUCIACTCS MO (GopMyJie TOTHOU

MIPOU3BOTHON F'(X):a—F+a—F-ﬂ. Tak kak F(X)=0, 10 F'(X)=0 =u

ox oy dx
oF OF dy .
—+—-—=0. Orcroma nonay4aem (opMysly s BBIYUCICHHS MPOU3BOTHOMN
ox oy dx

oF ;
HESIBHOU (DYHKITUH ﬂ:—ﬂ i |Y'(X) =——%|.

dx  oF F,
oy

[Mpumep. Haiitu mnpowsBomnyro QyHkuuu Y(X), 3alaHHOH YypaBHEHHUEM
y? +2y=2x.
Pewenue. ®ynkuus Y(X) 3amaetcs HesiBHO ypaBHeHHeM F (X, y) =0, rae

F(X,y)=y®+2y—2x. YacTHble NPOM3BOAHBIE OSTOH (YHKIHH pPABHbI

! !
Fo =2, F, =3y? +2. TloacraBisas B (GOpMyTdy sl BHIYUCICHHS MPOU3BOJIHON

GbyHKINH, 3a1aHHON HESIBHO, motydaeM Y'(X) = 3% 12

PaccMmoTpum Bompoc CyiecTBOBaHMs HESIBHOM (yHKITUU.
Teopema 1. ITycTb BBINONHSIOTCA CAEAYIOINUE YCIOBHS:
1)  ¢ynxmus F(X,Y) HenpepbIBHa B HEKOTOPOi okpecTHOCTH B(Xy, Y,)

TOYKH (Xy,Yo)

2)  F(XYo)=0;

3)  cymecTByer yacTHas npousBoaHas Fy B oxpectnoctn B(Xy, o) ;

4) F, menpepeiBHa B TouKe (Xg, o)
5) Fy (%o, ¥o) # 0.

Torzaa BBITIOTHAETCA CIIEAYIOLIEE:
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1) Jlns mo6oro gqoctatouHno manoro & >0 nHanpéres o >0, Takoe, 94TO I
BCSIKOT'O 3HAU€HMs MEPeMEHHOH X € (X, —J, X, +0) CyLIecTBYeT €IUHCTBEHHOE

3HaueHne Y =Y(X) u3 wuHTepBana (Y,—&, Yo+&) U IL HEro BBINOJIHAETCA
paBencTBo F(X,y)=0.
2)  O®ynknua Y = Y(X) HepephIBHA B TOUKE X, .
3) Ecam npomomnutensHO TpeboBaTh, YTOOBI B OKpecTHOCTH B(Xq,Y,)
CyIecTBOBaa YacTHas nponsBoaHas F,, HempepbiBHAS B Touke (Xo, V),
TO CYIIECTBYET MpOou3BoaHAs GYHKIUHU Y(X) B TOUKE X, M BBEIYHCISETCS

dy F (X0, Yo)
no gpopmyne —=(Xy) = — 2.
d T (% Yo)

Hoxazamenbcmeo.
Hokaxem mynkr 1). Ilo ycnosuro FJ(Xy, Y,) # 0. Ilycts mns onpenenénnoctu
Fy (X0, Yo) > O. Tak xak F; uenpepbiBHa B Touke (Xo,Y,), TO Hanércs

okpectHocTh  U(Xy,Y,), Takas, dYTo s BCeX 3HAYCHHH MEpPEeMEHHBIX
4 .
(X,Y) €U (X, Y,) BbImoNHsieTcst HepaBeHCTBO F(X,Y) > 0. Bo3bMEM OKpeCTHOCTBH

U (X, Yo) mpsamoyronsroit U (X, Y,) = {(X, y) e RZ‘ X=Xo|<&, [y = Yol < 77}, BLIOpAB
3HaueHUss £ U 77 JOCTAaTOYHO MAaJIbIMHU JUI TOrO, 4yToObI okpecTHOCTH U (X, Yq)
Jaexana BHYTpH OkpecTHocTH B(X,,Y,). Torma B okpectHocts U (Xy,Yq)
BBITTOJTHSIOTCSL BCE YCIIOBHS TEOPEMBI.

Pacemorpum  pyrkumio ¢, (Y) =F(X,,Y), OHa HempepblBHa Ha HHTEpBaje
(Yo =7, Yo +77). Upoussonnas oroii dyuxumn @ (y) =Fj (X, y) >0, mnosromy
dynxuust @, (Yy) Bospacraer Ha unrepsane (Yo =7, Yo +177).

3apuxcupyem & >0, takoe uro & <7. Tak xak @, (Vo) =F (X, ¥p) =0, 10
P, (Yo—6)<0,a ¢ (Yo +€)>0.

B cuny HenpepwiBHOCTH GyHKIMH F(X,Y) npu QUKCHPOBAHHOM 3HAYCHUHU
NEPEMEHHON Y, —& HaWAETCS TOJIOKUTENIBHOE YUCIO O;, TaKoe, 4TO sl BCEX
3HAUCHWH TIEpEMEHHOH X €[X, — O}, X, + &, 3HaueHMs QyHKIME OTpHIATENHHBI
F(x,y—¢&)<0; a Taxoke HaWAETCS TONOKUTEIBHOE YUCIO O,, TAKOE, YTO IS BCEX
3HAUECHWH TIEPEMEHHON X €[Xy — &y, X, +J,| 3HAUEHMS (YHKIMH MONOKHTEIHHBI
F(X,y—&)>0.Ilycte & =min {51,5 ,(;‘} . Torma muts Bcex X e[xO -0, % + 5]

Oynxkmust ¢, (y) =F(X,y) HempeppiBHa Ha OTpe3Ke [yO —&, Yo+ 8] u

IIPUHUMAET Ha KOHIaX 3TOr0 OTPEe3Ka 3HA4YEHMsI pa3HbIX 3HAKOB. Toraa A Kaxaoro
(UKCUPOBAHHOTO X e[x0 — 0, %Xy + 5] BHYTPM  OTpe3Ka  HaWIeTcs  TO4YKa

ye(Yo—&,Y,+¢&), Takas uto ¢, (y) =0, To ectb F(X,y)=0. Tak kak s Ka)10T0
DUKCHPOBAHHOTO X €[X, — 5, %, + 0] dymkims ¢, (y) BO3pactaer, To Takas TOUKA
CIUHCTBCHHASI.
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Hrak, qns mo6oro gocratodno manoro & >0 mainpércs o >0, Takoe, 4To JUIs
BCSIKOTO 3HAUEHMs MEpeMEHHOH X € (X, —J, X, +0) CyLIecTBYeT €IUHCTBEHHOE

3HaueHne Y =Y(X) u3 wuHTepBana (Y,—&, Yo+&) U IL HEro BBINOJIHAETCA
paBeHcTBo F(X,y)=0. Ilyakr 1) mokasan. HemocpencTBeHHO W3 OIpeICICHHS

HENPEpPbIBHOCTH (YHKIMU B TOYKE U3 YTBEPXKACHUS TMyHKTa 1) BBITEKAeT
HeTpepbhIBHOCTh GYHKIUH Y = Y(X) B TOYKe X,, TO €CTh MYHKT 2) TaKXKe JOKa3aH.

Hoxaxxem nyHKT 3). Ecim B okpectHocTH B(Xy,Y,) cymiecTByoT 00e dYacTHbIE
npoussonubie F, u Fj, HenpepbiBHble B TOUKE (X, Yp), To QyHkums F(X,Y)

nudoepenimpyema B Touke (X4, Y,)- Torna BEHIIOMHSETCS  PABEHCTBO
F(X +AX, Yo +AY) — F(X5, Yo) = Fx (X0, Yo) - AX+ F, (Xo, Yo) - AY + AX + &£,Ay,  1re
lim g = lim &, =0. Bo3sMméM AX|<S, Torna AY|<e u
AXx—0 AXx—0

Ay—0 Ay—0

F(X, +AX Yo +Ay) =0, F(Xy,Y,)=0. [Torygaem

Fo (X0, Yo) - AX+ F, (X, o) - AY + £ AX + &,Ay = 0. Otcrozna ay__F (XO Yo) + a4,
AX Fy (Xo’YO)+52
Eciu AX— 0, To B cuily HempepbIBHOCTH (QYHKIUU Y = y(X) B TOYKE X,
npupamienne ¢yskuuu Ay -0, a 3Haunr ¢ -0 u g, —->0. Tak xak

dy Ay dy F (X0, Yo)

X,)= lim , TO ToJIy4aeM (hopMyII X,) = ——2 .

g Do) =lim = yuaem gopmyny - (%) (10, ¥o)
Teopema nokasaHa. O

PaccMOoTprM  (YHKIMIO HECKONBKHX TMepeMeHHBIX f(X,...,X,), 3aJaHHyIO
HesiBHO ypaBHeHueM F(X,..., X, ) =0. be3 nokazarenbcTBa mpuBengm teopemy.

Teopema 2. ITyCcTb BBITONHSIOTCS CHEAYIOIIUE YCIOBHS:

1)  dbyskms F(Xl, .+ X, f) HempepriBHA B HeKOTOpOU OKpecTHOCTH B(M,)
Touku My (x7,..., X, T°);
2)  F(My)=0;

3)  cymecTByeT yacTHas nmpousBogHas F{ B okpectHoctn B(M,);
4) F{ HempepsiBHa B TOuke M ;

5) F{(M,) = 0.

Torza BBITIOJHIETCS CIIEAYIOLIEE:

1)  Jns mroboro mocrarouno maioro £ >0 naiaéres o >0, Takoe, 4To s
BCSAKOTO 3HAYCHMS TMEepeMeHHOW X =(X,..,X,) Hu3 O —OKPECTHOCTH TOYKH

x° =(x2,...,x0) cymecrtByer eammcTBeHHOE 3Hauenme f = f(X) u3 uHTepBama
(f, — &, fy+¢&), ans koToporo BeIONHsIeTCst paBeHCTBO F(X,...,X,, f)=0.
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2)  ®ymkmua f(X,...,X,) HepepbIBHA B TOUKe X° = (X[ ,...,X") .
3) Ecmm nomonnutensHo TpeOoBaTh, 4TOOBI B OKpecTHocTH B(M))
CYLIECTBOBaIM BCEe 4acTHble npomssoaubie Fy (i=1...n), HenpepbiBHBIE B TOYKE

X° = (X,..., X)), TO CYIIECTBYIOT YacTHbIE MPOM3BOAHBIE GyHKIMH T (X,...,X,) B

F. (M
Touke X° M BHIYHCIISIOTCS 1O hopMyIIe a (x°) = —M :
OX; Fi (Mo)

[Ipumep. Haiitn yactHeie mpousBogHble GyHKIMEH Z(X,Y), 3aaHHON HESBHO

ypaBHeHHeM e’ +Z — x°y +1=0.

Pewenue. ®Oyuxuus F(X,Y,2)=e? +z—x’y+1 3amaer HesBHO (YHKIHIO
!/

! !
Z(X,y). Berancium ee gactHble npousBoanee: F, =-2xy, F, = X2, F, =e’* +1.

y

] !

_2xy . Q__Fy X
"ol 41

2
Torma g=—F—X, Pa—
OX F e +1 oy F

z

3.2. Heagnvle (hynkyuu om 00HOU nepemeHHoll, onpeoesiemole
CUCEMOU YPAGHECHUL

F(x,y,z) =0,

d(x,y,2)=0

3aJ1aeT HEeSIBHO JBE (PYHKIIMH OJHOTO niepeMenHoro Y(X), z(X).

[IycTe cucrema {

[ToxcraBuM UX B ypaBHEHUSI CUCTEMBI, TIOJIYYUM
{F (%, y(x),z(x)) =0,
d(x, y(x),z(x))=0.

HuddepenniupyeM 3T TOXKIAECTBA 10 TNEPEMEHHOM X TIO TMPaBHIIY
MIPOU3BOHOMN CIIOKHOUN (QYyHKIIUU

F+F - y(x)+F-2(x)=0,
{CD'X + @ - y'(x) + @) - 2'(x) =0.
DTO cHucTeMa JIMHEHHBIX YpPaBHEHHH OTHOCHTEIBHO HEW3BECTHBIX Y'(X)
Z'(x):
{F; Y(X)+F - Z(x)=-F,,
@) - y'(x) + @} - 2'(X) = — D
TO CUCTEMa UMEET €AMHCTBEHHOE PEIICHUE, KOTOPOE HaXOAUTCs 1o hopmyiam
Kpamepa:
dy  D(F,®) D(F,®). dz _ D(F,®@). D(F,®)

y'(x):&: D(x,z) D(y,z)’ Z'(X):&: D(y,x) D(y,z)
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3.3. Hesaenvle (hynkuuu HecKobKUX nepemeHHbIXx,
onpeoensiemvle CUCHEMOU YPAGHEHUUL
Paccmotpum  pyHKuuM  Z = Z,(X,.. 0 X)), oo 2y = 2y (X, X,),  33/1QHHBIE
CUCTCMOHN YPABHCHHUHA
F(z,..0Z0, %0 %,) =0,
: (*)
Fo(Zyyen 2y X0 X)) = 0.
PemienrieM »TOM cHcCTeMBbl sBIsEeTCS HaOOp (QYHKIWNA, TaKUX, YTO TIPH
IMOACTAHOBKC UX B CUCTCMY BCC YPABHCHUA O6paHIaI-0TC5I B TOXICCTBO.

Brenem mnounsatue onpenenutens Akodu — 3TO ONpeAeIUuTEeNb, COCTABICHHBIN
13 YaCTHBIX MTPOU3BOIHBIX

ok, ok,
oz, = oz
D(F....F,) | "
D(z,....2,) -
nmt ok, oF,
0z, 0z,

B o0Oo3HaueHun omnpexaenurens SIkoOM cBepxy YKa3bIBalOTCS (PYHKIUH, OT
KOTOPBIX BBIUKCISIOTCS TPOU3BOJHBIE, @ CHHU3Y [E€PEMEHHbIE, MO0 KOTOPBIM
muddepeHunpyroTcs TH QYHKIUU. DTOT ONPEACIUTENb TAaKKE HA3bIBAECTCS SIKOOMAH.

Teopema (0 cymecTBOBAaHMHM W €IMHCTBEHHOCTH HESIBHBIX (YHKIIHIA,
onpe/esisieMbIX CHCTEMO PYHKIHOHAIbHBIX YPABHEHHIA).
[IycTh BBIIIOJIHAKOTCS CIEAYIOLINE YCIOBUS:

1) oyarmmu F(Zy,... 2, Xse o0 X0 )seeor By (24000 20y Xqy -2 X)) TP epeHImIpY-
€MBI B HEKOTOPOIH OKPECTHOCTH TOYKHU Mo(z10 - Z?n, Xf - Xr? );

2) oy F (2,0 2, X X ) v By (24000 2y X502 X)) OOpammarotest
B HOJIb B TOUKE Mo(zf,..., Zr?],xf,...,xr?);

3 DG

. F
n) (M) =0.
D
(z,..,2,,)
Torma mig JFOOBIX JOCTATOYHO MABIX IMOJOKHUTEIBHBIX Epreen € HanuaeTcs

0 >0, Takoe, YTO Ui BCSAKOTO 3HAYCHUS NEpeMEeHHOW X =(X;,...,X,) U3

O —OKPECTHOCTH TOYKHU x° = (Xf - Xr? ) CYIIECTBYIOT W CJIMHCTBEHHBI (PYHKIUU
2, =7, (X0 X))y ooe s 2oy = 25y (Xq, -+ X,,) , TAKHE UTO:

1)  BBHIIONHAIOTCS HEPaBEHCTBA ‘Zl -z ‘ <& . ,‘Zm - an‘ <&n;

2)  OTH QYHKIIUY SIBJISIOTCS PEIICHUEM CUCTEMBI (*) ;

3) ¢yskuum HempepelBHEI H  IUGGEpPEHIUPYEMBl B OKPECTHOCTH
Touku M.
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BeranciieHne 4acTHBIX MPOM3BOAHBIX (QYHKIUHA Z; = Z;(Xy,..., X,), | =1,...,m,
OTIpEIeNISIEMbIX CHCTEMOH (*), MOKHO MTPOU3BOIUTH JIBYMSI CIIOCOOAMH.
[MepBerit crioco6. JuddepeHiupyemM Kaxaoe ypaBHEHHUE CHUCTEMBI (*) T10

IIEPEMEHHOU X; . ITo MIPABUITY CJIOKHOM byHKIIIH MOJIy4yaem
o o0z, ok oz ok oz, OF :
Ly 2 LM =0 (i=1,...m).
0z, 0X, 0z, OX o0z, OX, OX
. . o0z, 0L,
D710 cucTemMa JUHEHHBIX ypaBHECHUH OTHOCHUTEIHHO MEPEMEHHBIX —,...,— .
OX| OX
. D(FR,....F,)
Ecnu onpenenurens 310l cuctemsbl (sikobuanH) ————=#0, TO cuctema UMeeT
D(z,,...,2,)
€MHCTBEHHOE pEelIeHUE, KOTOPOE MOXKHO HaiiTu 1o ¢popmynam Kpamepa
0z, D(FR,....F;) .D(F,....F,)

% D1 X Zgo)  D(ZyreoniZy)
Btopoii cioco6. Moxuo Opate auddepeHimansl oT TpaBoi U JEBOM yacTe
KaXJI0r0 U3 ypaBHeHUH cucteMbl (*). [Todyunm cucTeMy ypaBHEHHH OTHOCHTEIIBHO

0Z; 0Z; y
nepemeHublx  dz,...dz,. Tak xak dz;=—"-dx,+..+—--dx,, TO Haiind

X
1 n
nuddepeHIranbl, Mbl HaliAEM YaCTHBIC TIPOU3BOIHBIC.
[Mpumep. Oyukiuu U(X,Y,z), V(X,Y,Z) YIOBICTBOPSIIOT CUCTEME YPaBHCHHIA:

uv =3x-2Yy+z,
V2 =x2+y? + 7%
. ou ou ou ov ov ov
1) Haittn wactabie mpou3BogHbIE —,—,—,—,—,— .
OX oy 07 oX oy oz

ou ou ou
2)  JlokaszaTb, YTO BBIMIOJHIETCS TOXKAESCTBO X-— + Y -— + 2 -—=0.

oy oz
Pewenue. BozpméM nuddepeHunanibl oT OpaBoil U JEBOM YacTel KaKI0ro u3
YPaBHEHUN CUCTEMBIL:

d(uv) =d(3x -2y + 2),
d(v?) =d(x? + y? + z2).
[Mony4yrm oTHOCHTEIBHO TIepeMeHHbIX OX,dy,dz cucreMy ypaBHEHHIA:

vdu +udv = 3dx — 2dy + dz,
vdv = xdx + ydy + zdz.

X yA
M3 BTOporo ypaBHEHUs CUCTEMBI BeIpakaem dv = —dXx + y dy +—dz.
\" \' \"
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YuuteiBas ¢Gopmyny monHoro auddepennuana dv = ? dx + al dy + v dz,
X YA

N X oV y oz
HaXOJHUM YaCTHBIC ITPOU3BOAHBIC — = —, — = —, — = —

x veoy vieor v
[ToacraBuB B mepBoe ypaBHeHUE cucTeMbl auddepeHnman dv, morydyum

vdu = (3 — %jdx — (2 + ﬂjdy + (1— %)dz :
v v Vv

ou ou ou
YuuteiBas ¢hopmyity noaHoro guddepermnuana du = = dx + —dy+—dz,
X
ou 3v-ux ou 2v+uy ou Vv-uz
HaXOJMM YaCTHBIC IPOM3BOJHBIE —— =——5—, —=— ———5, — = ———,
OX Y oy Vv oz Vv

ITyukT 1) 3aganus caenax.

JInst mpoBepKU MyHKTa 2) MOJICTaBUM HaNJEHHBIC YaCTHBIC MPOU3BOJIHBIC B
JIEBYIO YaCTh JOKA3bIBAEMOI'O TOXKIECTBA:

ou ou ou  X(3v—-ux)—y(2v+uy)+z(v—-uz)
X-—+4+Yy-—+2-—= 5 =
OX oy 0z Vv
VX =2y +2)—u(x* +y* + 7%
= > :
v

YuuThiBasi TEpBOHAUYATIBHBIE YpaBHEHHUS CHUCTEMBI, IMOJydaeM Tpedyemoe
ToxaectBo. [TyHKT 2) nokasaH.

[Mycte Temepsr GyHkmms  zZ(X,y) 3agaHa HESIBHO ypaBHEHHEM
F(x,y,z)=0. Ilpeamomoxxum, 4TO0  (YHKIHH Z(x,y) m F(x,Y,2)
muddepermmpyemsl. Torma nuddepeniupyema cnoxnas ¢yakuus F(X,Y,z(X,Y)).

Boluucss ee yacTHble MPOU3BOAHBIE MO (HOPMYJIE CIOXKHON (QYHKUMUU U YUUTHIBAS,
oF oF oz

9TO0 (PYHKIUMS TOXKIECTBEHHO paBHAa Hymo, noilydaeM —+—-—=0
OX 0L OX
oF 8F oz
—-—=0. Ortcroga cnenyroT GOpMynbl [JIs1 BBIYUCICHUS YaCTHBIX

8)’ oz oy

oF oF

, o

MIPOU3BOIHBIX HESIBHON (YHKIIUU % = _g_l):( u 2—; = —%.

0z oz
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4. I'eomeTpu4YecKre NMPUIOKECHUS
AP PepeHHATBHOI0 UCYUCICHUS

4.1. Kacamenvhaa niockocms u HOpMAIbHAA NPAMAS

K noeéepxnocmu
[lepBbIii citydail: TOBEPXHOCTH 3a/1aHA SIBHBIM YPABHEHHUEM.
[ycts ¢pynkuus z = f(X,y) nuddepenunpyema B Touke (X4, Y,)-
Omnpenenenue. Ilnockocts z=AX+By+C Ha3blBaeTCs KacaTelnbHOM K

nosepxHocTh Z = f(X,y) B Touke (X,,Y,), ecau f(X,y) mpencraBuma B Buze
f(x,y)=Ax+By+C+o(h)), (1)

rre  h=(AX,Ay)=(X—X,,Y—Y,).- Haiinem ypaBHeHHe KacaTeIbHOU
TTOCKOCTH.

[ToxcTaBuM X =Xy, Y=Y, B (1), momyunm f(X,,Y,) = A%, + By, + C. Otciona
HaxomuM C = f (X,,Y,) — AX, — BY,. [loacrasmsis B (1), momygaem

f (X, y) = Ax+ By + f(X,,Y) — A%y — By, +0(h]) niu

f(X,y) = (X0, Yo) = A(X—Xo) + B(Y — ¥o) + O(HhH)

Tak xak o¢ynakmus  guddepenuupyema B Touke  (Xg,Y,), TO

A=1,(%Y0), B=1,(X, o). [loncTaBnsist HaliieHHbIE 3HAYECHUS

koHcTaHT A, B,C B ypaBHEHHE KacaTeJIbHOM INIOCKOCTH, UMEEM
z=1(Xy,¥o) + Fx (X0, Yo) (X = Xo) + Ty (X0, Yo) (Y — o) —  YpaBHCHHC
KacaTeJIbHOM TIOCKOCTH K Tpaduky pyHkmu Z = f (X, y) B Touke (X,,Y,)-

Onpenenenne. HopManpHas rpsiMast — 3TO IIpsiMasi, IPOXOJISIIas Yepe3 TOUKY
(Xo: Yo, T (Xg,Y,)) mEpIEHANKYIAPHO K KaCATEIBHOM IIIOCKOCTH.

Haiinem ypaBHEHME HOPMAJIBHOM MTPSMOM.
Bektop HOpManu {fx’ (X0 o) Ty (X0, yo),—l} K KacaTeJIbHOW TUIOCKOCTH TaKKe

SBIIIETCSL  HANPABJISAIOIIAM BEKTOPOM JUISI HOpPMaJibHOM mpsiMou. Hcmonb3ys
YpPaBHEHHE MPIMOM, UMEIOLIECH 3aJaHHBIA HANPABJISAIOLIUNA BEKTOP U NPOXOIALLEH
yepes 3aIaHHYI0 TOUKY, UMEEM

X=X _ Y=Y _Z-1%
fe(Xo:¥o)  fy(Xo,¥o) -1
rpaduky Qynkmuu z = f(X,y)B Touke (X,,Y,)-

— YpPaBHEHHE HOPMAJIbHOW TIPAMOU K

BTopoii ciyyaii: TOBEpXHOCTH 3a/1aHA HESIBHO.
IMycts ¢dynkmus z= f(X,y) 3amana HesBHO ypaBHeHmeM F(X,y,z)=0,

npudem ¢yakmus Z= f(X,y) mnddepenmmpyema B Touke (X,,Y,), @ QYyHKIHA
F(X,y,z) muddepenumpyema B Touke M (Xy,Yq,2Z9), TOE Zo = f(X,,Y,). Torma
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yacTHele Tpou3BoaHbie (yHKmu  z = f (X, Y)Beumcnsgiorcs 1o dopmynam
/] !
w f! (X y ) = _w
' ! y\*0rJo/ ' :
F,(M) F,(M)
ypaBHEHHS KacaTeIbHON IIOCKOCTH M HOPMAJIbHOM MPSMOiA, BHIBEJICHHBIE B IIEPBOM
cllydae, MoJiy4yaem

Fe(M)(X=Xo) + Fy (M)(y = yo) + F,(M)(z - 2,) =0| —

ypaBHEHHE KacaTeIbHOW IUTOCKOCTH B Touke M (Xy,Yy,Z,) K Trpaduky

HOI[CTaBI/IB 9T  BBIPAKCHUA B

fy(X0:Yo) =—

bynkuun z = f(X,Y), 3ananHoit HessBHO ypaBHeHueM F(X,Y,2) =0.
X=X _ Y=Y _Z-1
F(M) K (M) F (M)
M (Xy,Yo:2Z9) X Tpaduky ¢ynkimmm Z= f(X,y), 3a1aHHON HESBHO ypaBHEHHEM
F(x,y,z)=0.

— YpaBHEHHE HOPMAJIbHOW MPSMON B TOYKE

Hpumep. K smmunconny X° +2y? + z° =1 npoBecTH KacaTeNbHYIO IIIOCKOCTb,
napayuIeNbHyI0 IIocKocTH X — Y + 22 =0.

Pewenue. Bektop Nl = {1,—1,2} SIBJIIETCSL HOPMAJIbHBIM BEKTOPOM K JTaHHOM
nnockocti. Bextop N, = {FX' (M),F/(M),F,(M )} SIBJIICTCS BEKTOPOM HOPMAaJIA K
KacaTellbHOM TockocTH B Touke M (X, Yo,Z,). BbUmCss yacTHbe IPOW3BOIHEIC
dbyukmuun F = X2 + 2y2 + 72 —1, Haxoaum Nz = {2x0,4y0,220}.

Torma ypaBHeHne KacaTenbHOM IIOCKOCTH B TOUKe (Xq, Yo,Z,) UMEET BUA

2%y - (X —=Xo) +4Yo - (Y — Vo) + 225 - (2—25) =0 mim

Xo " X+2Y, - Y + 2, -z—(xo2 +2yo2 +202):0.

N3 ycnoBus, uro Touka (X, Yo,Zp) JISKUT Ha DIUIMICOHJIE, HMEEeM
xo2 + 2y02 + zo2 =1.

— —

Tak xak IJIOCKOCTH napaujiCJibHbl, TO BCKTOPbI Nl )51 N2 TOXC IapaJlJICIIbHBI,

[IOATOMY HMX KOOPAMHATHI MPOIMOPIUOHATIBHBI: = 1 = > =k. Ortcroona

HaxomuM X, = PY Yo = vy Z, =K. YpaBHEHHE KacaTeIbHOM IIOCKOCTH TIPHMET BUJT

E-X—E-y+k-z—1:0mm x—y+22:g.
2 2
K k
Tak kak TOYKa Xy ZE :——, Z,=K nexur Ha »>mumMICOMAE, TO

2 2
k—+k—+k2 =1, orcroma k 1/2 Torma
4 8 11

X—y+2z=1, /E — HCKOMBIE KacaTeJIbHbIE MIOCKOCTH.
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4.2. I'eomempuueckuii cmuic oughgpepenyuana
[Iycte ¢ynkmus z=2z(X,y) nuddepenmmpyema B Touke (X,,Y,). Ee
muddepeHian HaxoauTcs o GopmyJie

0 0
dz:a—)z((xo,yo)'(X—X0)+52(X0,y0)'(y— Yo)-

C Opyroil CTOPOHBI, ypaBHEHHE KAacaTeJIbHOM IUIOCKOCTH B  TOUKE
(X0+Yo,2(X9:Y0))

UMeeT BUJ Z =27, + ?(xo, Yo) - (X—Xg) +%(XO, Yo) - (Y —Y,). Orcrona BuzaHO,
X

yro dz=27-12,. Utak, reomerpuueckuil cmbici auddepenimana QyHKIHUH IBYX

MEPEMEHHBIX COCTOMT B TOM, 4TO JuddepeHnuran (yHKIMH B TOYKE paBEH
MPUPALIECHNIO aNIUIMKAThl KacaTeJbHOM IUJIOCKOCTH, HPOBEAEHHON K Tpaduxy
(yHKUIMH B TAHHON TOYKE.

4.3. I'paouenm hynkuyuu

['pagreHT QYHKIIUU — 3TO BEKTOP, COCTABJICHHBINA 13 YAaCTHBIX MPOU3BOIHBIX.
of of of

Tak, ecmu pyakmus f = f(X,y,2), To ee rpaguent gradf =< —,—,—+.
OX 0Oy 01

l'eomempuueckutl cmolci epaouenma.

1) PaccmoTpuMm KpuBYyH ¥, 3aJaHHyI HesBHO ypaBHeHmeM F(X,y)=0.

X = X(t),
3amaguM KpPUBYIO MapaMETPHUYSCKH - { ((t)) [ToxcTaBUM TapaMeTpUUCCKHE
y=Yy{).
ypaBHeHHs B QyHkmuio F(X,y), moayuum ¢yskmuio  D(t) = F(x(t),y(t))=0.
[Tpoaud deperupyem nocieaHee paBEHCTBO 10 MTPABHITY CIOKHON (PYHKIIUH
oF dx OF dy

+
ox dt oy dt

=0. JleBasg 4acThb 9TOTO paBEHCTBA MPEICTABISET COOOI

oF oF dx dy}

CKaJIsIpHOE Mpou3BeAcHUe rpaaueHTa gradF =<—,—+ u BekTopa d=<4—,—
OX oy dt dt

SIBJISIIOIIETOCS] KacaTeIbHBIM BEKTOPOM K KpuBOMl . M3 paBeHCTBa (gradF, é):O

BUHO, yTO gradF mepreHIuKyIsIpeH KacaTeIbHOMY BEKTOPY K KPUBOM, 3HAYHT

gradF sByisieTcst BEKTOPOM HOPMAJIM K KPUBOH 7 .

2) PaccmoTpuM Temeph IMOBEPXHOCTh, 3aJaHHYIO HESBHBIM YpaBHEHHEM
F(x,y,2)=0. YpaBHeHHe KacaTeabHON IJIOCKOCTH K ITOH MOBEPXHOCTH B TOYKE

M (Xg, Yo:Zy) UMEET BUA Z—I;(M)(X— Xo) +%(M)(y— Yo) +aa—l:(M)(Z —-2,)=0.
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Orcroma BumHo, uyto (QradF sBmseTcss BEKTOPOM HOpMald K JaHHOM

IOBEPXHOCTH
B Touke M (X,, Yo,Zp)-

4.4. Ilpouzeoonas no HanpaeieHuro

[Ipon3BogHass TO HaMpaBIEHUIO — OTO OOOOINCHWE TOHATHS YaCTHOM
npon3BOAHON. YacTHast mpon3BOAHAS (PYHKIIUH — ITO MPOU3BOHAS B HANPABJICHUH
KOOPJIMHATHBIX OCEH.

3apukcupyem Touky M,(Xy,Y,2Z,). 3amaauM HampaBlIEHHE BEKTOPOM,

- —>
MMEIONITIM HavasIo B 3Toi Touke | =MoM ={X—X,,y — Yo,Z — 2, }, tie M(X,Y,2).

Ompenenenne. [IpomsBognoit pynkuun f(X,y,z) B Touke M, (X,,Yo,Z,) MO

- Y of . f(M)-f(M
nanpasnennio | = MM HasbBaercs Bemmuuna — (M, )= lim (M) = T(M,)
MM [MoM|
Teopema. Ilycts dynkuus f(X,y,z) muddepenmupyema B Touke (Xy, Yo,Zg) -
Torga y Hee cyiiecTByeT IpOU3BOAHAS B 3TOM TOUYKE MO JHOOOMY HaIlPaBICHUIO
Y OHA BBIYHUCIISIETCA 10 (hopMyIie

%(MO)Z%(MO)-COSQ+%(MO)-COSﬂ+%(MO)-COSy, r/e
cosa="20 cosp=3 Yo cogy =220

] [N [N
Jloxazamenvcmeo. PaccMOTpUM BEKTOpP €AMHUYHOM JJTUHBI {COSa,COS ,B,COS)/}

—>
B JJaHHOM HallpaBJIEHUM, Iie «, [3, ¥ —yIibl, KOTOpble cocTaBiseT Bektop My M ¢

ocsiMu KoopauHaT. Hampasiisiroriiue KOCMHYCHI BEIYUCIIAIOTCS 0 (hopmyiam

X — X -
Cosar = ——-2, cosﬂzﬁ,

3anuiuem napaMmeTpuyeckue ypaBHenus gyda M M :

COS}/ :W.

y=Y,+t-cosp, rmet>0.
z=1,+t-cosy,

—>
Jlinaa Bektopa MM paBHa

MM = \/(x —%)2 (Y= Yo)2 +(z2—17)° :\/(t .cosa )’ +(t-cosB) +(t-cosy)’ =t
HO OHpelleHeHI/IIO HpOI/ISBOJlHaH T10 HaHpaBJIeHI/IIO paBHa
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o (o) fim TM)= (M)

= . [loxacrapisiss croma KoopAUHATBEI ToUek M
ol MM MM

M, a TaKkKe JUINHY BEKTOpa M oM , monydaem

@( M, )= lim f(x0+t-c03a,y0+t-cosﬂ,zo+t-c057/)—f(xo,yo,zo)
a t—+0 t

Otra BenuYMHA SBISIETCS MPOW3BOJHON, HAWIEHHON MO OMNPEIEICHUIO IS
cnoxHoit ¢ynkumn  f(X, +t-cose, y, +1t-C0SS, z, +t-c0Sy) B TOuke t,=0.
3mech BHCITHSSA GyHKITHS f(xy,2), a BHYTpPCHHHE byHKIIH
X=X, +t-COSax, Y=Y, +1t-C0Sf3, Z=2,+t-COSy.

[Ipumensis TeopemMy O MPOU3BOJHON CIONKHOW (YHKIIMHU, MOTydaeM (GopMyIry

%(MO):%(MO)-COM+%(MO)-cosﬂ+%(Mo)-cos;/,

YTO U TPEOOBAJIOCH JOKA3aTh.

Ipumep 1. BbIYHCIHTH HPOM3BOAHYIO (GYHKIMH U=X-Yy?-Z° B TOuKe
A(1,—1,3) mo HampaBiaeHHIO OT 3TOM Touku A0 Touku B(0,1,1)

- e
Pewenue. Havinem koopmuHaTel BekTopa | = AB ={—1,2,—2}, ero JUIMHa

paBHa ‘AB‘ = \/ (-1)? + 2% + (-2)* =3, HanpaBIsIOIIHE KOCHHYCHI 3TOIO BEKTOPA

HaxoaATcCa ACJIICHUEM COOTBCTCTBYIOH_ICﬁ KOOpAWHATLI HA AJIMHY BCKTOPA:

c:osw——1 c:os,[i’—Z cos __2
3s 31 7/

3
Boeruncnum YacCTHBIE IPOU3BO/IHBIE JTAHHOU byHKIMH
au 2 5“ 2 2 8U
—=2x-y*. —(A) 18; =2y-x"-z2°, —(A)=—-
OX 8y
8u 2 2 ou
p =2Z-y°-X 8_(A) 6. [ToxcTaBiss HalIeHHBIC 3HAYCHUS B POPMYITY
Z Z
ou ou ou ou
—(A)=—(A)-cosa +—(A)-cosf +—(A)-Ccosy, HaxoauM
3 ()= () cosar+ 31 (A)-cos + 31 (4)-cosy
G—U(A):18-(—1j+(—18)-g+6-(—gj:—22.
al 3 3 3
y 143
[Tpumep 2. Haittu npon3BoaHy0 QyHKIIUNA Z = arctg = B Touke M| — 7
HAIpPaBICHUN OKpYKHOCTH X’ + Yy —2Xx=0.
Pewenue. IlpousBoaHass B HalpaBlI€HUU KPUBOM — OTO MPOU3BOJHAS B

HaIIpaBJICHUM KacaTeJIbHOW K 3TOM KpuBOW. Hainem yromn HakiaoHa KacaTelbHOW K
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OKpYXHOCTU B Touke M . M3BectHO, uTo tga =Y'(X). OKpyKHOCTH 3a7aHa HESBHO
ypasuerueM F(X,Y) = Xx? + y% —2X, 10 hopMyIie IpOH3BOIHOI

F’ 2x21x

HesiBHOU QyHKImu Y'(X) =——% = 2y ; y'(X )‘M =

Fy

Otcrona tgo = % a=30", f=90" —30° =60°. Hanpapnstonme KOCHHYCHI

cosa =cos 30° :g, cosf =cos 60° :%.

Brraucianm YaCTHBIE IIPOU3BOJAHBIC JTAaHHOU (byHKuI/II/I
1 3
i—z-(—l} —(M)——-(—zﬁ)=—£;
OX (yj X 2
1+
X
0z 1 1 1
v —( )=2=1.
oy X 4 2

0k

Hoz[CTaBJI;m HalJIeHHbIE 3HaUeHUs B (POPMYITy MPOU3BOJHOM 110 HAIIPABICHUIO

%(M) > ( )- cosa+%(M)-cosﬂ, HaXOJIHM
0z V3 V3 11 1
G- Ty

Teopema. Ilycts dynkuus f(X,Y,z) muddepenmupyema B Touke M. Torma

HauOoJIbIlIee 3HAYCHUE MPOU3BOIHON (PYHKIIMHM TIO HAIPaBICHUIO B ITOM TOUKE
JOCTUTAETCS B HAIIPABJICHUHU I'PAJIUEHTA U PABHO JJIMHE IPAJUECHTA.

Jlokazamenbvcmso.

[Tpou3BoaHAas 11O MPOU3BOIBLHOMY HAPABICHUIO BEIUMCIIIETCS 1O (GOpMyIIe
of of of of
—(My)=—(M,)-cosa +—(M,)-cosf+—(M,)-cosy.
al( o) 6X( 0) 8y( o) p 82( o) Y

of of of
PaccMoTpuM Hampasienue rpaguenta | = grad f ={—,—, ——. Hampasis-
ox oy oz
IOIIME KOCHHYCHI B 9TOM HAIPaBJICHUN PaBHBI:
ot o o
cosq=—X cosﬂ:&, osy=—2
|grad f| |grad f| |grad f|

[loacrasnss ux B popmyiy, HAXOAUM:
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o o o
ot ot ox L of oy ot g
o(grad f) ox |grad f| oy |jgrad f| oz |grad f|

- | (&) (2] (2] |-l g
|grad f| |\ox oy oz |grad f|| '
I/ITaK, MBI IIOKa3aJId, 4YTO IIPOHU3BOJHAA B HAIIPABJIICHHHU TI'PAaJUCHTA pPaBHA
IJINHC T'paJIUCHTA.

[lycts Tenepn §={COSO£,COS,B,COS}/} — HAamnpaBJICHUE MPOU3BOJIBHOTO
Bektopa | . Torma mpoW3BOAHAS IO DTOMY HAIPABICHHIO PABHA CKAJSIPHOMY
npou3BezicHuIo BekTopoB d u grad f :

of

of of of "
~——=—_-C0sa+—-C0sfB+—-cosy=(grad f,a).
a ox oy oz

HpHMeHHB HCPaBCHCTBO KOIHI/I'BYHHKOBCKOFO 0 TOM, 4YTO MOAYJIb CKAJLIPHOI'O
IIPOU3BCACHUA HC IIPCBOCXOIUT IIPOU3BCACHNA HOPM BCKTOPOB, ITOJTYYUM:

—

of :\(grad f,éXSngad fHHéH Tak kak Hé”zl, TO JUIS TPOU3BOJBHOTO

—

BCKTOpa | BEIMONHSIETCA HCPABCHCTBO

—

<[grad f|. Teopema noxasana. 0

I'eomempuueckuii cmoicn npoussoonoii pynxuuu 1(X,y) no nanpasnenuio.
[Mpoussonnas ¢pyukuuu f(X,Y) B TOUKe (Xo, Yo) MO HEKOTOPOMY HAITPABICHHIO

paBHa TAaHTCHCY yIJla mojabeMa (KpyTH3He moabeMma) moBepxHoctu Z=f(X,y) B aTom
HAIPAaBJICHUHU B TOYKE (X, Yo).

[Ipumep. HaiiTu HanGOINBINYO KPYTH3HY II0IbEMA IIOBEPXHOCTH Z = X’

B Touke M (2,2,4).

Pewenue. C y4yeToM TeOMETPUYECKOTO CMBICIA IPOU3BOJHOW IO
HaIpaBJCHUIO, HaM HY)XHO HaWTH HauOoJblllee W3 3HAYCHUM, KOTOPOE MOXKET
IIPUHUMATh IIPOU3BOAHAs 110 HAIIPABJICHUIO B NaHHOM TOYKe. [0 ToKa3aHHOM BbIlIE
TeopeMe, HaumOOoJblllee 3HAUCHHE MPOU3BOJAHON IO HANPABICHUIO JIOCTHTAeTCs B
HANpaBJICHUU IPAJUEHTA, U B 3TOM HAIIPABIICHUM OHA paBHA JUIMHE TpaaueHTa. Mrak,
ecim o —ucKoMas KpytusHa, To tga =|grad f||. Haiinem wacthble npousBozHbie B

y—l,@(M):4; g=xy -Inx,g(M):4-ln2.
X oy oy

Torpma tgo = \/42 +(4-In 2)2 ~4,87. Orcrona o ~78°.

. 0z
JTAHHOU TOYKE. — =Y - X
OX
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S. IuddepeHuuanbl 1 IPOU3BOIHbIC
BBICIIMX MOPSAKOB

5.1. Yacmnule npou3zeoonvle eblCUIUX NOPAOKOB
[Mycte ¢ynkmums zZ=12z(X,y) HMeeT B HEKOTOPOW OKPECTHOCTH TOYKHU

0z

YA
(Xo,Yo) UacTHbIE TIPOM3BOJAHBIC TEPBOTO MOPSAKA &, 5 Torma MOXHO

0z 0z
87()(0 "‘AX’YO)—&(XO’YO)

OIIPEIETUTh B TOUKE (X, Y,) MPOU3BOJHbBIE BTOPOTO MOPSIKA:
= lim - BTOpas
X=Xy Ax—0 AX

0z
( 0 Yo) = (axj
Y=Yo

JacTHas NPOU3BOAHAS PYyHKIMK Z = Z(X,Y) IO mepeMeHHOi X B ToUKe (Xy,Yy):
0z 0z
— (X, Yo +4Y) —ay(xo’ Yo)

( Yo) = [82] = lim — BTOpAast
ay o0 oy oy ) P

x=xy Ay—>0 Ay
Yo

qacTHas Mpou3BoaHas GYHKIMK Z = Z(X,Y) 1o nepeMeHHO# Y B Touke (Xy,Yo);

oz 0z
o ( &z &(XO’yO-I'Ay)_&(XO’yO)
—| = = lim ;
oy (GX X=xg  Ay—0 Ay
Y=Yo
0z oz
. 8y(xo +AX, yO)_ay(XO’yO)
= lim
8x8y (ay x=x, Ax—>0 AX
Y=Yo
527
HpOI/I3BOI[HI>Ie (XO, Yo) U Y (X0 Yo) Ha3bIBaIOTCSl CMEIIaHHBIMU

TIPOU3BOTHBIMHU (byHKuI/H/I Zz=12(x,Y) B Touke (Xy,Yy)-
AHaJOTHYHO OTPEIEIISIOTCS TIPON3BOAHBIE TPEThero nopsiaka. Hampumep,

0’z a az L 0%z _ofdz) oz ooz
— , =— , 1 T.O.
o " oyox® ~ oyl ax? o%yox oyl oyox

[Ipumep 1. BeramcauTh Bce MPOW3BOAHBIE BTOPOTO MOPsAKA IS (PYHKITUU

2
X+Yy
=In|t .

Pewenue. Halinem cHayasna npou3BOIHbIE IIEPBOTO MOPSIKA

35



oz X+ y? 1 1 1 1 _
&:ctg 2 x+y2 2 X+ y? x+y2:sin(x+y2)’
cos? 2sin c0s=
2
%:Ctgxzy ' i+y2'y: x+y2y x+y2:sin(fiy2)'
cos? sin 5 C0sT

3areM HaXOJHUM YAaCTHBIC ITPOU3BOAHBLIC BTOPOI'O IIOPAAKA, KaK IIPOHU3BOJHBIC
OT IICPBLBIX ITPOU3BOAHBIX

6_%_(@)’_( 1 jr__ cos(x+y2)_
ox? \ox), W . (sin(x+ yz)) |

8_22_(@] '_( 2y J + 2-sin(x+ y?)- 4y coslx + y?),
lay), Usinx+y?) , -

oy* oy (sin(x+ yz))2 ’
0°z _(g] a 1 '__2y-cos(x+y2)_
ayox \ax), sinlx+y?)), — infx+y2)f
0z _(@j r [ 2y ' —2ycos(x + y?)
oxoy \oy), |sin(x+y?)) (sin(x+ yz))2 .
0’z 9%z

BuaHo, 4T0O cMelIaHHbIe TPOU3BOIHBIC PaBHBI MEXK]Ty COOOM.

oyox | oxay

O):[HaKO 9TO BBIITIOJHACTCA HC BCCTAA, UYTO ITIOKA3bIBACT CJ'IC)IyIOHII/Iﬁ IMpUMCEDP.
2

xy(x* - y*) .
1 (% Y)=0;
Ipumep 2. ITokasars, uro anst pynkuuu f(X,y)=9 x“+y

0 , (x,y)=0.
cMmemannbie mpou3Boanbie B Touke (0,0) He paBHBI MEXIY COOOM.

Pewenue. Halinem cHavasia mpou3BOAHBIE IIEPBOTO MOPSIIKA.
Ecmu (X,Y) #(0,0), To 4acTHBIE MPOM3BOAHBIE MOKHO CUHMTAThH IO MIPaBHIIAM

BBIYHMCJICHHSI TIPOU3BOJTHOM U 110 TaOJIHIIE:
5

of o (xg’y—xyg’]: (3x2y— y3)-(x2 + yz)— 2x-(x3y—>q13): x'y +4x2y® -y

ol Ky (2 +y?f (x? +y2f
izﬁ(x3y—xy3]:(x3—3y2><)~(><2+yz)—2y'(x3y—xy3):x5—4x3y2—>0/“
¥ Ay (2 +y?f (2+y?f

B Touke (0,0) Hy»KHO HCKaTh YaCTHBIC MPOU3BOIHBIC 110 OMPEACICHHIO:
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%(0,0) = lim f(ax0) - 1(0.0) = lim 0-0 -0 ﬂ(o’o) — lim f(0,Ay) — (0,0) _

Ax—0 AX Ax—0 AX 8y Ay—0 Ay
Haiinem Taxske 10 onpeaesieHuio cMemannbie mpousBoansie B Touke (0,0):

0.

of of

2 —(0,4y) -—(0,0) AV —
9T 0,0) = lim & o jim ZAY=0_ .
OyoX Ay—0 Ay A0 Ay
o S-S0

(0,0) = lim & N im0y
axay Ax—0 AX Ax—=0  AX
o’ f o’ f

Hrak, (0,0) = (0,0), uTo U TpeOOBAIOCH MTOKA3aTh.

0yoX

CJIGI[YIOHIEUI TCOpCMA O4CT MAOCTATOYHBLIC YCJIIOBHA PABCHCTBA CMCIIAHHBIX
IIPpONU3BOJHBIX.

Teopema 1 (0 paBeHCTBe cCMeNIAHHBIX MPOU3BOAHBIX). [IycTh B HEKOTOPOI
OKPECTHOCTH TOYKH (X,,Y,) CYLIECTBYIOT 00€ CMEIIaHHbIE IPOU3BOAHBIE BTOPOTO

HOpsAIKa, KOTOpbIe HEMPEPhIBHEI B Touke (Xg,Y,). Torma B 3TOil TOUKEe CMENIaHHbIE
MIPOU3BOIHBIC PABHBI MEXKTY COOOIA.

Hokazamenvcmeo. Beenem QyHKITHIO

W)= (F (g 0o +K) = £ 0t 0 Yo) = F (4, Yo +K) + F(5,Y0))

[Iycte @(X)=f(X, Yy +k)— f(X,Y,), Torna ¢ynkmus W(h,k) zanmmercs B

e W(K) = (9 + ) - p().

[Mpumenum k GyHKIME @(X) Ha OTpe3Ke [X0 , Xg + h] Teopemy Jlarpamxa:

1, 1 (of of
W= L0106+ 00 h = S o+ an vo 1105 o -0 vo) |

Tenepr mnpumenum Teopemy Jlarpamka K (QyHKOHH ?—(XO +6,h,y),
X
3aBHCSIIIEH OT MePEeMEHHOMN Y , Ha oTpeske Yy, Y, + k|, Toraa
0° f
OYyOX
C npyro# croponsl, eciau BBectd pyrkmuio yw(y) = f (X, +h,y)— f(X,,Y), T0

W) = (Y +K) —wr(30)) = £ w7 (Yo + O3K) =

W (h,k) =

(Xo +6,h, y, +6,k) ,rne 0<6, <1u 0<86, <1. (1)
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1 af 2 af !
:E-EE(XO +h, vy, +<92k)—5(x0, Yo +92k)J. 3arem
2
W (h,k) = sxafy(xO +0h, y, +60k), tne 0< 6/ <1u 0<6, <1. (2)

N3 paBencts (1) u (2) umeem

2 2
ot (Xo +6h, yg +6,k) = ot

(X +6/h, y, +65K) . Otcrona

OyoX oxoy
lim 82—f(x +6h + 6,k) =lim i(X +&'h + 6;k)
L‘:S Oyox o TN, Yo +06; _238 oxdy o TOiN, Yo + 65K).

Tak kak CMEIIaHHEIE IMPOU3BOAHBIC HCIIPCPBIBHBI B TOYKC (XO’yO)’ TO

noJjryqaem
o° f o’ f
oy0x X0y Yo) = %(XO, Yo), UTO H TPeOOBAIIOCH T0Ka3aTh. m

Teopema 2 (0000menue Teopembl 1). Ecim Bce cMemaHHbIE YacTHBIE
IpOW3BOJHBIE TOpsinka M ¢yHkmum U= f(X},...,X,) CYyIIECTBYIOT B HEKOTOPOH
OKpeCTHOCTH TOoukM M, u HempepblBHBI B Touke M,, TO B 3TOil TOYKEe OHHU
HE 3aBUCAT OT Mopsiaka g depeHIMpOBaHUS.

Crnenyromasi Teopema JaeT JApyrHe JOCTaTOYHBIE YCJIOBHMS paBEHCTBA
CMEIIIAaHHBIX TTPOU3BO/IHBIX.

Teopema 3. Eciu Bce wactHble mpom3BomHble mopsaka (M—1) dynkum
u=f(X;,...X,) CYyIECTBYIOT B HEKOTOpOW OKpecTHOCTH Touku M, u
aupdepeHurpyeMbl B Touke M, TO cMelIaHHbIE NIPOU3BOAHBIE MOpPAAKa M
HE 3aBUCAT B Touke M, oT nopsaaka nuddepeHunpoBaHmsl.

5.2. /lugpchepenuuanut evicuiux nopsaokoe
Hamomuum, uto ecnmu ¢yakmus  f(X,y) auddepennupyema, TO ee

auddepennran Beraucasercs 1o ¢dopmyie df :a—-hl+5-h2, rne h,h, -
X

MPUPALLIECHUS IEPEMEHHBIX.

Onpenenenue.  Bropeim  muddepennuanom  GyHKIIMM  HA3BIBACTCS

mudbepennnan ot ee nepsoro auddepenrmana d? f =d(df).

BriBengem ¢opmyny s BerauciaeHust BToporo nuddepenimana GyHkuum aByx
NEPEMEHHBIX, IMOJIb3YSACh TMpaBWIAMH BBIYUCIEHUs auddepeHnnana M cuuras

38



MpUpanieHus MePEMEHHBIX MOCTOSIHHBIMU. CunTaeM, 4TO BCE MPOU3BOIHBIE BTOPOTO
NOpsJIKa CYIIECTBYIOT U HEMIPEPHIBHBI.

d?f :dEQhﬁihz]:hl,d(@fj +h,- d[afj
X oy OX oy

2 2 2 2
=h, - of h1+af-h2 +h, - af-h1+ﬂ-h2.
Y oy oy’

PackpbiBast CKOOKM M y4YMTBIBAas, YTO HPH HAJIOKEHHBIX YCJIOBHUSAX Ha
(GYHKIUIO CMEIIaHHbIe MPOU3BOIHBIE PaBHBI, OydaeM GopMyITy

2 o2 2
d f_aa—f h,’ f : %-hj. Tak xak h =dx, h,=dy, To0
X
dhopmyna i BEIYUCIICHUS I[Hcpq)epeHuHana BTOPOTO MOpsiika GYHKIIUU UMEET BU/T
2 2 2
df—ﬂd2 ot dxdy+£dy
ox? 8y8x dy?

AHaNOrMYHO MOHO BbIBECTH (HOpPMYJy i BbUMCIEHUSA IuddepeHimrana
TPETHETO MOPsIIKA
3 3 3
d? f—ﬂ dx® +3 o - dxdy +3 azf - dxdy? +ﬂ dy?
ox® dyox? X oy®

0
CumBon d :a—-dx+—-dy Ha3zoBeM omnepaTopoMm auddepennuana. [Tpu
X
JecTBUU  3TOro omepatopa Ha ¢Qynkmuio  f(X,y) momydaeTcss  mepBblit
muddepenmman Gyrknun df :g : dX+q -dy.
X

Bropoit nuddepenuman ¢GyHKIMH MOXKHO CUNTATh JACHCTBHEM oOIlepaTopa

2
dzz(g dx+% dyj Ha pynkuuio f(X,Y).

Jns mpou3BosibHOM cTeneHu N auddepeHuuan nopsaka N HAXOAUTCS IO

6 o
dopmyne d" f :(&-dx+5-dy] f.

[pumep 1. Jlns dyukuumu Z=SiN(2X+Yy) HaiiTh muddepeHuan TpeThero
nopsiaka B Touke (0, 7).
Pewenue. Halinem yacTHbIC POU3BOIHBIE IEPBOTO MOPSIAKA

0z oz
— =2C0S(2X+Y), — =c0s(2X+ ).
P @x+y) & @x+Y)

Bpruuciaum yactHbie IIPOU3BOAHBLIC BTOPOI'O IIOpAaKa
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0%z . 0%z . 0%z .
— =-4sin(2x+Y), — =-sin(2x+ V), =-2sIN(2X+Y).
- (2x+Y) 2 (2x+Y) o (2x+Y)

2
X
Broraucianm yacTHbIE IMPOU3BOAHBIC TPCTHCT'O IMMOPAAKA
3 3
a—xi =-8cos(2x +Y), % =—CO0S(2X + V),
3 3
0 22 =—-4Ccos(2x +Y), 6_22 =—-2C0S(2X + Y).
OyoX 0y oX
Haiinem 3HaueHus TpeThUX NMpou3BoAHbIX B Touke A(0,7):
%z o o’z _ 0’z | 0°z s
I 2| — 2 e
OX™ |, Y|, oyox“| , oy oX| ,
[ToncraBinss HaiiieHHBIE 3HAYeHUSI B GopMyTTy JIsl TpeThero auddepeniuania,
HaX0JIUM d3z (0,77) =8dx® +12dx*dy + 6dxdy? + dy® WIH

d*z (0,7) = (2dx + dy)°.

CBOICTBO MHBapUaHTHOCTU Uil U PepeHInaNoB BbICIINX MOPSAKOB HE
BbINONHAETCS. OAHAaKo, NpU BBIYUCIEHUU TMPOU3BOJAHBIX M AUPPEpeHLnanon
BBICHIMX  MOPSIIKOB ~ MOXKHO  HCIOJb30BAaTh  CBOWCTBO  MHBAPUAHTHOCTH
muddepeHnrana nepBoro NOpsAIKa.

[Mpumep 2.  DyHkIUA z=12(x,Y) 3aJlaHa  HESIBHO  ypaBHEHUEM
x?+y?+z*=a®. Haiitu uacTHble TNPOM3BOAHBIE BTOPOTO  MOPSAKA  OT

byHkMn Z = (X, Y).
Pewenue. BozpMéM nuddepenimanb oT 00enx 9acTeld HCXOIHOTO PaBEHCTBA,
nojyynm 2XdXx + 2ydy + 2zdz =0.

X -
Torma muddepeHnuan nepBoro nopsaka papen dz = ——dx —Xdy. Hariném
YA YA
BTOpOI nuddepeniman pynkuuu Z = z(X,y). disg atoro BozeMEM nuddepeHua ot
nepBoro auddepeHiuana, cyutas NPUPANICHUS [EPEMEHHBIX MOCTOSHHBIMHU:

dzz:d(_gdx_gdyj:_dx.d@_dy.d@:_dx.@_dy.w;

2 2
d?z=— 2" -z dyz 2+ dz(xdx + ydy) . TloacraBmsas B 31y dopmyny

BhIpakeHue s eporo auddepennuana dz, mociae npeodpazoBaHuil MOIyIaeM
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2 2

X'+ 2" dx? +2Xydxdy #dyz. N3 dhopmynbl IS BBIYHCIICHUS
yA

A
I[I/I(I)(i)epeHHI/IaJIa BTOPOro IIoOpgAKka HaXOJHUM YdaCTHBIC IIPOU3BOIHLIC BTOPOI'O
o’z x*+17* 0%z y*+1®: 1 Xy
MOPAIKA —5 = ——————; —5 =—>—=—) ==,
OX z oy /4 oxoy 2
Ilpumep 3. @ymkums  z=12(X,y)  3amaHa  HEIBHO  YPaBHEHUEM

d?z=—

F(x+2z,y+2z)=0. ®ysknus F —nmBaxasr  nuddepenmupyema.  Haiitu
auddepennran BToporo mopsaka Gyukuuu Z = Z(X, Y).

Pewenue. F(X+12,y+12)—cnoxnas ¢ynkuus. BayrpenHune QyHKIMH
U=X+2,v=Yy+z; BHemHss ¢ynkuus F(u,v). [lo dopmyne ans BbluuciieHus
nepBoro quddepennmana dF =F; -du+F, -dv. Tak xak F(u,v) =0, o

F/-du+F/-dv=0. (1).
[MoxcraBass cioga du = dx + dz, dv =dy + dz, monyuaem
F,-(dx+dz)+F/ -(dy+dz)=0. 2

[Tosb3ysch MpaBUIIaMH BBIYKCICHUS TepBoro auddepeHnunana, a Takxke TeM
dakrom, uro d’x=0,d’y=0, or ofeux uacteii paBeHcTBa (2) BO3BMEM
g depeHIman (dFu’)(dX +dz)+F/-d’z+ (dFV’)(dy +dz)+F/-d’2=0. Bepaxas
orcroga auddepeHnman BTOporo mopsaka QyHKuMUZ = z(X,Y), TOXyIHM
d’z=(F/+F/ ) ((dF))du + (dF,)dv).

Borurcisist quddepeHiuanbl OT 4aCTHBIX MPOU3BOIHBIX GYyHKIMKH F , nMeeM

d°z = (F/+ F/ ) (Frdu? + 2F/dudv + FJ/dv?)
F, -du

N3 pasenctBa (1) mHaxommm dv =-— Y TOJACTAaBIIEM B MOCJIEAHEE

Vv

FUU(F ) + ZFU,\,/FU I:V, F ,(FU,)Z (dUZ).

paBeHctBo. Torma d 27 =

N3 paBenctBa (2) Beipaxaem auddepeHIa nepBoro nopsjaKa
dz =—w M T[OACTaBIsEM B du=dx+dz= M
FR+F F+F
" ' \2
OxoHuaTensHO MMeeM 0°Z = ~Fu(R ) + 2R R R - Fa(R) (dx —dy)’.
(R+F)

5.3. @opmyna Teiunopa

Teopema. [Tycte pynkuus z= f(X,y) B HEKOTOPO#H O —OKPECTHOCTH TOYKH
(Xo,Yo) ompemeneHa W HeNpepbiBHA BMECT€ CO  BCEMHU CBOMMH YacTHBIMH
NPOM3BOAHBIMU 10 mopsaka (N+1) BkmouutenabHo. Torma it Bcex AX um Ay,
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YIOBIIETBOPSIIONINX YCIOBUIO \/ (AX)? + (Ay)? < 8, cymectByeT Takoe O e (0.1), 9TO
crpaBeymBa popMyna

1 1.
Az = f(x,y)- f(Xo’yo):df(XOvYO)+§°d2f(Xo’yo)"‘---"‘ﬁ'd f (X0, Yo)+

1
(n+1)!
0<0<]l, AX=X—X,, AY=Y—Y,.
bonee kpatko ¢opmymny Teitmopa B Touke M, (X,,Y,) MOXKHO 3amucaTh
F(xy) =T (X, ¥) + R, (Ax,Ay),
TJI€ TIEPBOE CIaraeMoe SIBJISIETCS. MHOTO4YJIEHOM Teinopa:

Tn<x,y)=f(Mo>%(Mo)-(x—xo)%wo)-(y—y0)+

—+

A" ((Xg, Vo) + O(AX, AY)), e

2 n
+£. 2-dx+£ dy f +...+£' gdx+2dy f J
21\ Ox nl | Ox oy
Mo Mo
1

a Bropoe cmaraemoe R (AX,Ay)= d"tf ((XO, Vo) +0(AX, Ay)) -

(n+1)!
OCTAaTOYHBIN wieH B popMme Jlarpanxa.

Jokazamenvcmeo. 3aduxcupyem AX mw Ay Tak, 49TO \/ (AX)? + (Ay)? <6,

TOT/a
Bce TOUkH BHOA (X, +1-AX, Y, +1t-Ay), rne 0<t<1, mexar Ha OTpe3Ke,

coemuHsIomeM TO4YkH (Xy,Yo) H (Xg+AX, Yo +Ay), W mO3TOMYy BCE OHH
NpUHAUIeKAT O —OKPECTHOCTH TOoukH (X,,Y,). BcmeacrtBue storo ompeneneHa
cnoxHas Gyakuus F(t) = f(x, +t-AX, y, +1-Ay). OueBuaHo, 9TO

Az=1(xY) - f (X, Yo) = F) ~ F(0). (1)

Tak kak BHermHss QyHkius f(X,yY) B O —OKPECTHOCTH MMEET HEMPEPhIBHBIC
YaCcTHBIC MPOM3BOAHBIC A0 mopsiaka (N+1) BxmouutensHo, To ¢yHkiusa F(t) Ha
orpeske [01] Tarxe umeer (N +1) HempepsIBHYIO MPOM3BOAHYIO. II03TOMY ee MOKHO
pa3noxuTth B Touke t; =0 no popmyne Teitnopa:

F(t)-F(0)=F'(0)-t ey F"(0) -t* ot F™(0)-t" —t . FO @ 1) -t™,
2! n! (n+1)!
[Tomaras B aT0i popmyie t =1, momyqaem
FOO)-F()= F'(0)+1-F"(0)+...+1-F<”>(0)+L-F(“+1>(9). (2)
2! n! (n+1)!

Beruncium npousBoubie GyHkiuu F(t) mo mpaBuity mpou3BOAHOM CII0XKHOM
GyHKIUU:
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F'(t):g(xO +t-AX, Y, +t-Ay)-Ax+%(x0 +t-AX, Yo +t-Ay)- Ay,
X

2 2 2
of of Jaf 0% f afAyzl

F”(t):i — A AY |=—— AP 42 AX-AY A+ — -
dt | ox oy X oyox oy
Ilo HHAYKOWHA JICTKO YCTAHOBHUTBL, YTO
k
F<k>(t)=(Ax-3+AyﬁJ f = A} F (X - AX, Yy +1- AY).
OX oy X=Xy +HAX
y=Yo+tAy

Hoxacrasimsst t =0 B oty hopmyay, Haxogum F &) (0)=d* f (X0, ¥o), k=1,....n.
Ipu k=n+1ut=0 umeem F™ (@) =d™ f(x, + 6 AX,y, + 0 - Ay).
Otcrona u u3 hopmyin (1) u (2) nonyuaem
1 1 n
Az =f(Xy)— T (X, Yo)=df (XO’yO)+5'd2f(X0’y0)+"'+E°d f (X1 Yo) +
1
(n+1)!

—+

-d"™f((Xo, Vo) + O(AX,Ay)), a0 M TpeGoBaNOCh JOKA3ATE.

3ameuanue 1. OcraTtounblil uneH B popmyiie Teilnopa MOXET ObITH 3amKcaH B
dopme ITeano R (Ax,Ay) =0(p"") nmpu p= \/(AX)2 +(Ay)? —0.
3ameuanme 2. [lpy nNn=0 w3 dopmynsr Teitmopa nomydaercs ¢opmyna

Jlarpan:ka KOHEYHBIX [IPHUPAIIEHUI
f (X +AX, Yo +AY) — (X, Y0) =

%(X0+9-AX, yo+9-Ay)-Ax+%(xo+9-Ax, Yo+ 6-Ay)-Ay,rne 0<6<1.

X
[Ipumep. Paznoxuts pynkuuio f(X,y)=e’ mo dopmyne Teitmopa B Touke
M, (0,1) 10 4seHOB BTOPOTO MOPSAKA BKIIOYATEIHHO.

Pewenue. ®opmyina Tennopa 10 4I€HOB BTOPOTO MOPSAIKA UMEET BUJ

_ A MY e+ T MY (v —
f(Xay)—f(Mo)"‘aX(Mo) (X XO)+8y(MO) (Y—Yo)+

+%.[£(M0)-(X—xo)2-|-2a f (Mo)-(X—XO)-(y_y0)+(2y—:(|\/|0).(y_y0)2 ]"‘Rz-

ox? dyox
X X
1 . o X .
Bpruucium 4yacTHbie NIPOU3BOJHBIE — =— €7 ; —=——'€";
ox Yy o vy
X X X
y_f:i.ey; 02§ __XHY oy Ot _ X2y
aXZ y2 8y5X y3 ayZ y4
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B Touke M, (0,1) mmeem f(M,) =1, ?;—(Mo)zl, %(MO)=O,
X

2 2 2
Ty =1, I (myy=-1, gy—ﬁ(mo)zo.

Ox? " Oyox
[Moacrasiss >ty 3HaucHus B popmyiny Telnopa, momydum
X
e’ :1+x+%-x2 —Xx-(y-1)+R,.

OcraTounslii wieH B popme ITeano R, =0o(x* + (y —1)?).
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6. 3ameHa mepeMeHHBbIX
B A PpepeHIHATBHBIX BBIPAKEHUAX

6.1.3amena nepemennnvix ¢ oughhepenyuanvoHvix oIPANHCEHUAX,
cooeprcauiux 00bIKHOBEHHbIE NPOU3BOOHBLE

[TocranoBka 3amaun. Ilycth 3amano Beipakenue D(X,Y,Y', y”,...,y(”)),
cojepikaiiee  IepeMeHHyro X, ¢yHkmuio  Y(X) ©W  ee  IPOU3BOJHBIC
y'(X), Y'(X), ..., Y™ (). Hy>XHO B 9TOM BBIpa)KCHIH TIEPEITH K IEPEMEHHOM t

U Gyuknuu u(t).
[TycTh cTapbic U HOBBIC ITEPEMEHHBIC CBA3aHbI MEKIY CO00i (hopMymamMu
9:(% y,t,u)=0,
g,(x,y,t,u)=0.
HomyctuMm, yto cymectBytoT ¢pynkuun X = f,(t,u) u y= f,(t,u), 3anannsIC

HESBHO JJAHHOM CHCTEMOM, U OHU JAu(depeHIIUPYEMbI JOCTaTOYHOE YHCIO pa3. Tak
kak U=uU(t), To o>t ¢yHKIMKH OyIyT 3aBUCETh OT OJHOW IEPEMECHHOM

x(t) = f,(t,u(t)), y()=f,(t,u(t)). [HoacraBnss ux B cucremy, MoayIaeM
{gl(X(t), y(t)’t’ U(t)) =0,
9, (x(t), y(t),t,u(t)) =0.

AJITOpPUTM pEILICHUS 33/1a4d 3aMEHbI IEPEMEHHBIX.
1) duddepeniupys ypaBHEHUSI CUCTEMBI 110 TIPABUITY TTPOU3BOIHON CIIOXKHOM
(bYHKIINH, TTOJTyYnM JIMHEHHYIO crucTeMy oTHOcHTenbHO X (1) m y'(t).

3aMCHBI: {

2) Haxomum X'(t) u y'(t) u3 moayd4eHHO# CHCTEMBI.

3) Haxomum mnpousBoanyio Y'(X) Mo mpaBuily MPOU3BOAHON OT (DYHKIHH,

%0}

X'(t)

4) 3aremM HaXOJIUM BTOPYIO MPOU3BOAHYIO

Vo0 = (v, = YO L ( y'(t)j C_ YR X ) - Y1) x®)
XM X X)), (X))’

AHAJIOTUYHO HAXOATCS MPOU3BOIHBIC 00JIee BHICOKUX MOPSIKOB.

5) IloacraBnss mnepeMeHHyo X, OGyHKuO Y(X) u €€ MNPOU3BOIHBIC

3agaHHo# mapamerpuyecku Y'(X) =

y'(X), y'(X), ..., Y™ (X), BeIpakeHHBIC Yepe3 HOBBIC IEPEMEHHbIE U 1 T,

B O(X,Y,Y,Y",....y™), ocymiecTsisieM 3aMeHy epEMEHHBIX.
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Hpumep 1. B muddepenimansaom ypasuenun Y- Y + X- Y2 + X° =0 nepeiitu
K HOBBIM NepeMeHHbIM Uu t, rae U— QyHKIHsS OT mepeMeHHoil t. Dopmyisl
u? —y2 —x% =0,
x? -t +u®=0.
1)  Ipomuddepenumpyem ypaBHEHUSI CUCTEMBI IO IEPEMEHHOM 1 :
2u-u'—2y-y' —-2x-x"=0,
{2x-x’—2t+2u-u’=0.

3aMEeHbl UMEIOT CJICIYIOIINMN BU/I;

, t—u-u
2) W3 BTOpPOro ypaBHEHUS CHUCTEMBl BBIPAKAEM X, =—— W

MOJCTaB/IieM B  TepBoe  ypaBHeHwe: U-U' —y-y' —t+u-u'=0. Orcroga

, 2u-u'—t
Yio=—"—"
y
! !
, 2u-u" -t x

3)  Haxoawum mpousBoanyw Y'(X) = Lf =,
X t-u-u vy

4)  Tak Kak BbIpOXEHHE COJCPKUT TOJBKO MEPBYIO MPOU3BOIHYIO, TO
YETBEPTHIN MyHKT HE HYXKCH.

5)  IloacraBum HalificHHbIC BBIpaXeHUs B MU (HEepeHIIMAITBHOE YPaBHEHHE

2u * U' _t 2 3
o X+ X-y°+ X =0. Ilonenum 3TO paBEHCTBO Ha X . YUUTHIBas, 4TO
—u-u
2u-u'—t
y> +x%>=u?, nonydaem T o +U?=0. DBoIMONHAS  HECIOXKHbIC
—u-u

npeoGpazoBanus, moxydaem U'(U° —2u) =t(u? —1) muddepeHImanbHOE ypaBHEHHE C
pa3eNSIONMMUCS TEPEMEHHBIMU.

BaxHble yacTHbIE CTydau.

[IepBbii cnydait. DOpMyJibl 3aMEHBI Pa3pEIIMMbl OTHOCUTEIIBHO CTapbIX
X = X(u,t),

y=y(u1).
[Ipumep 2. B auddepenuuanbHOM ypaBHEHUU (1+ X2 )2 -y =y, mepeiitn K

IMEPEMCHHBIX, TO €CTh CTAPBIC IICPCMCHHBIC BLIPAXKCHEI YCPE3 HOBBLIC {

u
HOBBIM IIEpEMEHHBIM X =1gt, Yy =——

cost
Pewenue.
1), 2) Haiizem mpou3BOAHBIE OT CTapbIX MEPEMEHHBIX MO MepeMeHHOH t:
1 u’-cost+u-sint
XO=—=- yO= 3 :
cos“t cos“t
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3) Haxoaum npousBoanyto Y'(X) = Lf =u’-cost+u-sint.
t

4) BTopyo npou3BOJIHYIO0 HAXOIUM I10 (hopMyIie

" (y'(x))t

y'(X)=—-"
X'(t)

5) lloacrasnsiemM HailIeCHHOE BBIPA)KEHHE B IEPBOHAYAIBHOE YPABHEHUE

!
=(u’-cost +u-sint), -cos’t=(u"+u)-cos’t.

(1+ tg 2t)2 (U +u)-cos’t = o Yuutsiast, uto 1+ tg’t = 5
cost cos“t

u"” =0, oTcrona pemenneM ypaBHeHus sBisiercs Gyakuus U(t) =Cit+C,.

, IIOJIy4acM

Bropoii cnyuaii. Hy:kHO moMeHsTh MecTaMi (DYHKITUIO U IEPEMEHHYIO.
B »stoM cnydae mnons3yemcs dopMmynamMu JUisi TIPOM3BOJHOM 0OpaTHOM
hyHKIIUN

NI VA |

Ly X

[Ipumep. B muddepeHumanbsHOM ypaBHEHUU (y,)3 —X=0 mnepeitun K
y

dbyHKIIUN
X OT MEPEMEHHON Y .

Pewenue. TlomensieM MmectamMmu QyHKIMIO Y U IEPEMEHHYIO X .

1
[lepBas nmpou3BoaHAs 3aMeHsIeTCs 0 Gopmyre Y, = N Bropas npousBogHas
y
y"(X) BbIpaxkaeTcs yepe3 mpou3BoaHbIe PyHKIHUU X(Y) cleayronmm oopazom

' 1] 1 X
y'()=(y' (), =| - B AR ey
X Xy . Xy 2 (X )3
[ToncraBnsem mosiydeHHble Gopmynbl B auddepeHInalbHOEe ypaBHEHUE,
noiaydaeM X'+ X =0 —guddepennnanibHoe ypaBHEHHE BTOPOrO TMOpsIKa ¢
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MOCTOSTHHBIMU Kod(urmentamu. OHoO OoJiee MpocToe, YeM MepBOHAYATHHOE
nuddepeHnmranbHoe ypaBHCHHE.

6.2. 3amena nepemennvix 6 oughepenyuaILHLIX BLIPAIHCCHUAX,

coOepofcamux yacmmHrbule np0u360()H bie

ox'oy'ox?
cojepxaiiee TnepeMeHHbie X, Y, (yHKiuio z(X,Y) W ee YacTHhIC MPOU3BOJHBIC

oz &z 0°1
[TocranoBka 3agauu. Ilycte 3amaHo Beipaxenue D| X,Y,z,— A,

MepBOro W Ooyiee BBICOKUX MOPSAKOB. Hy)XHO B 3TOM BBIPOKCHHUU TEPEUTH K
nepeMeHHbIM U,V u K QyHKImr W(U,V).
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Paccmotrpum cnyuait, korma ¢GopMylibl Iepexoia K HOBBIM IEPEMEHHBIM
3a/1aHbl B IBHOM BUJIC

X = f, (u,v,w),
y = f,(u,v,w),
z=fy(u,v,w).

AJTOpUTM pelIeHus 3a7]a491 3aMEHbI IEPEMEHHBIX.
1) Berancnute auddepeHnmans OT 00enx YacTei KaXI0To paBEHCTBA:

dx:%-du+%-dv+%-dw,
ou oV oW

<dy = oMy -du +af dv+6f2 dw,
ou ov ow

dz = oty du+af dv+af -dw.
ou oV ow

2) ns pysxuuu W(u,V) 3anuceiBaeM auddepernman dw = éﬂ -du + kv dv
u

H IIOJACTABJISIEM €I'0 BO BCC TPU YPABHCHUA HOCJ'IGI[HGIZ CHUCTCEMBI, I1OJIy4acM

dx=A -du+ B, -dv,

dy=A,-du+B,-dv, tme A —i+af 8_W B, :%+@.8\_N’ 1=123.
ou ow ou’ N OW oV
dz = A;-du+ B;-dv.
_|A B
3) Ecmu A= #0, TO mepBbIe JBa YPaBHEHMSI CUCTEMbI OJTHO3HAYHO
2

paspemirMbl oTHOcUTeabHO du u dv. ITo mpauny Kpamepa Haxoaum

1 1
du = K(Bzdx —B,dy), dv= Z(_ A,dx + Ady).

4) B TpeThe ypaBHEHHE cHCcTeMbl TojcTaBiasieM du u dv, BbIpaKCHHbIC Yepe3

dx
u dy. Torma momyuum dz = A(U,v,w,W,,W)-dx+ B(u,v,w,w,w)-dy, rae

A(u,v,w,w,,w)=—32-2-3 AB, AZB , B(u,v,w,w,, W) = —AB T AB;
A
0z 0z
YuurteBas popmyiy nosHoro auddepenimana dz = du + a -dv, orcroma
u

oz ;ary. 02 ;
HaXOJIUM &zA(u,v,w,wu,wv), azB(u,v,w,wu,w\’,).

5) Jlnss BBIUMCIIEHHS YACTHBIX IPOM3BOJHBIX BTOPOrO IOPSAKA MOKHO
HOCTYNIUTh CIeAyromuM obpasom. B dopmyne z, = A(U,v,w,W,,W) Oepem
zu/l(b(bepeHuHaﬂLI OT IIPaBOl U JIEBOM YacTei

g dx + z dy = Ajdu + Aldv + Aydw + A, dw) + A dw, .
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[TogcraBum croza CHaJaja BBIPAKEHUS dw = w/,du +w,dv,
dw, = w,du +w/ dv, dw, = w/; du +w[,dv, a 3aTeM
du = %(Bzdx —Bydy), dv= %(— A dx + Ady). TIpupaBruBas KodDMUIMEHTH TpH
dx, dy B 00enx 4acTsx Moay4EHHOrO PABEHCTBA, HAXOIUM Ziy, Zy . Beipaxenue s

z;,'y MOJIyYMM aHaJIOTUYHO, BBIUKCIUB JU(depeHIInaibl OT MPaBoil U JIEBOM YacTeil B

bopmyne z{, = B(u,v, W, W, W,).

BaxHbIl YaCTHBIN CiTy4ail.
DyHKIHS HE MEHSAETCS, MEHSIOTCS TOJIBKO IIEPEMEHHBIE.

oz o1 0°1
ox' oy ox? "
X,y Ha HOBBIC IMEPeMEeHHbIC U,V U K pyHKImu W(U,V).

dopmyiibl Tepexo/ia K HOBBIM IIEPEMEHHBIM 3aJIaHbl B IBHOM BHUJIC

{x =x(u,v),

y=y(uv).

[MoacraBuB B Qynkuuio z(X,Yy) Beipaxkenus X(U,v), y(u,v), mnoaydum
cnoxuyto  ¢yakmuo  Z(U,v) = z(x(u,v),y(u,v)). Ilo npaBuiay TPOU3BOIHOW OT
CJIOKHOM (DYHKIMH €€ YaCTHBIC MPOU3BOIHBIC BHIYUCIISIOTCS 10 (hopMyJiam

B Beipakenuu O(X,Y,z, ..) Hy’)KHO ITOMEHSTh CTapbie TICPEMCHHBIC

o _ozox iy,
du oxdou oyou’
07 010X 00y
o XV dyov

. 07 01
3Ta CUCTEMA JIMHCHUHA OTHOCUTCIBHO HepeMeHHBIX 8—, —. CI/ICTeMa HUMEET
X

CANHCTBCHHOC pCUICHUC, cClin ee OIIPCACIINTCIIb OTJIMYCH oT HYJLAL

x oy
o(x,y) _jeu au| o
o(u,v) [ox oy
N v

PemnB 3Ty cucremy no npasuiny Kpamepa, momyanm

0z ( 0z az)_ 0z ( oz az)
_:cD]_ u’vi_’_ y _:q)z ulvi_i_ .
OX ou ov) oy ou ov

I[J'Iﬂ BBIYHUCJIICHUA BTOPBIX YA4CTHBIX IIPOM3BOJIHBIX B 3TH (bOpMYJ'IBI BMCCTO
CI)YHKHI/II/I Z TIOACTABJIAECM COOTBECTCTBYIOINHMC YACTHBIC IPOU3BOIHBIC. HaHpI/IMep,

ov

IMPOU3BOAHBIC 0oJ1ee BHICOKUX MOPSAAKOB.

0’z o1z oD, 0D, 3
—=—|= =®,| U,V,—,—|. AH@QJIOrMYHO MOXXHO HAWUTH  YacCTHBIC
OX“= OX\ OX
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0’z 0%z

[Ipumep 1. 3anucate namnacuan Az = PVl + —— B IOJSIPHBIX KOOP/JMHATAX.
X

Pewenue.
X=pp-C0Sp,
y=p-sing.
Haiinem auddepeHuuansl OT MpaBoOl U JEBOM dYacTed ISl KaKIOro U3
dx=cose-dp—p-sing-de,
dy=sing-dp+ p-cose-de.
Pemraem cuctemy OTHOCHUTENBHO TepeMeHHbIX Odp u de mo mpaBmry
cosp —p-Sing
sing £ - COSp

(DOPMYJIBI nepexoa K IoJsIpHbIM KOOpAHMHATAM UMCIOT BHU {

YPaBHEHUHN CUCTEMBI: {

Kpamepa. Onpenenurens cucteMsl A =

‘ = p. Torma

dx. —p-sin
dp=i- r ¢ =C0S@ - dx +sing-dy,
p |dy  p-cosp
cos dx i
d¢:i ) P zcoﬂdy_sm_wdx
p psing dy| p P

yA
B dopmyny momnoro muddepenimana dZ:S—-dp+§—z-d¢ TIOJICTaBJISIEM
P @
dpo u dg, Beipakennsie yepe3 dX u dy, moydaem

dz :@-(cos(p-dﬂsingo-dy)+@-(C°S¢ -dy—sm—(o-dx].

op op \ p p
PackpbiBast CKOOKH ¥ MIPUBO/IS MOA00HBIC WieHb! ipu 0X u dy, mosyyaem
dz :(g-c05¢—g-m—¢j-dx+[@-singp+g- COSgp)-dy.

op op p op op p
OTCIOI[a HaXO0JUM YaCTHBIC IIPOU3BOJIHBIC
oL oz oL sinp o0z o7 . 0z COSQ
—=—-C0Sp————;, —=—-SiN@p+—- :
X op op p Oy Op op p
o’z ooz
Tak Kak B moy4eHHbIX (popMyax QyHKIUsS TPOU3BOJIbHA U ===
OX°  OX\ OX

2
o z
TO YTOOBI HANTH BTOPYIO YACTHYIO MPOU3BOTHYIO PR HY>KHO B popMyIie s
X

o . . 01
BBIYHCJICHUS IEPBOU YaCTHOU IPOU3BOIHOU 8_ 3aMEeHUTHh (YHKIMIO Z Ha (QPYHKIUIO
X

0z 0 (82) 0 (82} 0 (azj sing
— , IONy4YuM —| — |=—| — |- C0S¢p ——| — |-——. Torna
OX OX\ Ox) Op\ oX op\ OX yo,
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2 . -

op op p op\ Op o0 p P
2 2 2 - .
Otcrona a—fz a—i-cosw— oz -Sm(p+ﬂ-—8m2¢ -COS@Q —
op opdp p  Op p
2 -
_( 0°z -cow—g-sinq)— 0° z2 sing oz COS(DJ.SIn(p.
Opop op op° p Op p p
[Tocre HecnoXHBIX TPeoOpa3oBaHUl HAXOAUM
2 2 2 Fa2 2 H : P2
a_fzﬂ cos? g + 82.3|n2(p_ 0z .sm2(p+g_sm22¢+g_sm @
ox*  gp* op°  p opop p  Op p op p
0%z
AHaJIOTUYHO BBIYUCIII BTOPYIO YaCTHYIO ITPOU3BOAHYIO —— a , HAXOAUM
8_22_8_22 sinZg+ azz.coszngr 0’z sin2p oz sin2¢p oz cos’e
oy’ op° op> p°  opop p Op p* G p

3aTeM MOJICTaBIISIEM 3TH BBIPAXXEHUS B JIaIUIaCHMaH M MoJlydaeM (popMyity JJis
JIAIJIACHaHa B NOJIIPHBIX KOOpIUHATAX

0°z,02 1 a1
002 0 P op p
[Ipumep 2. B ypaBHeHUU X2 zZ, — y2 . Z;,’y =0 mepelTH K HOBBIM MEPEMEHHBIM

Az =

X
u,v,ecmm u=Xxy,v=—.
y
Pewenue. Tlo dpopmyre momHoro auddepenipana dz =z du+ z dv. Haiiném
Bropoit nupdepenmman  d’z =d(dz) =d(z,du+z/dv). Tlomp3ysce mNpaBUIAMH
BBIUKCIIeHUS TuddepeHnrana, Haxoaum

d?z = 2/ du® + 22/ dudv + z// dv® + z/d°u + z/d*v. Brruncrsem
2
du = ydx + xdy, dv= ax_ ﬁzy . d?u=2dxdy, div=- 2dx2dy + 2xd3y . Orcrona
y |y y y
dx xdy
d?z =z, (ydx + xdy)* + 2z, (ydx + xdy)| — - =
y |y
2
- z\’,v(% —QJ +z;, - 2dxdy + zQ[— 2dx2dy + 2xd3y J :
y |y y y

r

VYuuteiBasi, 4YTO YaCTHasl NPOU3BOJHAS Z,, — KO3 (UIUEHT IIpU dx’, a yacTHas

MpoU3BOJHAs Zy, — KO uuHMenT npu dy? B BeIpaxkennu 11 d°Z, momydaem

51



" 2 2

" "
=17

vy uu

2 X " X " 2X '
X*=2—z\+—7Zyt—3Z-
y y

HOI[CTEIBJI?[?I 9TH BBIPAXKCHHSA B IICPBOHAYAJIbHOC YPABHCHUC, ITOJYIACM OTBCT
2u-z,—2,=0.
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" 2 1" Z .
Lix = Lyu " Y +22uv+y_v£l’ Z
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[. IrcTpeMYM (PYHKIIMH HECKOJIbKHUX MepeMeHHbIX

7.1. Be3ycnoenwtii IKcmpemym

JIJIsS IpOCTOTHI M3J1aracM TEOPHIO JUIS (PYHKIHMHA JBYX IepeMeHHbIX. Ho oHa
TaK)Ke BEPHA B CiIydac (PyHKIHIA OOJIBIIETO YUCIIa IEPEMEHHBIX.
[Mycte ¢ynkmms f(X,y) ompeneneHa B HEKOTOPOW OKPECTHOCTH TOYKH

(X0, Yo) -

Ompenenenne. Touka (X,,Y,) Ha3bIBACTCS MOUYKOU JOKATLHO20 MAKCUMYMA,

€CIIM HANIeTCs OKPECTHOCTh ITOM TOYKH, Takas 4TO i BCSIKoW Touku (X,Y),
JeXaIe B 3TOH OKPECTHOCTH, BImoHseTcst HepaBeHCTBO f(X,Y) < f(X,,Y,)-

Ompenenenne. Touka (Xy,Y,) HA3BIBACTCS MOUKOU JOKANLHOLO MUHUMYMA,

€CJIM HAMJIETCS OKPECTHOCTh STOW TOYKH, Takas 4YTO JUIS BCAKOM TOukH (X,Y),
JeXalied B 9TOH OKPECTHOCTH, BeIMONHsAeTCsl HepaBeHCTBO f (X, Y) > f(X,,Yo)-

Ompenenenne. Touka (X,,Y,) HA3BIBACTCS MOUKOU JOKAILHO2O IKCMPEMYMA,

€CJIM OHA JINOO TOYKA JIOKAJIBHOT'O MHUHHUMYMa a100 TOYKA JIOKAJIBHOTO MaKCHUMYyMa.

3ameuanue 1. Ecnu HEPaBEHCTBO CTPOTOE, TO COOTBETCTBYIOIIAS TOYKA OyAeT
MO0 TOYKOW CTPOrOro JIOKAJLHOTO MaKCHUMyMa JIM0O TOYKOW CTPOTrOro JIOKaJIbHOTO
MUHHUMYMa JTM00 TOYKOW CTPOTOTO JIOKAJIBHOTO SKCTpEMyMa

3ameuanue 2. CIoBO «JIOKaJbHBIN» B ONPEICICHUN O3HAYAET, YTO 3HAYCHUE
(YyHKLIMHA MaKCUMalbHO (MUHUMAJIBHO) TOJIBKO B JAHHON OKPECTHOCTU UCCIEAYEMOMN
TOYKM, a HE€ Ha Bced oOsactu omnpeneneHus. Yacto sl KPaTKOCTH CJIOBO
«JIOKQJIBHBIN» OMYCKAIOT U TOBOPAT «TOYKA MakCUMyMa (MUHUMYMa, YKCTPEMYMa )y,
nojpazymeBasi MOJi OTUM «TOUKY JIOKaJbHOTO MakcumMyma (MHHUMYyMa,
AKCTPEMYMa)».

Teopema (neodxoammble ycaoBusi dxcrpemyma). Ilycte (X,,Y,) sBisiercs
TOYKOM JIOKabHOTO 3KcTpemyma (ynkiuu z= f(X,y). Torma nmubo B 3TOW TOYKE
00e YacTHbIE MPOW3BOJIHBIC PaBHBI HYINIO JIMOO B Touke (Xy,Y,) XOTsd Obl omHa W3
YaCTHBIX MMPOU3BOAHBIX HE CYIIECTBYET UM OECKOHEYHA.

Hoxazamenvcmeso. Ilycts (Xy,Y,) SBISETCS TOYKOH JIOKAIFHOTO MaKCUMyMa
(Murnmyma) oyakmmu Z = f(X,y). [Ipu pukcupoBaHHOM 3HaYeHHH Y = Y, QYHKIHSA
z="f(X,y,) Kak GyHKIUS OTHOH TEpEeMEHHOW X TPHHUMAeT HauOoIbIIee

(HauMmeHbIllee) 3HadeHue. Ecnu B 3TOW TOYKE CYHMIECTBYET KOHEYHAS YacTHas
npousBogHas f,(X,,Y,), TO BBINOJHSAIOTCA yciaoBHs Teopembl depma u TOraa mo
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teopeme depma B 3TOM TOUYKE MPOM3BOAHAS MOJDKHA OBITh paBHA HYNIO. TakuM
obpas3om, B Touke skcTpemyma aubo f/(X,,Y,) =0 mubo He cymecTByeT KOHEUHOMH

YaCTHOM MPOU3BOJHOM IO MEPEMEHHOMN X . Te ke pacCy IeHUsI MOKHO IPUMEHUTD K
!
fy(X: ¥o) - Teopema noxasana. 0

3ameuanue. TOUKH, YTOBIETBOPAIONINE HEOOXOJUMOMY YCIOBHUIO SKCTPEMYMA,
Ha3bIBAIOTCS KPUTHUYECKUMH. Te€ U3 KPUTUUECKUX TOUYEK, B KOTOPHIX 00€ YaCTHBIC
MIPOU3BOAHBIC 0OPAIAIOTCS B HOJIb, HA3BIBAIOTCS CTAIIMOHAPHBIMHA TOYKAMHU.

Ipumep 1. Paccmotpum ¢ynkimio z=4—(x? + y?). OHa uMeeT KOHEYHbBIE

YaCTHBIC IIPOU3BOAHBIC BO BCCX TOYKaAX o0nacTu OIIPCACIICHUA. Haﬁz[eM
CTalMOHAPHBIC TOYKH U3 CUCTCMBbI
z, =0, —2x=0,
4 —_ J—
OueBuHo, uto Touka (0,0) sBiIsIETCA TOYKOW MaKCUMyMa TaHHOW (DYHKIIHH.

Touka (0,0) siByIsseTCs cTAIMOHAPHOM.

Ipumep 2. Paccmotpum dyHKIHIO Z=+/X> + y*. Ee 4acTHbIe MPOM3BOIHBIC
0z X 0z

y
—=—=-— —=-——2__ HenpepslBHHI Bcioay, kpome Touku (0,0).
X \x2+y? OY L x?+y?

IMIpu  (X,¥)#(0,0) wdyacTHbIC mNPOM3BOAHBIC HE OOpAIIAlOTCS B  HOJb,
CTallMOHAPHBIX Touek Yy ¢(yHkiuu Her. B Touke (0,0) 3amumieM yacTHbIC
MIPOU3BOIHBIC TIO OIPEICIICHUIO

oz _72(Ax0)-2(0,0) . |AX y

—(0,0) = Iim : = |im —. ,

aX( ) am Ax iV JlaHHBIA TIpefien HE CyLIECTBYET
Tak Kak mpu AX >0 BbIpakeHHE TOJ 3HaKOM mpezaena paBHo 1, a mpu AX<O0

BBIpOKEHHE TI0/ 3HaKOM Tipezena paBHo (—1). Utak, vactHas npousBoanas Z,(0,0) ve

cymectByer, modromy touka (0,0) sBisercs kputHueckod. TOYHO Takke MOXKHO
nokasath, 4to Z(0,0)He cymecTByeT; XOTsS JuIs TOro, 4ToOBI TOYKA OblIa
KPUTHUYECKOW, JOCTATOYHO TOTO, YTO OJHA W3 YaCTHBIX MPOM3BOJHBIX HE
cymectByer. OueBuaHo, uyro Touka (0,0) sBasieTcs TOYKOW MHUHHMYyMa JaHHOM
GbyHKIUH.

[Mpumep 3. Paccmotpum yHKIHIO z=3x? +3w/y4. YacTHble NMPOU3BOJIHBIC

!

. 4
9TOM (YHKUIWU PaBHBI Z, = Z, :§W . CranoHapHBIX TOUYEK Yy (YHKUIUU

—’
3-3x
HeT. Kputuueckoit toukor Oymer touka (0,0), B KOTOpoii OJHA W3 YacCTHBIX
pOU3BOAHBIX oOpamiaercst B OeckoneuHnocts 2, (0,0) =co0, a BrOpas wyacTHas
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npoussoaHas Koneuna z,(0,0)=0. OueBunno, uro Touxa (0,0) sBiseTcst TOUKOM

MUHAMYMa JaHHOW (PYHKITUH.

[Mpumep 4. Paccmorpum (ynkumoo z=Xy. O0e ee 4acTHbIE MPOU3BOJHBIC
z, =Yy =0,

z;:x:O

crarmoHapHyio Touky (0,0). Omnako, Touka (0,0) He SBISETCS TOYKOHM IKCTpEMyMa.

BCIOAY CYHICCTBYIOT M1 KOHCYHBI. N3 cuctemsl HaxoauM CIHMHCTBCHHYIO

3HaueHue B cranuoHapHoi Touke Zz(0,0)=0. B 000l CKOJIb YroJHO Mo
okpectHoctrt Touku (0,0) HaligyTCs TOYKH, B KOTOPBHIX 3HAUYeHUE (YHKIHH
MOJIOXKHUTEIbHO (ecii X W Y oauHakoBbIx 3HakoB), 3HauuT (0,0) He sBiseTcs
TOYKOW MakcuMyMa. Takke B JIt000# cKoJib yroauo Majon okpectHocTH Touku (0,0)
HaWyTCsl TOYKU, B KOTOPBIX 3HaUEHUE (DYHKIIMKU OTPUIATENBHO (€CIM X U Y Pa3HbIX
3HakoB), 3Ha4MT (0,0) HE SBJILETCA TOYKOH MHUHHMYyMa.

[locnennuii mnpuMep TOBOPUT O TOM, YTO HEOOXOJHUMOE YCIIOBUE
PKCTpEMyMa HeE SBISIETCA J0CTaTOYHBIM. Clenyronme TeopeMbl (OPMYIUPYIOT
YCJIOBHS, TPU KOTOPBIX CTAIMOHAPHAS TOUYKA SIBISIETCS TOUKOM 3KCTpEMyMa.

Teopema 1 (1ocTaTo4YHbIC YCJIOBUA IKCTPEMYyMa).
[Mycts (Xy,Y,) SBIsIETCS cTanmoHapHOW Toukoi QyHkmmu Z= f(X,y), 1O

eCTh
fe (X0, ¥0) =0, /(X Y,) =0. Haiimercss okpectnocts B((Xy,Yp),r) TOuKHM

(X5, Yo), B KOTOpOH CYIIECTBYIOT BCE YaCTHBIE MPOW3BOJHBIE BTOPOTO MOPAAKA,
HeTIpepbIBHBIE B caMoii ToUke (X, Y, ). Toraa Bo3MOXHBI ClAeAyIOINE CIyJau.

1) Ecmx d*f ((Xo,Y,),(h,h,))>0 s Becex mpmpamesnmii (h,h,), Takux gro
0< h12 + h22 <r,To (Xg,Y,) SBISAETCS TOYKOH JOKAIFHOTO MHHUMYMA.

2) Ecm d?f ((X9,Yo):(h,h,)) <0 mns Bcex mpupamenuit (h,h,), Takux grto
0< h12 + h22 <r, 1o (Xy,Yo) SBIAETCA TOYKOH JIOKAJIBHOTO MAaKCUMyMa.

3) Ecmu dzf((xo,yo),(hl,hz)) NPUHUMAET 3HAYCHUS PAa3HBIX 3HAKOB JIJIS
HekoTopeix mpupamenuid (h/,h)) u (h)h)), to (X,,Y,) He sBmsercs TOYKOM
JIOKaJBHOTO 3KcTpemyMa ynkiuu z = f(X,Y).

4)  Ecmn  d®f((X,Yp),(h,0p))=0  mma  d®f((X),Yp),(hy,0,))<0, 10
(Xo, Yo)MOXKET OBITh TOUYKOW JIOKaJTbHOTO J3KcTpemyMa ¢(yHkumu Z=f(X,y), a
MOKET U HE OBITb.

Jlokazamenbcmeo.
1) Paznoxum ¢pyuknuio z = f(x,y) no popmyne Teiinopa nopsiaka n=1
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B OKPECTHOCTH TOUKH (X,,Y,). Haiinercs 0 < 6 <1, Takoe urto

Af = F(Xg +h, ¥ +hy) = (X5, Y0) = df(xo’yo)"‘ -d? f(Xg+60-h,y,+6-h,)

Tax xax f, (X5, ¥p) =0, f;(X,Y,) =0, To mepBoe cnaraemoe B npasoii yacTu

paBHO HyIt0. BTopoit nuddepeniman GyHKIMu HaxXoauTCs 10 hopmylie
2

dzf(xo+9-h1,yo+0.h2)=‘2—z(x0+9.h1,y0+0-h2)-h12+
X

2 2

20 fx(xo+49-h1,yo+¢9-h2)-h1-h2+gy—£(x0+9-h1,yo+9-h2)-h22

O603Ha4YnM yepes A—6—ZZ(X Yo), B= G (Xg, Yo), C—azz(x Yo)
o2 ool 2yox 0 Yo PYE 0 Yo):

Tak kak BTopble YacTHbIE IPOU3BOIHBIE HEMIPEPHIBHBI B TOUKE (X, Y,), TO
2 f

aa—(xo+9 h,Yo +6-h)=A+a,,
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oyox (Xo+6-h,y,+6-h,)=B+«y,,

o2 f

ay—(x0+49 h,Yo +6-h,)=C+a,,,

TIoe &q, &y, Ay, — OECKOHEUHO Manble BenuuuHsl mpu hy —0, h, —>0.

Ortcrofa nojiy4aem ,4to

Af :%-(A-hl2+28-h1-h2+C-h22)+%-(a11-h12+2a12-hl-h2+a22-h22).

JIMHA BEKTOpa W3 MNpupalleHui Haxomurca o dopmyie |[h|=+/h 2+h?.
p pup pMy 1 2

Torma
28 _ A.[ﬂjizs h h_+c.(h_zf s -[ﬂ]2+2 h_h,
h* lal I [l h N 2" ] HhH

[lepBoe ciaraeMoe B MpaBoOi YaCTH MpeCTaBsieT cOO0M 3HaUeHUsT PYHKIIMU

@(X,y) = AX® + 2Bxy + Cy? B TouKax (‘h J Bce T Touku nmpuHaIeKaT

il ]

€IUHUYHON OKPYKHOCTH. Tak Kak €OUHWYHAs OKPYKHOCTb €CTh KOMIAKT, TO
HenpepbiBHas (QyHKus @(X,Y) AOCTHracT Ha KOMIIAKTE CBOCH HW)KHEH TpaHw,

0003HaUYMM ee M, a MpHUpaIICHHE Ha KOTOPOM OHA JJOCTUTacTCsI (ﬁl, ﬁz )
~ \2 ~ \2 ~ -
3 e () oo (f)
Tak kak m=A- +2B-L1._24C. -2 (X9, Yo) >0
[HhH ][] 77U ]
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0 YCIIOBUIO, TO JUIS JHOOBIX 3HAUEHUN TpUpaIleHun

2
ﬂ +ZB-i &+C- hy >m>0.

u Il [l ]

2

h, h

_1 + 2 _1_2_|_a N
) ol Uk

Monynio  |a| <[] + 2 |a,| +|ap,|. Tak kax oy, @y, yy — GeCKOHEUHO Maiible

BTOpOG cjlaraeéMoc o =aqq- OLCHUM IIO

m o
BenmuuHbl ipu by —0, h, -0, 10 ‘a‘sz JUISL JOCTAaTOYHO MaJIbIX MPUPAIEHUM.

2Af

Tor):[a 3HAaK BCIIMYMHBI e OIpcACIsICTCA 3HAKOM IICPBOro cjaracmMoro, a

CJIETIOBATEIILHO aTa BEJIMYHMHA TIOJIOKUTETbHA U
Af = (X, +h,y,+h,)—f(X5,Y,) >0 g Bcex 1ocTaTouHO MajbIX HpUpAIIEHUH.

DT0 03HauaeT, 4yTo Touka (Xy,Y,) SABIACTCS TOUKOW JOKAIBHOTO MHHHMYMa, 4TO U

TpeOOBaNIOCh 10Ka3aTh.

2) DTOT MyHKT JIOKa3bIBACTCS aHAJIOTHYHO MYHKTY 1).

3) B sTOoM ciyyae MOXKHO JI0Ka3aTh, YTO B JIOCTATOYHO MO OKPECTHOCTH
Toukd (Xy,Y,) Ha ABYX pasHbIX JydaxX C IEHTPOM B Touke (X,,Y,) B HampaBlICHUU

BekTopoB (h/,h)) u (W h)) mpupamenue GyHKIMH NpUHUMAET 3HAYCHUS pPa3HBIX
3HAKOB, TO3TOMY TouKa (X,,Y,) HE ABIAETCA TOUKOH JIOKAJIBHOTO 3KCTPEMyMa.

4) B 3TOM ciy4dae NpuUBEAEM KOHKPETHBIE IPUMEPHI.

4a) PaccmorpuM  byskumo T (X,y)=Xx*+y?. Touka (0,0) sBmsercs
CTallMOHAPHOM TOYKOM 3TOM (yHKUMH. Bropoi auddepenunan GyHKUUH B 3TOU
touxe d?f((0,0),(h,h,))= 2h22 >0. Oueuano, uro Touyka (0,0) sBAsIETCS TOYKOM
JIOKaJTbHOTO MUHUMYMa JTAaHHOH (DyHKITUH.

46) Paccmorpum dynkmmio  f(X,y)=-Xx*—y?. Touka (0,0) sBasercs
CTaIlMOHApHON TOYKOW 3TOM (GyHKumMHU. Bropoin auddepeniman QyHKIUU B ITOU
touke d?f((0,0),(h,,h,))=—2h,” <0. OuesmaHo, uro Touka (0,0) sBISETCS TOUKOI
JIOKAJIbHOTO MaKCHUMyMa JTaHHON (PyHKITUH.

4B) Pacecmorpum  ¢yukmmio  f(X,y)=x>+y?. Touka (0,0) sBasercs
CTallMOHApHOM TOYKOM 3ToM (yHKuMHU. Bropoin auddepenunan GyHKUIUU B 3TOU
TOYKE d21:((0,0),(h1,h2)):2h22 >0. Opnnako, touka (0,0) He sBIAETCS TOYKOI
JIOKaJIBHOTO dKCTpeMyMa JaHHOW (GyHKIWU. J[eMCTBUTENBHO, 3HAaYCHUE (PYHKITUU B
stoit Touke f(0,0)=0, a f(x,0)=x> npunuMaer 3HaKk mepeMeHHOH X. 3HAYHT, B
Ar000# ckoab yrogHo Mmanoit okpectHoctd Toukd (0,0) ¢yHKIMSA mpUHUMAET Kak

MOJIOKUTEIIbHBIC, TAK U OTPUIIATEIIbHBIC 3HAYCHUS.
Teopema noka3zana. O
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JImst  TIpaKTUYECKOTO TPUMEHEHHs OoJjiee yAOOHBI APYTHE JOCTaTOYHBIC
yCIIOBUA dKCTpeMyMa. BBeeM HE0OX01uMbIE OIIpeAeIICHHUS.

OnpeneseHue.
KBagpatuunoili ¢opmMoil OT NEPEMEHHBIX Xj,... X, Ha3bIBAE€TCS BBIPAXKECHUE

n
Buga A(X)=A(Xy,.0 Xy )= D 8% ;.
i =
Ecnmu g =a;;, To KBaiparuyHas (opmMa Ha3bIBACTCS CHMMETPHYHON H
MaTpHIla, COOTBETCTBYIOIIAs OTOH  KBaJApaTUYHOW  QopMe, ompeaessercs
OJJHO3HAYHO.
OmnpeneneHue.
KBagpartuunass ¢opma Ha3bIBaeTCs TMOJIOKHUTEIBHO ONPEACIEHHON, €CIH

A(X) >0 s BCAKOro HEHyJIeBOro diemMenTa X eR".
KBanpatuunass ¢opMa Ha3bIBaeTCS OTPHIATEIBHO ONPEACIEHHON, €Cin
A(X) <0 mi1s BCIKOro HeHyseBoro sementa X eR".
KBanparnunast popma Ha3bIBaeTCs HEONPEACIEHHOM, €ClTM OHA TIPUHUMAET U
MOJIOKUTEIHHBIC ¥ OTPHUIIATEIIHHBIC 3HAUCHHSL.
[TpumepoM KBaapaTHIHON (GOPMBI MOXKET CIYKHTHh BTOpoi nuddepeHiman
s QyHKIMK MHOTUX nepeMeHHbIX f (Xj,..., X,). OH umeer B
) 9% f
d?f =A(dx,,...dx, )= Y ———dxdx;
i, j=1 OXOK]
¥ SBIISIETCSl KBAIPATUIHOU (POPMOIL OT epeMeHHbIX dXy,..., dX .

B TepMuHax KBaApaTHUHBIX (OPM MPEOBIIYIIYI0O TEOPEMY MOXKHO
nepedopMyIMpOBaTh TaK
Teopema (nocTaTo4yHbIE YCJIOBHS IKCTPEMYyMa).
Iycrs  x© :(Xl(o),...,xn(o)) SBJISICTCSl CTAllMOHAPHOW TOYKOM (PYHKITUU
f(X,....X,). Haiinercsa oxpectaocts B(x?,r) touxu x©, B xoropoii cymectsyror

BCC YACTHBIC IIPOM3BOJHBLIC BTOPOI'O MOpsAAKA, HCIIPCPLIBHLIC B caMOM TOYKE X(O).

Torma BO3MOXKHBI CIEAYIOLIME CTydYau:
n 2 f
1) Eemn d?f(x@)=% 0"

(x©) - dx;dx j SBISIETCS  TOJIOKUTEIBHO

OTIpeNIeTICHHOW KBaApaTUYHOW (opMoil, Torma TodKa x©  gBusercs TOUKOl
JIOKQJIbHOI'O MUHUMYMa.

2e Oy - O°f
2) Ecmm d°f (x ):Z—

(X(O))-dxidxj SBJIICTCSI  OTPHUIIATEIIBHO

OTIPENICICHHOW KBaJpaTUyHOW (OpMOHM, TOrjga TO4YKa x©  gpnsercs TouKoil
JIOKaJIbHOT'O MaKCUMYyMa.
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n 2
3) Ecm d?f (x@) = Zﬁ

(x©). dx;dX; sBaseTCS HEOMpeENeHHOM
i j210%;OX

j
KBaJIpaTUYHOW (POPMOIA, TOTJa TOUYKA x© He sBIAETCA TOUKON JTOKAIBHOIO
JKCTpEMyMa.

YcraHoBUTH, SIBISIETCA JU  KBajapaTuyHas ¢GopMa TMOJOXKUTEIBHO WU
OTPHUILIATEIIBHO OMPEACIEHHOM, TOMOTAET CICAYIOIINNA KPUTEPUH.

Kpurepnii CuibBectpa.

n
Cummetpuunas kBaapatuanas popma A(X)=A(Xy,... X,)= Zai jXi X SBISETCS
i,j=1
1)  TONOXUTENBHO OMpEeNeNEHHONW TOTJa M TOJBKO TOTJa, KOrga Bce ed
YIIIOBBIE MUHOPBI TIOJIOKHUTEIIHHBI:

A ... Ay
1 4y 3
i 9y dyy Ay ... Ayy
ay;, >0, >0, [@y; 8y Ay>0, ..., >0;
dyy Ay
djy d3p dgg
anl an2 ...ann

2) OTpUIIATEILHO ONpPEeACTEHHON TOrja W TOJBKO TOT/a, KOrja 3HaKU
YTJIOBBIX MUHOPOB YEPEAYIOTCS:

all a12 " aln
2. a A &y A3 4. a a
a;<0, | 1 >0, Jay 8y ayl<0, ..., (=)"- TS0,
dyy Ay
A3y Ay dg3
anl an2 ann

N3 mepBoro 0CTaTOYHOTO YCIOBUS SKCTpemyma W Kputepus CuiabBecTpa
BBITEKAET TEOpEMa O BTOPOM JOCTATOYHOM YCIIOBUHU IKCTpeMyMa. JlJIsi MPOCTOTHI MBI
TOXE CPOPMYIIHPYEM U TOKaKeM €€ JIsl GYyHKIIUU JTUIIH OT ABYX MEPEMEHHBIX.

Teopema 2 (1ocTaToOYHbBIE YCJIOBHSA IKCTPEMYMa).
[Tyctb (Xy,Y,) fABISETCS CTAllMOHApHOM Toukoi QyHkimu Z = f(X,Y), TO ecTh

(;i (X0, Yo) =0, 5 (X9, Yg)=0. Ilyctp Takke B HEKOTOPOH OKPECTHOCTH TOYKH
X

(X9, Yg) CYIIECTBYIOT BCE YacTHBIC MPOM3BOIHBIE BTOPOTO TOPSIKA, HEMPEPHIBHBIC

B CaMOM TOYKE (X0, Yo) - Brenem 0003HaYCHUS
o°f o° f o° f
A:a?(xo’yo)’ B:%(wao)’ C:W(XO’yO)’

B
Y COCTAaBUM ONpeAEauTeNb A = ‘B cl Toraa BO3MOXHBI ClTy4au.
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1) Ecmn A>0, 10 (Xy,Y,) ABISIETCS TOUYKOW JIOKAIFHOTO KCTPEMYMa,
npuyeM pu A>0 Touka (X, Y,) ABISIETCS TOUYKOH JOKATLHOTO MUHUMYMA,
anpu A<O Touka (X,,Y,) ABIAETCSA TOUYKOH JIOKAIHHOTO MaKCHMYyMa.

2) Ecmn A<0, 10 (Xy,Y,) HE SBISETCS TOYKOH JOKAIFHOTO SKCTPEMyMa.

3) Cnyuaii A =0 TpebyeT ZONOIHUTENHHOTO UCCIIET0BaHuUs, Touka (X, Y )
MOXeET ObITh TOYKOH JIOKITBHOTO IKCTPEMYyMa, & MOXKET U HE OBITh.

Jloxazamenvcmeo. Bropoit muddepeniinan GyHKIIMA HaX0AUTCs 110 opmyJie
d*f (%o, Yo).(Nih,)) = A-hy* + 2B -hy -h, +C - h,".

1) Ecim A=A-C —B?>0, 1o uncna A u C OTJIMYHBI OT HyJISL.

Tak kak A= 0, To BTOpO#1 U depeHIran MoxKHO 3anucaTh B BUIE

410 Yo (Rh) = A [+ 5o, |+ ACTES

Ipu A>0 u A-C—B? >0 06a ciraraeMbIX B IPaBoil YaCTH HEOTPUIATEIIBHBI
1 OJHOBPEMEHHO OOpamiaroTcs B HOJb TOJIBKO MPHU HYJIEBBIX MpHUpaleHusX. Toraa

h,”.

d?f ((X9, ¥0):(,h,)) >0 nnst HeHyneBBIX NpUpAIIEHU U MO MpenblayIiel Teopeme
Touka (X, Y,) SABISETCS TOYKON JIOKATbHOTO MUHIMYMaA.

Ipu A<0 u A-C—B? >0 06a ciaraeMpIx B IIpaBoif YaCTH HEMOIOKUTEIbHBI
¥ OJTHOBPEMEHHO OOpAIaloTCs B HOJb TOJBKO MPHU HYJEBBIX MpHUpaNIeHusX.. Toraa
d?f((Xy,Yy),(MN,)) <0 11st HeHyNeBBIX TpHpAIIEHnii U 110 MpeabIIyIeil Teopeme
Touka (X, Y,) SABISETCS TOYKON JIOKAJIbHOTO MAaKCUMyMa.

2) Mycts teneppr A= A-C —B? <0. TTokaxeM, 4TO B 9TOM CiIydae HailgyTcs
IBa pasIHYHBIX BEKTOpa IpupalieHuil, mmst koropsix d2f ((Xg, Yo),(h,hy))
NpUHUMaET 3HaYeHUs pasHbIX 3HaKkoB. Toraa mo mpensiaymeil reopeme (X,,Y,) He
SBIIICTCA  TOYKOW JIOKaJdbHOro 3kcTpemyma  ¢QyHkimun  z= f(x,y). s
npuparenuii (hy,0) BEITUYMHA BTOPOTO muddepennmana paBHa
d?f((%y,Yo),(h,0)) = A- hf. [IycTh Temeps BEKTOp MPHUpPAIICHUN (Bh,—Ah), TUTSI
HETO BEJIMYMHA BTOPOTO nuddepenimana
d*f ((X, o). (Bh,—Ah)) = A- (AC — BZ)- h?. OueBMIHO, YTO MOTYYCHHBIC 3HAYCHHUS

HMMEIOT Pa3HblE 3HAKH.
3) Bo Bcex mpumepax, MpUBEICHHBIX B MyHKTaX 4a), 40), 4B) m0oKa3aTelbCcTBa
npeapIayed TeopemMsl onpeaenureab A =0, olHaKO CTalMOHApHAs TOYKA TOYKA B
HUX MOXET OBITh TOUYKOM JIOKAJIBHOTO YKCTPEMYMa, & MOXKET U HE OBITh.
Teopema nokaszana. O

Ipumep. Mccnenosats Ha SkcTpeMyM (yHKIHIO Z=3X2y — X° — y*.
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Pewenue. YactHple TPOWU3BOJHBIE ONPEECICHbl W HENPEPBIBHBI Ha BCEU
oOnactu omnpeneiaeHuss (YyHKIUH, MOTOMY KPUTUYECKUMH MOTYT OBITh TOJIBKO
CTallMOHapHbIE TOUKU (yHKIMKU. Haliem ux u3 cucremsl

7/ =6xy —3x* =0, x-(2y -x)=0,

, WIH ) 5
2, =3x* —4y°* =0; 3x* —4y° =0.

Orcrona nonydaeMm crannonapusie Touku Gynkiuu (0,0) u (6,3).

[IpoBepuM, BBITIOIHAETCS JIA IS HUX JOCTATOYHOE YCIOBHUE DKCTPEMYMA.
Haiinem gyacTHbIE MPOU3BOAHBIE BTOPOIO MOPSIKA:

0°7 0%z , 0°7
- =6y —6X, — =—12y?, =6X.
Ox? Y 2 y OX
2 2
st TOUYKH (6,3): A= %(6,3) =-18, B= jyaz (6,3) =36,
X X
0°7

C= ?(6,3) =-108.

Onpenenurens
A=A-C—-B?=18-108—-36°=3-18-36—2-18-36=18-36 >0, 3naunt Touxa (6,3)
SBIISICTCS TOYKOW 3kcTpemyma. Tak kak A<O0, To Touka (6,3) sBiISETCS TOUKOM
MaKCUMyMa.

0%z 0%z 0%z

s Touku (0,0): A:y(0,0):O, B:%(0,0)zo, Czﬁ(0,0)zO.

Ompenemurens A=A-C—B?=0, mnostomy Tpebyercsi MOMOIHUTEIBHOS
uccinenoanue. 3HaueHne Gynkuuu B 3toi Touke Z(0,0)=0. IIpu Yy =0 3HauycHue
dyrkmun 2(x,0)=—x°. Ecmm x>0, To z(X,0) <0, 3naunr Touka (0,0) He Moxer

OBITh TOUKOW MUHUMYyMa, TaK Kak B CKOJIb YTOJHO Majloil OKPECTHOCTH €€ HallayTcs
TOYKH, B KOTOpbIX 3HaueHue ¢yHkiuu Menpme dem 2(0,0). Ecmu Xx<0, 1O

z(x,0) > 0, 3naumt Touka (0,0) HE MOXKET OBITH TOUKOH MaKCUMyMa, TaK KakK B CKOJIb

YTOJHO MOl OKPECTHOCTH €€ HaWAyTCS TOYKH, B KOTOPBIX 3HaueHHE (DYHKIIUU
oonbme. Utak, Touka (0,0) He sBIISIETCS TOUKOW 3KCTpEMyMa.

7.2. Ycnoenwtit skcmpemym. Memoo muosrcumeneii Jlazpansica
3agavya COCTOMT B TOM, Y4TOOBI HalTH 3KcTpemyM QyHKmmu f(X,...,X,) mpu
yCIOBUM  ypaBHeHHH cB3H @ (X,...X,) =0, i=1..,k. Takoii skcTpemym

HA3bIBACTCS YCIOBHBIM. [{aaum OoJiee TOYHBIC ONpeacICHUS.
Omnpenenenne. Oynkus f (X, ..., X,) umeer B Touke M, crporuii (HecTporuii)

YCJIOBHBIH MHUHHMYM IIPH YCIOBHSIX ypaBHEHHU CBszU @ (X,...X,)=0, 1=1..,K,
ecli HaWAETCsl OKPeCTHOCTh TOUKH M, Takas 4To s Bcex Touyek M wm3 370t
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OKPECTHOCTH, YAOBJIETBOPSIOIINM YPAaBHEHUSM CBSI3U, BBINOJHSAECTCS HEPABEHCTBO
F(M)> (M) (f(M)=f(My)).
AHanornyHo 1aé€rcs OnpeneseHue yCIOBHOIO MAaKCUMYMA.

JUis  pemieHus 3a7add  HAXOXKJCHHUS YCIOBHOTO 3KCTpEeMyMa ecTh JBa
OCHOBHBIX CII0C00a.

[epBriit cioco6. MeTo1 HCKIIOYEeHNS HEU3BECTHBIX.
Ecnu u3 ypaBHEHUIA CBS3M MOKHO BBIpa3uTh K IEepeMEHHBIX Yepe3 OCTaNbHBIE,
TO, TOACTaBUB 3TH BbIpaxeHus B QyHkuuio f(X,...,X,), MOJIyuyuMm 3anady Ha

OOBIYHBIN FIKCTPEMYM.

Ipumep 1. Haiiti skctpemyM dyrkimn Z = X° + y? 1npu ycIoBUM ypaBHEHHS
cBs3u X+Yy—1=0.

Pewenue. Beipazum U3 ypaBHEHUS CBSI3U MEPEMEHHYIO Y uepe3 X, MOJIyYHM
y=1-X. [ToxcraBuMm 9TO BEIpKCHUE B GbyHKITHIO, MOJTyYUM
2(X) =x% + (1—x)? =2x? —2x +1. J)1s HAXOKIEHUS SKCTPEMyMa 3Toil (DYHKIHH OT
OJTHOM TIEPEMEHHOM HalIeM CTal[MOHAPHYIO TOYKY M3 ypaBHeHHs Z'(X)=4X—-2=0.

. 1
B CTalMOHApPHOU TOYKC XO IE MMpou3BoaHasA MCHSACT 3HAK C MHHYCA Ha ILIIOC,

11

3HAYUT, TOYKA (E’Ej SBJISIETCS TOYKOW YCIOBHOTO MHHHMYyMa (DYHKITUH
z=x*+y?.

DOTOT mpuUMep JErKO HarJISIAHO MPOWJUTIOCTPpUpPOBaTh. ['padukom QyHKIMU
z=x?+y® sBistercs mapabonoma BpalleHWs. YpaBHEHHE cBs3H X+ Y—1=0

3aJaéT B MNPOCTPAHCTBE IUIOCKOCTh. Ilepeceuenmem mockocTd M mnapabosouaa
ABJISIETCSl TUIOCKasi KpuBasg. Touka OOBIYHOIO 3KCTpeMyMa 3TOM KpUBOM W Oyner

TOYKOM YCIOBHOTO dKCTpEeMyMa JUIsl JTaHHOW (QYHKIIMH Z = X% + y2 :

Bropoii cioco0. Metoa MHOxuTene Jlarpanxka.
CocrasnsgeM ¢pynkuuto Jlarpanxa

FOX e Xy Ao ) = F OG0 X))+ A 0 (K X))+ A - 0 (K0 X))
F. =0, i=1..,n;
F, =0 j=1..k
J1J1st MpOBEPKHU JOCTATOYHOTO YCIOBHS IKCTPEMYyMa BBIUUCISIEM TSI (PYHKITUU

Jlarpanxa Bropoii quddepeHnnan B craiiuoHapHoi Touke M, = (Xl(o) - Xn(o)) :

Haxonum cranimoHapHble TOUKH 3TOM (DYHKIIMH U3 CUCTEMBI

MOJICTaBUB COOTBETCTBYIOIINE 3HAUECHHUS KOHCTAHT Ay, ..., 4, . 3aTeM
muddepeHIpyeM ypaBHEHHUS CBSI3H, BhIpakaeM U3 HuX dX,,...,dX, gepes
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dX,.;,...,dX, ¥ IOJCTABIIAEM STH BHIpaKEHHs BO BTOpoit muddepenman. Torma d*F
OyneT kBagpaTHuHOH GopMoii OT mepeMeHHbIX dX, ,q,..., X, B TOUKe
0 0
M? = (Xt e %) . Ecii 572 kBagpaTidsas GopMa TONOKUTENHHO OPEIC/ICHa,
TO B Touke M, = (X @ (O)) 7 ;
0= X, ') YCIOBHBI MHHUMYM; €CJIA OTPUIATEIBHO

oIpesieNieHa, TO YCIOBHbIN MakcuMyM. Eciin nanHas kBagpaTuuHas popma
HeolpezaeneHHas, To M, He sBisieTcs TOYKOH YCIOBHOIO SKCTPEMYMa.

[lpumep 2. Haiitu »skctpemym GyHKIMH U =X+ Y+ z* IIpU  yCIOBUU

ypaBHEeHMH cBsi3u Z —X =1 y—xz=1.
Pewenue. B Tol 3amade MMeeM [Ba YPAaBHEHMsS CBA3M ¢ =Z—X-1 #

@, =Y — Xz —1. CocraBum ¢yHkuumro Jlarpamxa
F(X,Y, 2,2, ) =X+ y+2°+ 4(z—x-1)+ L (y—xz-1).

HaxonuMm cranmoHapHble TOUKH 3TON (YHKLIHUU U3 CUCTEMBI

F, =1- 4 — 4,2=0;
F, =22+ 4, —4,x=0;
z—Xx-1=0;
y—xz-1=0.

Pemass 3Ty cucreMy, HaxoguM CTamMoHapHyl Touky M, =(-110) mpu

3HaueHusAX A, =1lu 4, =—
Bropoit muddepenuman ¢yHkuun Jlarpanka Bberumciaserca mno ¢Gopmysie

2 2 2 2 2 2
d?F %x dx? Edy +2—Fdz +2(a F dxdy+8—dzdy+a—dxdzJ
z

oxoy ozoy OX0zZ

BbIumcisiss Bropbie YaCTHBIE IIPOU3BOIHBIC, HMEEM
d?F = 2dz* — 24,dxdz = 2dz® + 2dxdz.
3atem nuddepeHimpyeM ypaBHEHUS CBI3U

dz-dx=0;
{dy —Xdz — zdx = 0.
N3 »Tux ypaBHeHMi BbipaxkaeMm auddepenuuanst dX wu dy yepes dz
dx = dz;
dy = —dz.

Ioacrasmsast dx=dz Bo Bropoit mudbepenumnan, momysaem d°F = 4dz?.
Bropoit nuddepeniman sgBiaseTcs MOJOXKUTEIBHO OMPEACIEHHON KBaIpaTUUHOM
dopmotii ot dz. 3naumt, Touka M, =(—11,0) Oyzer TOUKO# yCIOBHOIO MUHAMYMA.

OTMGTI/IM, 4dTO 3TOT MPHUMCP TAKKC MOXHO PCIINTb METOAOM HCKIIIOYCHUA

B Touke My : {

HCHU3BCCTHBIX.
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7.3. Hauobonvuiee (naumenovuiee) 3Hauenue ynkyuu

Teopema. Ilycte ¢ynkmmst f(x,...,X,) HempepsiBHa Ha Kommakte D R".
Tornma GpyHKIMsA JOCTUTACT HA HEM CBOETO HAMOOJIBIIIET0 M HANMEHBIIIETO 3HAUCHHSL.

Aneopumm naxoorcoenus naubonvbuieco (HaumeHvbuie2o) 3Ha4eHus QYHKYuu Ha
KOMnakme.

1)  BblUMCHIHTH YaCTHBIE MPOU3BOAHBIC (PYHKITUH.

2)  Haiiti xputndyeckue TOYKH QYHKIMU: THOO T€, B KOTOPBIX 00€ YaCTHBIC
MPOU3BOJHBIC PaBHBI HYJIIO JHUOO T€, B KOTOPBIX XOTS OBl OJHAa M3 YAaCTHBIX
MIPOM3BOHBIX HE CYIIECTBYET KOHEYHAs.

3) BeiOpaTh W3 HaWJACHHBIX KPUTHUYECKUX TOUYEK TE€, KOTOPHIC MOMAIH B
UCCIeyeMyIo 00JacTb. BeIYMCINT 3HaUeHHs] PYHKIIUU B OTOOPaHHBIX KPUTUYECKUX
TOYKAX.

4)  HccnenoBarh (YHKIMIO HA TPaHUIE 00JacTH. DTO 3a/la4a HAXOXKIICHHS
YCIOBHOTO 3KCTpeMyMa JaHHOM (PyHKLHHU, B KOTOPOM YpaBHEHHEM CBS3H SIBISETCS
ypaBHEHUE TrpaHullbl. HaxoauM TOYKM BO3MOXKHOTO YCJIOBHOI'O 3KCTpEMyMa JIMOO
METOJIOM MCKJIIOUEHHSI HEU3BECTHBIX JHMOO METOJOM MHOXuTenell Jlarpanxa.
Brruncnsiem 3HadeHns QyHKINY B HAMIEHHBIX TOYKaAX.

5) U3 BBIYMCICHHBIX 3HAYCHUH (QYHKIUU BBIOMpaEcM HaWOOJIbIIEe H
HauMEHBIIIEE.

[lpumep 1. Hailitu HauOosbllee W HaUMEHbIIEE 3HAYCHUS (QYHKIHMU
2 2
X

z=X*+Yy® BHyTpH dmmIca — + Z—z =

1, rne a>b.
Pewenue. YactHpie mpou3BOAHBIE (YHKIHUU CYIIECTBYIOT U HEMPEPHIBHBI
BCIOJTY, IOOTOMY Y (DYHKIIMHM MOTYT OBITH TOJIBKO CTaIlliOHApHBIe Toukd. Haxomum u3
2, =2x=0,
CHCTEMBI 4 crannonapuyto Touky (0,0).
z,=2y=0

3nauenue Gpynknuu B ctarmonapHoi Touke z(0,0)=0.

Wccnenyem 3HadeHUss PYHKIMU HaA rpaHuUIle 00iacT. M3 ypaBHEHHS TpaHHIIbI
2
2 _ |12 2
HaxonuM Yy =b —¥-X . IMoxcTaBnss 3TO BhIpaKEHHE B ypaBHEHHE (DYHKIUH,
2 b*) >
nonydaem Z=0b" +1—— |- X", e Xe [- a,a]. TIponssoxnas sroii Ppynximm
a
2
2'(x)=2-|1-— |- X obpamaercst B HONb B Touke X =0, KOTOpas JEKUT Ha
a
OTpe3Ke M3MEHEeHHUs IepeMeHHOH. 3HaueHne (yHKIMH B 3Toif Touke z(0,£b)=b?.

3Hauennst QYHKIHH HAa KOHIAX OTpe3Ka M3MeHeHus nepemenHoil z(+a,0) =a’. Tak
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kak a>b, To Hambonbumiee 3mauenume ¢ynkumu z(+a,0) =a’ mocturaercs Ha
rpanuiie oomactu. Hammenpmee 3nauenne z(0,0) =0 nmpuHMMaeTcs BHyTpH 00JIACTH.

[Ipumep 2. Halitu HauOonblllee W HaUMEHbIIEE 3HAYEHUS (PYHKIIHUH
z=x%+ 2Xy — 3y2 + Y B 001acTu, 3a/1aBaeMOi HEPaBEHCTBAMHU

D: 0<x<1 0<y<] 0<x+y<l1.

Pewenue. Hatinem cranimoHapHble TOYKUA (PYHKIIUA U3 CUCTEMBI

{z; =2x+2y =0,

OTCIOI[EI nojJydyacM €IMHCTBCHHYIO CTallMOHAPH
2, =2x-6y+1=0. v Y PHYIO

11 .
TOYKY (— g gj , HE JIEXKAIIyIo B JaHHOW O00JIacTH.

Uccnenyem 3HaueHuss GyHKIMU Ha TpaHuile obOnacTu. ['paHuiia cocTouT u3
TpPEeX OTPE3KOB.
1)  Orpesok OA 3amaercs ypaBHenueM Y =0, 0<x<1. [Toxcraiss 3To B

DYHKIMIO, TIONydaeM Z = X?, X € [0,1]. Jlna Hee cranmoHapHas Touka X =0, oHa He
MorajaeT BHYTPh oTpe3ka. 3HaueHus (yHkiuu Ha kKoHmax orpe3ka z(0,0)=0 wu
z(1,0) =1.

2)  Orpe3ok OB 3anmaercs ypaBHenumem X=0,0<y<1. [loxcraBmiss 3To B

dynkimio, momydaem z =Yy —3y?, ye[O,l]. CranuvoHapHasi TOYKAa HAXOJUTCS W3

ypaBuenust z'(y)=1—-6y=0. Touka y:% MOTaJIaeT B OTPE30K [O,l]. 3HaueHHe

N 1
GYHKIIMA B JTOH TOYKE Z(O,Ej =5 3naueHre (GYHKIMHA HA OJHOM U3 KOHIIOB
OTpe3Ka HalJCHO B MPEAbIIYyIIEM MyHKTE, a Ha BropoM koHie z(0,1) =-2.
3)  Ortpes3ok AB 3amaercs ypaBHeHueMm Y =1—X, 0<x<1. [ToxacraBnss 310

B QyHKUMIO, TomydaeM Z=-4X" +7X—2, Xe[O,l]. Ee cranmonapHass ToOuKa
7
Haxonutcs u3 ypaBHenus Z'(X) =7 —8x=0. Touka X = 3 TMIOTTAaJIaeT B OTPE30K [O,l].

. 1
3HaueHune QYHKIMU B ITOU TOUKE Z(— —

8'8

7
16°

. 7 17
W3 morydeHHBIX 3HaYCHUI (YHKIIMKM BIOMpaeM camoe OOJIbIoe Z §’§ = E

u camoe Majienbkoe z(01) =—2.

[Mpumep 3. Haittu HauOosblliee W HaWMEHbINEE 3HAYCHUS (DYHKITMH
u=x>+2y” +3z° B obnacru, 3a7aBaeMOii HepaBeHCTBOM X° + Y2 + 2 <100.
Pewenue. Haxoaum craroHapHyo Touky GyHKuud U(X, Y, Z) U3 CHCTEMBI
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u, =2x =0,
uy, =4y =0,
u,=6z=0

Crammonapras Touka M,(0,0,0). Ona nexut BHyTpH oOsacTu. 3Ha4YeHHE
¢bynkun B ganHo# Touke U(M,) =0.

Hccnenyem yHknuto Ha rpaHunie odmactu. s 3Toro cocraBuM (DyHKITHIO
Jlarpamxka F(X,Y,z,4) = X% +2y? +32% + A(x* + y? + 2% —100).

Haitném e€ ctanmoHapHbIE TOUKHA U3 CUCTEMBI
2X+2Ax =0,
4y +22y =0,
6z+21z =0,
x? +y?+2%-100=0.

Pemass »Ty cucreMmy, HaxoguM IIE€CTb TOYEK BO3MOXHOTO YCJIOBHOTO
skctpemyma. IIpu A =-1 nse Touku M, (10,0,0) u M;(-10,0,0);

npu A =-2 nee Toukun M,(0,10,0) 1 M(0,-10,0) ;

npu A =-3 nBe Touku M4(0,0,10) u M-(0,0,-10).

BbrunciseM 3HaueHus QyHKIMK B HaMICHHBIX TOYKAX:

u(M,) =u(M;) =100, u(M,) =u(M;) =200, u(M4) =u(M-) =300.

Haumensbiiee 3HaueHWe (QYHKIMS MPHHAMAET BO BHYTPEHHEW TOYKE, OHO
paBHo U(M,) =0; HanbGonpinee 3Ha4eHNe QyHKIUSA IPHHUMAET HA TPaHUIIE 00JIaCTH

1 oHo paBHO U(My) =u(M,) =300.
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