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 1.  
 
 

, ,   
, . ,  

 – , , .  
. .   

, , ,  
 [3]. , -

:  t  1 2 3, ,r r r r . -
,  

)  ( -
). 

   t.  
 Q , 

 n  (n = 1,2,…) , .  
 n  ir  

1 1,..., ... , ( 1,2,... ),n n n i i i iW Q Q dQ dQ P Q Q r t Q dQ i n  

 ,i i i iP Q Q r t Q dQ  – ,  

,iQ r t ,  (Qi, Qi + dQi). 
  ( ), . -

 t  r ,  n  
-

 ,r r dr t t dt : 
, , ( 1,2,..., ).i i i i i i i iP Q Q r dr t dt Q dQ P Q Q r t Q dQ i n  

  ( -
 n  Wn  -

 r r dr )  -
 ( ). -

, , , 
, , , . 

,  
.  

.  
 ( ). , 

. 
 ,Q r t  ( ) -

 W1(Q): 

1,Q r t QW dQ . 
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 ( ) -
 W2(Q1,Q2): 

1 1 2 2 1 2 1 2 2 1 2 1 2, , , ,QB r t r t Q Q Q Q W Q Q dQ dQ .   (1.1) 

 
1 1 1 2 2 2, , ,Q Q r t Q Q r t . 

 

1 1 2 2 1 1 2 2, ,QK r t r t Q Q Q Q    (1.3) 

1 1 2 2 2 1 2 1 2,Q Q Q Q W Q Q dQ dQ . 

, -
: 

1 1 2 2 1 1 2 2 1 2, , , ,Q QK r t r t B r t r t Q Q . 
  -

 2 1s r r . 
  

, , ,Q r t r t i r t . 
 

.  
 ,Q r t   * ,Q r t   

 
1 1 1 2 2 1 2 1 2, , ,QK r t r t Q Q Q Q , 

* *
2 1 1 2 2 1 2 1 2, , ,QK r t r t Q Q Q Q . 

 
 Q : 

1 1 2 2 1 1 1 2 2 2 1 1 2 2
1, , , Re , , , , , ,
2 Q QK r t r t K r t r t K r t r t , 

1 1 2 2 1 1 1 2 2 2 1 1 2 2
1, , , Re , , , , , ,
2 Q QK r t r t K r t r t K r t r t , 

 

1 1 2 2 1 1 1 2 2 2 1 1 2 2
1, , , Im , , , , , ,
2 Q QK r t r t K r t r t K r t r t , 

1 1 2 2 1 1 1 2 2 2 1 1 2 2
1, , , Im , , , , , ,
2 Q QK r t r t K r t r t K r t r t . 

,  
, -

.  
 

.  
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, -
. -
: -

. 
, .   -

, -
. :  -

, -
. 

,  
-

.  
 f r ,  

f r s f r  
,   f r . 

  -
, ,  

, -
.  

, . 
 f t , , , 

.  f t ,  
 

f t f t  
, : 

 
1.   
f t f t  t, , : 

( const)f t f t . 

2.        f t f t    
 : 

2

fD f t f t .     (1.2) 

 fD  , , -
, – -

.  
.  x t , -

 x t x t  –  . 
,  

, . ,  
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 f  ( , , -
) 

*
1 2 1 2,fB t t f t f t  

 
 

, , , ,f f f f fD B t t B t B t t B t t , 
, , , ,  

  fB . 
-

. -
 

: 
*2 0f f f fD B B B , 

2 0f fD B , 
1Re
2f f fB D D . 

,  
 

2 0f f fD B B , 
1
2f f fB D D . 

  
. , -

,  
.  
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 2.  
 
 

 :  
 ( ), -

. .  
-

. -
, . 

. 
 -

, , -
. ,  

.   
 :  

  Re=(  1 )/( ).  

, ,  , -
 

:  v  
,   L  :  

Re=vL/ . 
,   -

, -
 ~2500…5000.   = 0.15 2 .  

 10  Re~104v. , -
,  1–5 -

.  -
-

 

2Ri
T hg

T v h
, 

 g – ,  <T>, <v> – -
.  Ri  

. ,  
Ri  T h .  

,  
 ( -

) ,  
. -

 Ri ( ) -
.  
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 ( ),  
. 

-
. , , -

-
, , -

,  
, 

. . -
 L0 .  

 V –  L0.  
VL0/  ,  

  , . -
, -

 l0, ,  
 Vl0/    (  V – -

 l0). -
, -

.  l0  L0  -
,  l<l0     (  

). 
  
 : 
-  – , -

 ( , -
), 2 3; 

-  T – ,  
.  

: 

0

( ) , 2 /T E d l . 

 )(E .  
,  (  

).  L>L0  .  

. 1. .  
1 – , 2 – , 3 –  

E 

 

1    2    3         
3   
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  (  )(E ) . -

: ,  
.  .  

. 
1. -

    . 
2.  . 

,  
 ( -

).  (1.2)  
2

1 2( )vD v v  
 v1  v2 – , -

 r, ).  
: 

2 x yD V r  
,   – , , , 

 
2 2 2 3x x yL T L T L  

: 
2 2 , 2 3x y x . 

 x=2/3, y=2/3, . 
2 2 /3 2 / 3

v vD C r , 
  – .  “ ”. :  

! 
  –  (r << l0). , 

,  
, . V2~r2. , : 

2 2 x y
v vD C r  

  2 2 2 2 3 2x x y yL T L L T L T ,  x=1, y= -1,  
2 2 1

v vD C r . 
 – -

 (  
). ,       
. -

-
 (r,t).  

, : 
1( , ) 1 ( , )r t r t . 

 10-5–10-6 -
 (  – 

-
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). -
 

0
23/4

0
2 ,)( lrrlCrD , 

00
3/22 ,)( LrlrCrD . 

0
3/2

0
2 ,)( LrLCrD . 

. 2.   
 

 
 

, -
,  ( ).  

  , -
.). . 

, .  ( )P r ,   -
 ( ) ( )P r P r .  

 (1.1)  
1 1 2 2( ) ( ) ( ) ( )PB P r P r P r P r . 

  
.  

. , -
: 

) ( ) constP r P ; 
) 1 2 1 2( ) ( ) ( )P r P r P r r . 

, . 
, ,  

: 
1 2PB B r r . 

 
1 2 1 2B P P P P . 

 
,  

. 
 : 

D  

r ~r2 

~r2/3 

D  
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3

1( ) exp( ) ( ) , ( ) exp( ) ( )
(2 )

B i d i B d . 

, . -
: 

2
2

3
0 0 0

1( ) sin exp( cos ) ( )
(2 )

d d i B d  

1
2

2 2
0 1 0

1 1( ) exp( ) ( )sin( )
(2 ) 2

B d i d B d . 

 : 
~1/ ,  B( )  <3.  “  

”  ~1/ -11/3,  ( ), -
. ,  

,  
, : 

2
1 1 2 2( ) (PD P P P P . 

 
. , -

. , ,  
) < P>=const; 
) 1 2 1 2( , ) ( )D r r D r r . 

, :   
1 2 1 2 1 2( , ) ( ) ( )D r r D r r D r r . 

 
2

0

sin( ) 8 1 ( )D d . 

 <5, . -
. 

 ,  
D~ 2/3.  D( )= 2 : 

2 ( 3)
2

( 2)( ) sin
4 2

C . 

 =2/3  
2 11/ 3( ) 0.33C . 

, -
,  ( . ).  

 
.  

0max 2 l .  l0, -
 

, : 0,5…9  1…2  



 20

5,5…55  10 . . 
 )exp( 2

max
2 .  

 
, -

.  
,  

. -
, :  

0 KL h , 
 =0.4 – .  0min 2 L -

, . :  -11/3  
6/112

min
2 )( . .  

 , -
 

 2C .  
  

n , 
 

1 12n , 
   2C -

: 22 4 nCC .  
  ( ) 

 2
nC -

. ,  
2
nC -

: 10-14–10-17 -2/3. -
 2

nC . -
 2

nC ~h-4/3,  
 2

nC : 2
nC ~h-2/3. 

  (  10 )  
 (  20 )  

 
. , -

 –   2
nC .  

 , -
, -

.  
. 
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 3.  
 

 
 

3.1.   
 

 
 -

   E -
 H  ( , . ). -

,  
, , .  

 ( , )r t -
 ( , )n r t  

.  
-

 .  E  H -
 E  H : 

exp( ), exp( )E E i t H H i t . 
: 

2
2 2

1 1 2 2
2 1( ) ik E EE k E k E E
c t c t

, 

 1,1 ,  

1  –  ( , .  
). 

  1    1 =10-5…10-6.   
 .  

 ,   
1/v c  

(v – ).  
. 
-

.  )( 1E ,  
-

 E : 
2 2

1( , ) ( , ) ( , ) ( , )u r t k u r t k r t u r t .    (3.1) 
 , -

, , -
.  

 , -
:  1 ,  
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. -
.  

. -
.  

 
3.2.   
 
3.2.1.  )  
 

-
.  (3.1), -

 
2( , ) ( , ) ( , )u r t k u r t F r t .    (3.2) 

, -
. ,  

 ( . ) .  
: 

( ) ( ) ( )
V

F r F r r r dr . 

 , -
. , , -

 . -
 , , .  

 -
 .  

,  
 )(rF . , -

 
2 ( )G k G r r  

+ . 
, ,  

 G , . -
 rr .  ( -

)  ,  
 . , -

. : 
( , ) exp 4G r r ik r r r r . 

. ,  
. -

,  G  )exp( ti .  (  
)  
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exp exp exp r ri t ik r r i t i r r i tc c , 

.  ,  
 r  r . , -

 1/4 .  “ ” ( -
). 

 ,  (3.2)  
: 

0( ) ( ) ( ) ( , )
V

u r u r F r G r r dr .      (3.3) 

 )(0 ru  –  ( , 
),  – , 

 G – . -
 (3.1).  

2
0 1( ) ( ) ( ) ( ) ( , )

V

u r u r k r u r G r r dr .     (3.4) 

.,   
.  (3.4) , 

 : 
2 3

0 1 1 1 0 1 1( ) ( ) ( , ) ( ) ( )u r u r k G r r r u r d r
4 3 3

1 1 2 1 1 1 2 0 2 1 2( , ) ( , ) ( ) ( ) ( ) ...k G r r G r r r r u r d r d r . 
,  )(ru  “ ”, , 

. : -
  -

 )()...()( 12111 nrrr . -
 )()...()( 12111 nrrr ,  .  

 .  
)(0 ru    ( -

,  – ).  
, . , -

, .  
.  

 )(0 ru  ( -
),  1 .  

: 
2 3

0 1 0( ) ( ) ( ) ( , ) ( ) ( )u r u r k M r G r r r u r d r . 

:   
 ,  “ ” ,  

. -
 us  scattering – , . us  u1. 
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3.2.2.   
 

, . ,  
 L3,  

. ,   
2 2 2
1( ) exp( )B l  

(l – )  
2 2 2
1 3
3 2( ) exp

8 4
q lq l , 

 
2 2 2
1 1 1 exp( 2 ) ( )kL kl k l F kl .   (3.5) 

. 3.  (3.5) 
 
 

 (3.5) ,   
 L : ,   

2
1( )L d F kl k .  F(kl) ,  

,  kl, .  
. ,  kl 

,  
, -

, . .  
  

. , -
  .   ,   

,  l0  L0,   
 2 2/ 3( )D C .  -

. :  -
. -

. 
 
 

 
 

F 

kl 

~(kl)-3 

~(kl)-1 
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3.2.3.   
 

, , , -
 (  ): 2

ss uI . -
: 

4 * *
0 0 1 1( ) ( ) ( ) ( , ) ( , ) ( ) ( ) ( ) ( )sI r k M r M r G r r G r r u r u r r r dr dr  

). , -
  

 
1 2 1 1 1 2( , ) ( ) ( )B r r r r . 

, , , -
, . 1 2( , )B r r  

.  
 

 – .  
, . .  

 , -
 

0 0
0

( ) expAu r ik r rr r . 

 0r  – ,   r  –  ( -
).  

 
4 2

2( ) ( ) ( ) ( )
(4 )s
k AI r M r M r B r r  

0 0

0 0

exp ik r r r r r r r r
dr dr

r r r r r r r r
. 

  
r r  ( ) 2R r r .  

4 2

2( ) ( ) ( ) ( )
(4 ) 2 2s
k AI r M R M R B  

0 0

0 0

exp
2 2 2 2

2 2 2 2

ik r R r R r R r R
dRd

r R r R r R r R
. 

. , -
.  , -

 l ,  L, 
 Ri -
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 Rs.   , 
l «L«Ri, Rs.  : 

~ , ~
2sr R R l  

, . ,  B  
  < l ) : 

2

2

1 ( , )
2 2 s

s

lr R r R n O
R

. 

 Rs,  – l ,  s
r Rn
r R

 –  

.  
2

0 0 2

1 ( , )
2 2 i

i

lr R r R n O
R

, 

 0

0
i

R rn
R r

 – . 

. 4.   
 

. -
:   l  

.  ), -

.  1
,

2

siR
kl . ,  

, .  ( . . 4, 
  

   ). : 
2cos (1 cos )i i i iR R R R , 

  = l /Ri – ,  
1, .  k ..   kRi

2 1, 

, 
2

1
i

kl
R

. ,  

, .  
  

 
Ri 

 

l
 



 27

( )s iq k n n  
. . 5) .  

4 2

2 22

0

exp ( , )
( ) ( ) ( ) ( )

(4 ) 2 2s
i qk AI r M R M R B d dR

r R r R
. 

: 
( 2) ( 2) ( ) ( ) ( )M R M R M R M R M R , 

, ,  
. 

  
. 5.  

 
 /2  R ,  

,  l /L 1. .,  
l L2/V~ l L2/L3= l /L, 

 l L .  
4 2

2 22

0

exp ( , )
( ) ( ) ( )

(4 )s
i qk AI r M R B d dR

r R r R
. 

, -
 – .  

 

3
1( ) ( )exp ( )

(2 )
B i d , 

 
4 2

2 2

0

( ) ( ) ( )
2s

k A dRI r M R q
r R r R

. 

:  Ri, sR L ,  
2 22 2

0,s ir R R r R R . 
,  – Ri, Rs – -

. ,  
: 

Ri 
Rs 

in  

sn  

q k  
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4 2

2 2( ) ( ) ( )
2s

i s

k AI r q M R dR
R R

. 

,  V, -
. : -

 2 2
0iA R I  – .  

4

0 2
1( ) ( )

2s
s

kI r I V q
R

. 

 
4

( )
2s
k q , 

. -
, . -

 – -
 (    ,i sn n ). 

  ,  
 .   

. 4: 
2 sin( 2)q q k . 

  
4

2 sin( 2)
2s
k k . 

. 
1.  ( ) : 

1 1 2 sin( / 2) 2l q k k  
). , -

-
 ( . . 6): -

 l , , -
,  q~1/l , ,  

q 0 , .  ( -
).  

 
2. . 

: 1 l k .  
 –  

 ( ). , -
,  

1 2 sin( / 2)l k , 
.   

sin( / 2) ~ 1 ~ 1l k l . 
,  1 , : 
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. 6.  
 

 
 

4

2s
k k . 

 (  = 0) , -
, -

. 

  *, , 
.  ~0.   

*~1/ l k~ /l «1. 
, . -

, . 
   
3.3.   
 

,  kl -
, , -

 1/kl.  
 ( ) . 

  (3.1)     ( )exp( )u U r ikx ,   – -
.  (3.1) -

: 
2

12 Uik U k U
x

. 

 x l ,  
2

2 2U Uk
x x

. -

,  
  

2
12 Uik U k U

x
. 
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 (  
).   

 . 
  ( ) ,  U 

  =  + iS (   – , -
  = ln(A/A0), S – ).  U ( )   

 : 
2 2

12 ( )ik k
x

. 

, . , 
  ( .  –   =0) -

   ( . -
 2)( ) : 

22exp ( ) 2
( , )

4

ik x x y y z z x x
G r r

x x
. 

 ( ,  
, ). . 3.1 -

, .  
,  

. ,  -
 : ( ) 1kl l . ,  

  -
  1/kl .  ). -

 ( ) :  
 

2 2( )x x , 
 ( , -

 (3.1)) 
2 2 2 2 2( ) ( ) ( ) ( )r r x x y y z z x x  

 
2 21 2( )r r x x x x . 

,  – .  
 

2 2exp 2( )
( , )

4

ik x x x x
G r r

x x
. 

 ( , ) ( )exp ( )u r x U r ik x x  
22

1
0

exp ( )
( ) ( ) ( )

2 ( )

x ik x xkU r dx r U r d
x x

. 

 ( ) –  
 .  
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, -
. ,  r r -

 3- ,  
4

48( )
x x

k
x x

. 

 1/ 1kl , -
 

4
4 4 4

4
( )( ) tg (1 )

( )
x xx x kl

kl
. 

 0x , : 
4 3

4 4 3 4 1
8

kx x
k l x l

. 

, -
 

/l2<< l2/ 2. 
,    

,  -
 l2  l2/ 2. , -

 ( ) , . -
. 

,    (l/ >>1,  
)  

 (1<< /l2<< l2/ 2),  ( /l2~1)  (  
/l2<<1). ,  << l,  >>l, . -

.  
 : 1-  

 (< 2> 1),  
.   S, 

,  . 
 
3.3.1.  
 
  ,  ( -

) . , -
.   

  
= 0+ 1+ 2+…+ , 

  
/ 22

1

n
.  U ( ),  

   
2 2

0 0 0k , 
2

1 0 1 12 0k , 
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2
2 0 2 12 0 , 

3 0 3 1 22 2 0 , 
…………………………… 

0 1 12 2 0n n n . 
 ( )  

. : 
02 ( )n n F r , 

 . -
 ( ,  ),  

.  
 ( .  0=ikx)  

21
1 12ik k

x
, 

22
2 12 ( )ik

x
, 

3
3 1 22 2ik

x
, 

……………………………………………. 
 
   

. 
 : -

  . . , 
 (  u  n) 

02 ( )u u F r . 
:  0expu W ,  

2
0exp ( )W k W F r  

, , 2
1( )F r k ). 

 ( . -
, ,   -

) –  

0

exp1( ) ( )exp
4

ik r r
W r F r r dr

r r
. 

,  0 0exp r U r , -
 0U r .  1-   

1 0 0exp( )u W WU  
 

2
30

1 1 1
0

exp( )( ) ( )
4 ( )

ik r rU rkr r d r
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: 
-

,  
2 2

2( , ) 1 sin (0, )
4
k x k xF x

x k
.    (3.6) 

   :   
.  

, ,  : 
2
1 ( , )F x d . 
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.  

 -
 ( ) 

. , -
 

. , -
 li  L0  

, 
 li, .  

 
11 22 2 22

0 2 0

2
2 2

0 01 2

2 1

1

m

i i m i y

y m

i i ym

l l L K l L
S

K l L l L
.    (3.12) 

  -3,   m=3. -
 

2 2
02

0
1 exp

42
y

y

L
S L ,   (3.13) 

 
2 2 2

0expB y y L . 
2. .  , -

(n y),  
, . y – 

, n –  ( ).  y, , 
, . . 

,  
 

ˆ expy i y d . 
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. . 
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 L – . , -
 

5/ 3
2 2

0

8
3

L

n n
xC C x dx

L L
. 

-
, , , -

,  
. 

  Cn
2 , -

, . ,  
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. 

 -
. 
-

: 
*

2 1 2 1 2, u u . 
-

,  
, -

.  
 –  

,  Cn
2. 
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, 2 , 1 cosH x x d , 

U0 –  x=0,   p  – -
, 2 -

 R  , ( , )x  – -
 ( ) -



 56

.  
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,    . 
. 10),  “ ” .  

,  
: 

1 2 1 2( , , ) ( )vx . 
 xmax,  

. .10 ,  
xmax~ /  ~ lv / ~ k lv. 

  >> lv. : 
max

2 ~ 1
v v

x a
kl l

, 
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.  xmax  -
 lv.  -

 : 
 

. 10.  
 

max
2 ~ 1v

v

x l
ka a

. 

, , , -
    

 . , -
 . 

  (5.1)  x >>xmax. -
 –  

: 
,   ( ) / 2 , 

, : 
1 2 1 2( ) / 2, . 

 (5.1)  
2

( , , ) exp ( / 2) ( / 2) ( )
2 v

k ikx M M
x x

 

exp ik d d
x

. 

,  
  vl a , .   lv 

 v( ) .  
: ,  >    

2( / 2) ( / 2) ( ) ( )M M M M . 
 

 
max/ / ~ /vk x kal x x x . 

 x >> xmax ,        
: 

x 
xmax 

 a 
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2

( , , ) exp ( )exp
2

k ik ikx M d
x x x

 

( )expv
ik d

x
.    (5.2) 

 .  
(5.2)  ,   -

.   
2 2
1 2 1 2exp exp ( ) exp ( )ik x ik x ik r r  

, , ,  
 x = const, -

. -
 r = const, . 

   (5.2),  1 2 ,   -
  ( )M . -

   
 ,   x = const -

  ~ x . ,  
~ ~l x a , 

  ~ /x – . , -
 x =  0.   

: 
 

 (  ) -
.  

 (5.2)  
.  (5.2) 0 , 

  S.  
(5.2)  

2

2( , ) ( , 0, ) ( )exp
(2 )u v

k S ikI x x d
x x

. 

 
. 11.  

 

+ 

l  
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: ,  lv  v 

 .  
 Iu    x = const,  ~x /lv ( -

, ,  /x ~ /lv ~ 1/klv), -
  ~l x a . , -

   x = const) .  
-

 l -
 ( )uI   ( . . 11). 

  (5.2)  
,  

: 

( ) exp M
ik kR F

x x
, 

 
1( ) ( )exp( )MF M i d
S

. 

,  –  (FM(0) =1) -
 – -

-
.  

 ,  
 lv . ,  

 lv<< ,  

exp 1ik
x

, 

 

( )exp ( ) ( )v
v v v v v

v

Iik d d d I S
x I

, 

 Sv   : 
1 ( ) ( )v v v
v

S d K d
I

, 

 lv
2. 

    (5.2): 
2

( , , ) exp ( )exp
2 v v

k ik ikx I S M d
x x z

 

2

exp
2 v v M

k ik kI S SF
x x x

.   (5.3) 
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   (5.3)  . 
  

.  
: -

 (  “ -
”, . ). ,  

.  
  –  F    –.  

   ( )MF .  
,  

     0 ~1/ . :  
kl /x= 0 ~1/a, 

.  l = x/(ka)   x. 
 .  
1.  (5.3)     

  -
 (  v)  -

.  
,   

,  
  

2

2( ) ( )
4 v v
kJ I S M . 

 ( 1r  2r )  
x=const, -

 
. 

2. -
. ,    -

  ( ) . , -
,  (5.2),  

maxx x ,  va l  xmax  , 
  

 2
maxx ka x a .  

  . , 
, -

. -
 2x ka ~105  =1 ,  

 ( ) , 
 . , , -
, .  

,  x > kalv.  
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 6.   
 
 

6.1.     :   
 

 
 ,  

. , -
. ,  -

,  
. ,  “ -

” .  
 (3.1).  ( )u r -

 
( ) ( )exp ( )u r F r ik r . 

, . 
 F  – , .  

 l>> .  
, -

  –   -
.  

  F  k: 

0
( ) exp ( ) ( )( ) n

n
n

u r ik r F r ik , 

 – .  
  (3.1) -

 k. : 
k 2:   2 ( ) 0r , 

:  =< >+ 1=1+ 1) 
k 0:   0 02 0F F , 
…   ……………………, 
k –n:   12n n nF F F ,                 n = 1,2,… 

, ,  –  ( .   -
 k: = /k), -

.  n  
.  

 .  – 
. :  – 

,  
  k  ( , ( )k r ,   – ). -
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1,
2

dr dtt t t
ds ds

,    (6.1) 

 ds – , t  –  (  
 –   = k  =const).  

t ,  2-  
) , ,  t -

 . , , -
. 

: 
, 

, 

t  

 t  
). -

 (6.1), -
. , : 

0

0( ) ( )
S

S

r r d ,            (6.2) 

0 – , s0  s – , 
  k       ( )r . -

,  ( )r  

( ) ( ) ( )d dr s r s r s
ds ds

. 

  
2

0I F  
 d : 

2
0 constId F d . 

 . -
  1 : 

= 0+ 1+ 2+…, 
n~ 1

n . : 0+ 1. -
 

2
0 1 1 11  
.   

2
0 1  – , 

0 1 12   –  
). 

, .   
0    
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0 0 0 0( ), ( )r r s t t s , 

 0
0

drt
ds

, . , -

  
0 0t , 

 
1

0 1 0 1 12 2 2 dt
ds

. 

 : 

0

1
1

1
2

s

s

d . 

, ,  – ,   ( -
: 0 0 0( ) , ( ) const, ( ) constx s s y s z s ),  

 const ,  

0 x , 

0

1 1
1 ( , , )

2

x

x

x y z dx . 

1 – ,  
. :  

, -
.  

, .  
.  ( )u r  

 exp( )ik . -
 

exp( ) 1 ...ik ik  
, , -

. 
 
6.2.   
 

, , -
: 

1) : l  
 ; 

2) -
: L l ; 

3) : .  
: 

22 1. 
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6.3.   
  

 
6.3.1.  
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: -
 ( ) . -
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.  ( ) –  

.  -
, -

 (  ). ,  
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-
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. , ,  
. , . -

.  
. -

-
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 –     
 (  – ). -

, ,  
,  

. 
, -

. ,  
. -

  ,  
  . .  

–   ( :  
) . .  

-
.  

  
-

. , -
.  

-
. ,  [8].  
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Nonlinear random waves and turbulence in nondispersive media: waves, rays and 
particles. 
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 ,  x,  
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x x
 

).  
v , 

:  v  –  x,  
 ( ,x ).   v -

. , -
 

0v v v
x

. 

, ,  
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. ,  
 v  

div 0I Iv
x

, 

.  
, -

 ( v ) 
 

. . 
 

   
, .  
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6.3.2.  
 

, -
. ,  

 – . ,   -
,  – -

.  
,  

.  
  ( ,x ). ,  
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. -
.  

 , , . 
, , . , -

 – -
. , -

 – .   
 
 , -

 – .  
( , )x X y t  

 (  y  – -
, t – ).  y ,  

: 
( , )y y x t . 

 
( , )v x t ,  

( , ), ( , ), ( , 0)dX v X y t t V y t X y t y
dt

. 

 -
 y .  t,  

, : 

( , )( , ) , ( ,0)X y tJ y t J y
y

. 

 J<1, ,  J >1, . -
 (  – ray 

tube area).  
( , ) ( , ),j x t J y x t t . 

, , -
-

, .  ( , )J y t  – -
, :  

. -
. 

  
.   

0( , 0) ( )y t y  

– , -
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0( , ) ( ) / ( , )y t y J y t . 

 

0( , ) ( , ), ( , ), / ( , )x t y x t t y x t t j x t . 

.  
,  

: 

, , ( , , ; , ) ( , ) ( , ) ( , )X V JW x v j y t X y t x V y t v J y t j . 

. 
,  

 

( , ) ( , ) ( , )X y t x y x t y j x t . 

: 

, , ( , , ; , ) ( , ) ( , ) ( , )X V JW x v j y t y x t y v x t v j x t j j . 

,  
: 

, , ( , , ; , ) ( , ) ( , ) ( , )y v jW y v j x t y x t y v x t v j x t j . 

: 

, , , ,( , , ; , ) ( , , ; , )y v j X V JW y v j x t jW x v j y t . 

,    
 – : 

, , 0 , ,( , , ; , ) ( , , ; , )y v X VW y v x t W x v y t . 

 
6.3.3. :   
 

.  
 t,  x1, x2. , -

 t =0  I0, 
 ( -

) 
0( , ) ( , )j x t I I x t . 

 I0 /I2, -
 

( ) 2 0j v j l
t

, 
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( ) 0l v l m
t

, 

( ) 0m v m
t

. 

  
2

, , , 1,2
2 k p

jl m j k p
x x

, 

 –  
. 

  1 2,  0t R x x  
,  t = 0 , -

 k 0(x).    
 .v -

 

0 0( ,0) 1, ( ,0) ( ) /j x v x v x x R , 

0 0( ,0) ( ) 1/ / 2l x l x R , 
2

2 0
0 0( ,0) ( ) 1/ /

k p

m x m x R R
x x

. 

,  
. : 

, 0, 2 0, 0, 0dX dV dJ dL dMV L M
dt dt dt dt dt

. 

 

( ,0)X y y , 

  .  
. , 

: 

0( , ) (1 / ) ( )X y t y t R t y , 

0( , ) / ( )V y t y R y , 
2

2 2 2 0
0 0 0( , ) 1 2 (1 / ) (1 / )

k p

J y t l t m t t R t t R t
y y

. 

 –  
 

2 2 2 2
0( ) exp / 2K s s . 



 73

 0( )y ,  
,  

2
0

k py y , .  

-
: 

, , ,( , , ; , ) ( , ; , ) ( ; )X V J X V JW x v j y t W x v y t W j t . 

-
, . -

 0( )y  
2

0 2 2
0 0

1( ) exp
2 2

pW p , 

, , : 
2

, 2 2
0 0

1( , ; , ) exp ( / ) (1 / )
2 2X V

pW x v y t v y R p x y t R tp dp  

2

2 2
0 0

1 ( / )( )exp
2 2

v y Rx y vt . 

-
. ,  

, : 
2(1 / )J t R . 

 ,  
. -

: 

2
, ,( , ; , ) ( ; ) ( , ; , )v j J X VW v j x t jW j t W x v y t d y . 

 j, -
: 

2
2 2

, 2 2
0 0

(1 / ) /1( ; , ) ( , ; , ) (1 / ) exp
2 2v X V

v t R x R
W v x t J W x v y t d y t R . 

,  
 t -

 .  
 t,  

 t . ,  
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2
2 0

2( )
1 /v t
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.  
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6.3.4.  
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, -
 (~ I–3).  

 

0I I , 

.  
 
6.4.  
 
  

,  “  
”. . -

  
 – ).  

-
.  – 

  ( : -
) . . , 

-
.  

 
-

. -
  

.  
 

6.4.1.   
 

, -
  ,   

,   . , -
    -

     
 . , -

,   -
. 

-
,  . -

 –  . 
  t = 0   x  

  v,  
  “  – ” (x,v)  0f 0(x,v),  0  –  

,  f (x,v)  
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0( , ) 1f x v dv . 

          -
  

0f fv
t x

 

 
0 0( , , 0) ( , )f x v t f x v . 

 
0 0( , , ) ( , )f x v t f x vt v , 

      x  

( , ) ( , , )x t f x v t dv . 

,  f0(x,v)  
0 0( , ) ( )Tf x v f v v x , 

 v0(x) – -
.  

0 0( , ) ( )Tx t f v v x vt dv  

 “ ”  (x,t)    

( , ) ( ) ( , )T Tx t f c x ct t dc , 

,  
. 

 
  v0(x). , -

 
2
0 0

0 0( , ) ( ) ,T
u

s sB s t F c w c s ds dc
t t

, 

 

( ) ( / 2) ( / 2)T TF c f c c f c c dc , 

s – ,   
s0,  wu(u,s0) –  y -

  
u(y, s0) = v0(y + s0) – v0(y). 

 
    v0(x)      

2

0 22
0 0 00 0 0

1( , ) exp
4 ( )4 ( )

u
uw u s

K sK s
, 
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 K0(s0)  0
2   –  v0(x). , 
,  

2

2

1( ) exp
22T

TT

cf c
cc

, 

 cT  – .    
 F(c): 

2

2

1( ) exp
42 TT

cF c
cc

 

 wu(u,s0)  
 

2 2
0 0

02 2 22
0 0 0 00 0 0 0

( )1( , ) exp
4 1 ( ) /2 1 ( ) /

T

TT

s sB s t ds
t b s ct b s c

, 

  b0(s0) = B0(s0)/ 0
2  – .  

 s  t   
y = s/2l,       y0 = s0 /2l,           = 0 t/l. 

  l –  
.  v0(x) 

 
r0(y0) = b0(s0 /2l). 

  , , , 
   = 1       ( ) -

, . -
.   1  –  , ,  >>1 – -

. 
 ( )  

 
2 2
0 0

02
0 00 0

( )1( , ) exp
1 ( )1 ( )

T y yB y dy
r yr y

. 

 2 2
0Tc , . -

, ,  
. -

  c ,  -
.    
,   >>1 -

,  <<1 – . 
 

2
0( , ) ( , )T TK y B y  

 

( , )TS K y dy , 
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    ( , )TK y .  
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 (  < ) . 
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 0.1 1 10 

 1 0.1 1 0.1 1 
2  0.061 0.074 0.044 0.284 0.003 0.024 

   
  ),( yRT      ,  

   , ,  (  >>1)  
  , , -

. 
 
6.4.2.   

 
 

   
  .  -

-
      .     

.       -
     E(x;z)   

2

022 0, ( 0, ) ( )E Eik E x z E z
x z

, 

 x, z –  ( -
),  k – .   

  
*1( , , ) ( , 2 ) ( , 2 )exp( )

2
f x v z E x z q k E x z q k ivq dq , 

  ( -
) ,  (x,z)   v    x.  

 ( ), 
  t  

 x         

0f fv
x z

, 

,  
0 0( 0, , ) ( , )f x v z I f v z , 

  (x,z), , 
 

( , ) ( , , )I x z f z v x dv . 

   “ ”  
 
 

. 
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  -
, .  

, , . -
,  v0(z) – -

.   “  
”    f  [v – v0(z)]. -

  ,   I0  -
 x = 0 ,  k (z).  

 

f(x = 0,v,z) = f0(v,z) = 1 exp
2 2 2

q qik z z ivq dq
k k

. 

 
0 ( ) ( )v z z  

 
/ 2

0 0
/ 2

( , , ) ( ) ( )
z q k

z q k

z q k k v a v z da , 

 f0(v,z)   

0 0
1( , ) exp ( , , ) exp ( )

2
f v z i z q k i v v z q dq . 

,  f0(v,z)  
f  [z, v – v0(z)],  

1( , ) exp ( , , )
2Tf z v i z q k ivq dq . 

 
 

0 0 0( , , ) , ( ) , ( ) ( )T Tf x v z I f z vx v v z vx f a v v a a z vx da . 

,  I0 = 1. -
 

0( , ) , ( ) ( )TI x z dv f a v v a a z vx da . 

 c = v – v0(a)  

( , ) , ( , )TI x z dc f a c z cx X x a da , 

    X(x,a) = a + v0(a)x  –  , 
 (x = 0, z = a). 

  f  (a,c)       “ -
”  . , , -

 X(x,a).  
 f  (a,c)  X(x,a), . -

,  -
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  . , 
    -

,   , -
, -

 ( -
 kl,  l – ). ,  

-
, ,  

. 
,  

 

1 2 1 2 1 1 2 2( , ) ( , ) ( , ) ( , ) ( , )I T TB x s I x z s I x z dc dc da da f a c f a c  

1 1 1 2 2 2( , ) ( , )z c x X x a z c x X x a . 
 .  ,   

 a1   a2,    
s0= a1 –  a2. 

 s0     
Q0 = (a1+ a2)/2,          s = 1 – 2,            = 1 – 2 

 
0 1 2 1 1 2 2( , , ) ( , ) ( , )T Tg s c c f a c f a c . 

 

0 1 1 0 0 2 2 0 0 0( , / 2) ( , / 2) ; ,dQ z c x X x Q s z c x X x Q s W s cx s x . 

 

0 0 0 0 0; , ( , / 2) ( , / 2) (0, )W s s x s X x s X x s s s u s x 0
0

1 ;u
s sw s

x x
, 

 u(a,s0) , . -
 

0
0 0 0

1( ; ) ( , ) ;I u
s sB s x dcds F s c w c s

x x
, 

 

0 0( , ) ( , / 2, / 2)F s c g s c c c c dc , 

 wu(u;s0)  
.  f  (a,c)  -

 F(s0,c): 

0 1 2 1 2 1 22

1( , ) exp ( ) ( ) / 2
4

F s c dc dq dq ic q q ic q q  

1 1 2 2 0
1exp ( , , ) ( , , ) exp( )exp ( , , ) / 2

2
i a q k a q k dq cq D s q k , 

  (a,q,k): 
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2
0 0( , , ) ( , , ) (0, , )D s q k s q k q k . 

 F(s0,c)  
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0
0 0 0

1( ; ) exp( )exp ( , , ) 2 ;
2I u

s sB s x dcds dq icq D s q k w c s
x q

. 

 –  
: 

0 0( ; ) ( ; )exp( )u us w c s ic dc . 

  
0

0 0 0
( )1( ; ) exp exp ( , , ) 2 ( ; )

2I u
q s sB s x ds dq i D s q k q s

x x
. 

  ,  
,  –  

: 

( ; ) 1 0IS B s z ds . 

-
 – -
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, : -
. 

  v0(z)  -
 K0(s)  D0(s). , -

 v0(z),  
2 2 2

0 0 0 0 0 0( ; ) exp ( ) exp ( 2u q s q K s q D s , 
  D (s0,q,k): 

2
2 20 0 0 0

0 0 0 0 0
2
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2

q k

q k

K a s K a sD s q k qk K a da q K s  
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q k

q k
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0( ) sin( )k z k z . 
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