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Ïðåäèñëîâèå

Â äàííîì ó÷åáíî-ìåòîäè÷åñêîì ïîñîáèè ïðåäñòàâëåíû ðåøåíèÿ ðàçëè÷-
íûõ òèïîâûõ çàäà÷ ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Äëÿ ðåøåíèÿ èñïîëü-
çóþòñÿ ñëåäóþùèå ìåòîäû: ïðÿìîé ñèìïëåêñ-ìåòîä â ñòðî÷íîé ôîðìå,
äâîéñòâåííûé ñèìïëåêñ-ìåòîä â ñòðî÷íîé ôîðìå, ãðàôè÷åñêèé ìåòîä
äëÿ ðåøåíèÿ äâóìåðíûõ çàäà÷ è ìåòîä èñêóññòâåííîãî áàçèñà. Â ïîñîáèè
íå ïðåäñòàâëåíî íèêàêîé òåîðåòè÷åñêîé èíôîðìàöèè è îáîñíîâàíèé óêà-
çàííûõ ìåòîäîâ. Çà äàííûìè ñâåäåíèÿìè àâòîðû ðåêîìåíäóþò ÷èòàòåëþ
îáðàòèòüñÿ ê êíèãå Øåâ÷åíêî Â.Í., Çîëîòûõ Í.Þ. �Ëèíåéíîå è öåëî÷èñ-
ëåííîå ëèíåéíîå ïðîãðàììèðîâàíèå� [1]. Çàäà÷è äëÿ êîíòðîëüíûõ ðàáîò
÷àñòè÷íî áûëè ñîñòàâëåíû àâòîðàìè è ÷àñòè÷íî âçÿòû èç êíèã [2,3,4].
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Çàäà÷à ïðîèçâîäñòâåííîãî ïëàíèðîâàíèÿ � 1

Íà èçãîòîâëåíèå îäíîãî ñòóëà ðàñõîäóåòñÿ 5 êã äðåâåñèíû, 0,5 ì2 êîæè,
100 ãð. êëåÿ è çàòðà÷èâàåòñÿ 10 ÷åë/÷àñ., îäíîãî ñòîëà - 20 êã äðåâåñèíû,
250 ãð. êëåÿ è çàòðà÷èâàåòñÿ 15 ÷åë/÷àñ. Â ðàñïîðÿæåíèè èìååòñÿ 400
êã äðåâåñèíû, 15 ì2 êîæè, 7,5 êã êëåÿ è 450 ÷åë/÷àñ. Íóæíî ïîëó÷èòü
ìàêñèìàëüíóþ âûðó÷êó îò ïðîäàæè ñòîëîâ è ñòóëüåâ, åñëè èçâåñòíî, ÷òî
ñòóë ñòîèò 50 ðóáëåé, à ñòîë 100 ðóáëåé.

Çàíåñåì âñå äàííûå â òàáëèöó:

Ðåñóðñû / Ïðîäóêòû Ñòóë Ñòoë Îãðàíè÷åíèÿ
Äðåâåñèíà (êã) 5 20 400
Êîæà (êâ. ì) 0,5 - 15
Êëåé (ã) 100 250 7500

Òðóäîâûå çàòðàòû (÷åë/÷àñ) 10 15 450
Äîõîä (ðóá) 50 100

Ñîñòàâèì ìàòåìàòè÷åñêóþ ìîäåëü çàäà÷è, äëÿ ýòîãî ââåäåì íåîáõî-
äèìûå ïåðåìåííûå: x1 - êîëè÷åñòâî ñòóëüåâ, x2 - êîëè÷åñòâî ñòîëîâ. Îï-
òèìèçèðóåìàÿ ôóíêöèÿ áóäåò èìåòü âèä: f(x) = 50x1+100x2 → max. Ïî
òàáëèöå ñîñòàâèì îãðàíè÷åíèÿ-íåðàâåíñòâà:

5x1 +20x2 ≤ 400

0, 5x1 ≤ 15

100x1 +250x2 ≤ 7500

10x1 +15x2 ≤ 450

x1 ≥ 0, x2 ≥ 0

I ñïîñîá. Ãðàôè÷åñêèé.
Â ïðÿìîóãîëüíîé ñèñòåìå êîîðäèíàò ïîñòðîèì îáëàñòü, îãðàíè÷åí-

íóþ íåðàâåíñòâàìè (äîïîëíèòåëüíî ñîêðàòèâ íåðàâåíñòâà íà íåêîòîðûå
ïîëîæèòåëüíûå öåëûå ÷èñëà):

x1 +4x2 ≤ 80

x1 ≤ 30

2x1 +5x2 ≤ 150

2x1 +3x2 ≤ 90

x1 ≥ 0, x2 ≥ 0

(1)
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Ðèñ. 1: Ðåøåíèå ãðàôè÷åñêèì ìåòîäîì

Âû÷èñëèì çíà÷åíèå öåëåâîé ôóíêöèè â êàæäîé âåðøèíå ìíîãîóãîëü-

íèêà:

O(0; 0) fO = 0

A(30; 0) fA = 1500

B(30; 10) fB = 2500

C(24; 14) fC = 2600

D(0; 20) fD = 2000.
Î÷åâèäíî, ÷òî ìàêñèìàëüíîå çíà÷åíèå öåëåâàÿ ôóíêöèÿ ïðèíèìàåò â

òî÷êå C. Ëèíèÿ óðîâíÿ ôóíêöèè âûäåëåíà êðàñíûì öâåòîì, ìíîãîóãîëü-
íèê äîïóñòèìîé îáëàñòè � ñèíèì.

Îòâåò: f(x) = 2600, x = (24; 14). Èçãîòîâèâ 24 ñòóëà è 14 ñòîëîâ,
ïîëó÷èì ìàêñèìàëüíóþ âûðó÷êó 2600 ðóáëåé.

II ñïîñîá. Ñèìïëåêñ-ìåòîä.
Ââåäåì äîïîëíèòåëüíóþ ïåðåìåííóþ x0 = f(x)

50
= x1 + 2x2. Äàííàÿ

ïåðåìåííàÿ òåïåðü èãðàåò ðîëü öåëåâîé ôóíêöèè f(x), ïîýòîìó áóäåì
ðåøàòü çàäà÷ó x0 → max. Äîáàâèì ê êàæäîìó íåðàâåíñòâó ñèñòåìû
(1) íåîòðèöàòåëüíóþ ïåðåìåííóþ, äëÿ òîãî ÷òîáû íåðàâåíñòâà ïðåâðà-
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òèëèñü â ðàâåíñòâà. Ïîëó÷èì ñëåäóþùóþ çàäà÷ó:

maxx0

x0 −x1 −2x2 = 0

x1 +4x2 +x3 = 80

x1 +x4 = 30

2x1 +5x2 +x5 = 150

2x1 +3x2 +x6 = 90

xj ≥ 0, j = 1, ..., 6

Ñîñòàâèì ñèìïëåêñ-òàáëèöó, ñîäåðæàùóþ äîïóñòèìûé íà÷àëüíûé áà-
çèñ (ñòîëáöû 3,4,5,6):

0 -1 -2 0 0 0 0
80 1 4 1 0 0 0
30 1 0 0 1 0 0
150 2 5 0 0 1 0
90 2 3 0 0 0 1

Ïî êàæäîé ñèìïëåêñ-òàáëèöå âûïèñûâàåì ñîîòâåòñòâóþùåå åé äî-
ïóñòèìîå ðåøåíèå çàäà÷è: X = (0, 0, 80, 30, 150, 90) è çíà÷åíèå öåëåâîé
ôóíêöèè íà íåì x0 = 0.

Âûáèðàåì ñòîëáåö, ââîäèìûé â áàçèñ, õàðàêòåðèçóþùèéñÿ îòðèöà-
òåëüíûì ýëåìåíòîì â 0-îé ñòðîêå. Â ïðèìåðå ýòî ñòîëáåö ñ íîìåðîì j = 1.
Âûáèðàåì ñòðîêó òàê, ÷òîáû íà åå íîìåðå äîñòèãàëñÿ min

i:Qi j>0
Qi 0/Qi j, ãäå

Qi j ýëåìåíò òàáëèöû, íàõîäÿùèéñÿ â i-îé ñòðîêå è j-îì ñòîëáöå (íó-
ìåðàöèÿ ñ íóëÿ). Â ïðèìåðå i = 1. Âåäóùèé ýëåìåíò âûäåëåí ðàìêîé.
Ïåðåñ÷èòûâàåì òàáëèöó, âûïîëíÿÿ îäèí øàã ìåòîäà Ãàóññà.

30 0 -2 0 1 0 0
50 0 4 1 -1 0 0
30 1 0 0 1 0 0
90 0 5 0 -2 1 0
30 0 3 0 -2 0 1

x0 = 30, X = (30, 0, 50, 0, 90, 30)

Äåëàåì ñëåäóþùèé øàã, âûáèðàÿ â êà÷åñòâå âåäóùåãî ýëåìåíò, íàõî-
äÿùèéñÿ â òðåòüåé ñòðîêå è âòîðîì ñòîëáöå òàáëèöû.
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50 0 0 0 -1/3 0 2/3

10 0 0 1 5/3 0 -4/3
30 1 0 0 1 0 0
40 0 0 0 4/3 1 -5/3
10 0 1 0 -2/3 0 1/3

x0 = 50, X = (30, 10, 10, 0, 40, 0)
Ïðîäîëæàåì èòåðàöèè.

52 0 0 1/5 0 0 2/5
6 0 0 3/5 1 0 -4/5
24 1 0 -3/5 0 0 4/5
32 0 0 -4/5 0 1 -3/5
14 0 1 2/5 0 0 -1/5

x0 = 52, X = (24, 14, 0, 6, 32, 0)
Ïîñëåäíÿÿ òàáëèöà îïòèìàëüíà, òàê êàê âñå ýëåìåíòû íóëåâîé ñòðî-

êè, êðîìå çíà÷åíèÿ öåëåâîé ôóíêöèè, íåîòðèöàòåëüíû.
×òîáû âûïèñàòü îòâåò âñïîìíèì, ÷òî ìû âûáèðàëè x0 =

f(x)
50
.

Îòâåò: 24 ñòóëà, 14 ñòîëîâ. Ïðèáûëü 2600 ðóáëåé.

Çàäà÷à ïðîèçâîäñòâåííîãî ïëàíèðîâàíèÿ �2

Íåîáõîäèìî ðàñïðåäåëèòü âàãîíû ïî äâóì òèïàì ïîåçäîâ òàê, ÷òîáû âû-
ãîäà îò ïðîäàæè áèëåòîâ ïàññàæèðàì ïî íåêîòîðîé ñðåäíåé ôèêñèðî-
âàííîé öåíå áûëà ìàêñèìàëüíîé. Èñõîäíûå äàííûå çàíåñåíû â òàáëèöó:

Ïîåçäà / Âàãîíû Áàãàæíûé Ïî÷òîâûé Ïëàöêàðò Êóïå Ìÿãêèé
Ñêîðûé 1 1 5 6 3

Ïàññàæèðñêèé 1 - 8 4 1
×èñëî ïàññàæèðîâ - - 58 40 32
Ïàðê âàãîíîâ 12 8 81 70 26

Îáîçíà÷èì ÷èñëî ñêîðûõ ïîåçäîâ ÷åðåç x1, à ÷èñëî ïàññàæèðñêèõ -
÷åðåç x2. Ñîñòàâèì öåëåâóþ ôóíêöèþ:

f(x) = (5·58+6·40+3·32)x1+(8·58+4·40+1·32)x2 = 626x1+656x2 → max .
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Ñîñòàâèì ïî òàáëèöå ñèñòåìó íåðàâåíñòâ:

x1 +x2 ≤ 12

x1 ≤ 8

5x1 +8x2 ≤ 81

6x1 +4x2 ≤ 70

3x1 +x2 ≤ 26

x1, x2 ≥ 0

(2)

Ïî àíàëîãèè ñ ïðåäûäóùèì ïðèìåðîì, ââåäåì ïåðåìåííóþ
x0 = 1/2f(x) = 313x1 + 328x2, îáîçíà÷àþùóþ âåëè÷èíó öåëåâîé ôóíê-
öèè è áóäåì ðåøàòü çàäà÷ó x0 → max. Òàêæå ñîêðàòèì ÷åòâåðòîå íåðà-
âåíñòâî íà 2 è ââåäåì íåîòðèöàòåëüíûå ïåðåìåííûå x3, . . . , x7, äëÿ òîãî
÷òîáû ïðåâðàòèòü íåðàâåíñòâà ñèñòåìû (2) â óðàâíåíèÿ:

maxx0

x0 −313x1 −328x2 = 0

x1 +x2 +x3 = 12

x1 +x4 = 8

5x1 +8x2 +x5 = 81

3x1 +2x2 +x6 = 35

3x1 +x2 +x7 = 26

xj ≥ 0, j = 1, ..., 7

Ñîñòàâèì ñèìïëåêñ-òàáëèöó:

0 -313 -328 0 0 0 0 0
12 1 1 1 0 0 0 0
8 1 0 0 1 0 0 0
81 5 8 0 0 1 0 0
35 3 2 0 0 0 1 0
26 3 1 0 0 0 0 1

x0 = 0, X = (0, 0, 12, 8, 81, 35, 26)
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3321 -108 0 0 0 41 0 0

15/8 3/8 0 1 0 -1/8 0 0
8 1 0 0 1 0 0 0

81/8 5/8 1 0 0 1/8 0 0
59/4 7/4 0 0 0 -1/4 1 0
127/8 19/8 0 0 0 -1/8 0 1

x0 = 3321, X = (0, 81/8, 15/8, 8, 0, 59/4, 127/8)

3861 0 0 288 0 5 0 0
5 1 0 8/3 0 -1/3 0 0
3 0 0 -8/3 1 1/3 0 0
7 0 1 -5/3 0 1/3 0 0
6 0 0 -14/3 0 1/3 1 0
4 0 0 -19/3 0 2/3 0 1

x0 = 3861, X = (5, 7, 0, 3, 0, 6, 4)
Ïîñëåäíÿÿ òàáëèöà îïòèìàëüíà, òàê êàê çíà÷åíèÿ 0-íóëåâîé ñòðîêè,

êðîìå çíà÷åíèÿ öåëåâîé ôóíêöèè, íåîòðèöàòåëüíû.
×òîáû âûïèñàòü îòâåò âñïîìíèì, ÷òî ìû âûáèðàëè x0 = 1/2f(x).
Îòâåò: 5 ñêîðûõ è 7 ïàññàæèðñêèõ ïîåçäîâ ñ ïðèáûëüþ 7722 óñë.åä.

Çàäà÷à î ðàöèîíå êîðìëåíèÿ.

Ïðè îòêîðìå æèâîòíûõ êàæäîå æèâîòíîå åæåäíåâíî äîëæíî ïîëó÷èòü
íå ìåíåå 2000 åäèíèö áåëêà, íå ìåíåå 120 åäèíèö êàëüöèÿ, íå ìåíåå 40
åäèíèö âèòàìèíîâ. Óêàçàííûå ïèòàòåëüíûå âåùåñòâà ñîäåðæàò òðè âèäà
êîðìà. Ñîäåðæàíèå ïèòåòåëüíûõ âåùåñòâ â êàæäîì âèäå êîðìîâ ïðèâå-
äåíî â òàáëèöå:

Ïèòàòåëüíûå âåùåñòâà / Ïðîäóêòû Ñåíî Ñèëîñ Êîìáèêîðì
Áåëîê (åä/êã) 50 20 180

Êàëüöèé (åä/êã) 6 4 3
Âèòàìèíû (åä/êã) 2 1 1

Òðåáóåòñÿ ñîñòàâèòü äíåâíîé ðàöèîí, îáåñïå÷èâàþùèé ïîëó÷åíèå íåîá-
õîäèìîãî êîëè÷åñòâà ïèòàòåëüíûõ âåùåñòâ ïðè ìèíèìàëüíûõ äåíåæíûõ
çàòðàòàõ, åñëè öåíà 1 êã ñåíà 3 óñë.åä., ñèëîñà - 2 óñë.åä., êîìáèíèðîâàí-
íîãî êîðìà - 5 óñë.åä.
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Îáîçíà÷èì êîëè÷åñòâî ñåíà ÷åðåç x1 êã, ñèëîñà - ÷åðåç x2 êã, êîìáè-
íèðîâàííîãî êîðìà - ÷åðåç x3 êã. Ñîñòàâèì öåëåâóþ ôóíêöèþ: f(x) =
3x1 + 2x2 + 5x3 → min .

Ñîñòàâèì ñèñòåìó íåðàâåíñòâ:
50x1 +20x2 +180x3 ≥ 2000

6x1 +4x2 +3x3 ≥ 120

2x1 +x2 +x3 ≥ 40

x1, x2, x3 ≥ 0

Ñîêðàòèì ïåðâîå íåðàâåíñòâî:
5x1 +2x2 +18x3 ≥ 200

6x1 +4x2 +3x3 ≥ 120

2x1 +x2 +x3 ≥ 40

x1, x2, x3 ≥ 0

(3)

Êàê è â ïðåäûäóùèõ çàäà÷àõ, ââåäåì ïåðåìåííóþ x0 = −3x1 − 2x2 −
5x3 → max è íåîòðèöàòåëüíûå äîïîëíèòåëüíûå ïåðåìåííûå x4, x5, x6 äëÿ
ïðåâðàùåíèÿ íåðàâåíñòâ ñèñòåìû (3) â óðàâíåíèÿ. Ïîëó÷èì ñëåäóþùóþ
ôîðìóëèðîâêó ðàññìàòðèâàåìîé çàäà÷è:

maxx0

x0 +3x1 +2x2 +5x3 = 0

5x1 +2x2 +18x3 −x4 = 200

6x1 +4x2 +3x3 −x5 = 120

2x1 +x2 +x3 −x6 = 40

xj ≥ 0, j = 1, ..., 6

(4)

Â ïîëó÷åííîé çàäà÷å íå âûäåëåí íà÷àëüíûé äîïóñòèìûé áàçèñ. Äëÿ
åãî íàõîæäåíèÿ ïðèìåíèì ìåòîä èñêóññòâåííîãî áàçèñà.

I ñïîñîá: Ìåòîä èñêóññòâåííîãî áàçèñà

Ìåòîä èñêóññòâåííîãî áàçèñà ñîñòîèò â ðåøåíèè ñïåöèàëüíîé âñïîìîãà-
òåëüíîé çàäà÷è, îòëè÷àþùåéñÿ îò èñõîäíîé òåì, ÷òî ê êàæäîìó óðàâíå-
íèþ ñèñòåìû äîáàâëÿåòñÿ äîïîëíèòåëüíàÿ ïåðåìåííàÿ, â íàøåì ñëó÷àå
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ýòî ïåðåìåííûå x7, x8, x9. Îïòèìèçèðóåìàÿ ôóíêöèÿ æå çàìåíÿåòñÿ íà
ñïåöèàëüíóþ ôóíêöèþ g(x) = −x7 − x8 − x9 → max, ðàâíóþ ñóììå íî-
âûõ ââåäåííûõ ïåðåìåííûõ ñ îòðèöàòåëüíûì çíàêîì. Ðåøèâ âñïîìîãà-
òåëüíóþ çàäà÷à ìû ñìîæåì ïîñòðîèòü íà÷àëüíûé äîïóñòèìûé áàçèñ äëÿ
èñõîäíîé çàäà÷è.

Òàêèì îáðàçîì, âñïîìîãàòåëüíàÿ çàäà÷à ïðèìåò âèä(êàê îáû÷íî, äëÿ
îáîçíà÷åíèÿ öåëåâîãî ôóíêöèîíàëà çàâåäåì îòäåëüíóþ ïåðåìåííóþ
x0 = −x7 − x8 − x9):

maxx0

x0 +x7 + x8 + x9 = 0

5x1 +2x2 +18x3 −x4 +x7 = 200

6x1 +4x2 +3x3 −x5 +x8 = 120

2x1 +x2 +x3 −x6 +x9 = 40

xj ≥ 0, j = 1, ..., 9

Çàïèøåì ñèìïëåêñ òàáëèöó:

0 0 0 0 0 0 0 1 1 1
200 5 2 18 -1 0 0 1 0 0
120 6 4 3 0 -1 0 0 1 0
40 2 1 1 0 0 -1 0 0 1

Âû÷èòàåì âñå ñòðîêè èç öåëåâîé ñòðîêè è ïîëó÷àåì ïðàâèëüíóþ ñèìïëåêñ-
òàáëèöó äëÿ ïåðåìåííûõ x1, . . . , x9.

-360 -13 -7 -22 1 1 1 0 0 0
200 5 2 18 -1 0 0 1 0 0
120 6 4 3 0 -1 0 0 1 0
40 2 1 1 0 0 -1 0 0 1

Ìàêñèìèçèðóåì âñïîìîãàòåëüíóþ öåëåâóþ ôóíêöèþ g(x), âûáèðàÿ
ñòîëáåö, ââîäèìûé â áàçèñ, êîòîðîìó ñîîòâåòñòâóåò îòðèöàòåëüíûé ýëå-
ìåíò 0-îé ñòðîêè.

-100 0 -1/2 -31/2 1 1 -11/2 0 0 13/2

100 0 -1/2 31/2 -1 0 5/2 1 0 -5/2
0 0 1 0 0 -1 3 0 1 -3
20 1 1/2 1/2 0 0 -1/2 0 0 1/2
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Ïðîäîëæàåì øàãè ñèìïëåêñ-ìåòîäà:

0 0 -1 0 0 1 -3 1 0 4
200/31 0 -1/31 1 -2/31 0 5/31 2/31 0 -5/31

0 0 1 0 0 -1 3 0 1 -3
520/31 1 16/31 0 1/31 0 -18/31 -1/31 0 18/31

0 0 0 0 0 0 0 1 1 1
200/31 0 0 1 -2/31 -1/31 8/31 2/31 1/31 -8/31

0 0 1 0 0 -1 3 0 1 -3
520/31 1 0 0 1/31 16/31 -66/31 -1/31 -16/31 66/31

Ïîëó÷èëè áàçèñ, íå ñîäåðæàùèé èñêóññòâåííûõ ïåðåìåííûõ. Óäàëÿ-
åì ñòîëáöû èñêóññòâåííûõ ïåðåìåííûõ (x7, x8, x9) è âîññòàíàâëèâàåì öå-
ëåâóþ ôóíêöèþ f(x) èñõîäíîé çàäà÷è.

0 3 2 5 0 0 0
200/31 0 0 1 -2/31 -1/31 8/31

0 0 1 0 0 -1 3
520/31 1 0 0 1/31 16/31 -66/31

Óñòàíàâëèâàåì íóëè â öåëåâîé ñòðîêå íàä áàçèñíûìè ñòîëáöàìè:

-2560/31 0 0 0 7/31 19/31 -28/31
200/31 0 0 1 -2/31 -1/31 8/31

0 0 1 0 0 -1 3
520/31 1 0 0 1/31 16/31 -66/31

Ïðîèçâîäèì øàãè ñèìïëåêñ-ìåòîäà äëÿ ìàêñèìèçàöèè èñõîäíîé öå-
ëåâîé ôóíêöèè:

-2560/31 0 28/93 0 7/31 29/93 0
200/31 0 -8/93 1 -2/31 5/93 0

0 0 1/3 0 0 -1/3 1
520/31 1 22/31 0 1/31 -6/31 0

f(X) = −2560/31, X = (520/31, 0, 200/31, 0, 0, 0)
Ïîñëåäíÿÿ òàáëèöà ÿâëÿåòñÿ îïòèìàëüíîé, òàê êàê ýëåìåíòû 0-îé

ñòðîêè, êðîìå çíà÷åíèÿ öåëåâîé ôóíêöèè, íåîòðèöàòåëüíû.
×òîáû âûïèñàòü îòâåò âñïîìíèì, ÷òî ìû âûáèðàëè x0 = −f(x).
Îòâåò: ñåíà - 520/31 êã., êîìáèêîðìà 200/31 êã., ñóììàðíûé ðàñõîä

2560/31 óñë. åä.
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II ñïîñîá: Äâîéñòâåííûé ñèìïëåêñ-ìåòîä (èñïîëüçîâà-
íèå íåäîïóñòèìûõ ïëàíîâ)

Ïî ñèñòåìå (4) ñîñòàâëÿåì ñèìïëåêñ-òàáëèöó:

0 3 2 5 0 0 0
200 5 2 18 -1 0 0
120 6 4 3 0 -1 0
40 2 1 1 0 0 -1

Äîìíîæèì óðàâíåíèÿ ïðåäûäóùåé ñèñòåìû íà −1, ïîëó÷èì ñëåäóþ-
ùóþ ñèìïëåêñ-òàáëèöó:

0 3 2 5 0 0 0
-200 -5 -2 -18 1 0 0
-120 -6 -4 -3 0 1 0
-40 -2 -1 -1 0 0 1

Äàííàÿ òàáëèöà íå ÿâëÿåòñÿ ïðÿìîäîïóñòèìîé, íî ÿâëÿåòñÿ äâîé-
ñòâåííî äîïóñòèìîé. Ê òàêèì òàáëèöàì ìîæíî ïðèìåíÿòü øàãè äâîé-
ñòâåííîãî ñèìïëåêñ-ìåòîäà.

Ïî ïðàâèëó øàãà äâîéñòâåííîãî ñèìïëåêñ-ìåòîäà, âåäóùàÿ ñòðîêà
âûáèðàåòñÿ ñðåäè ñòðîê ñ îòðèöàòåëüíûì ýëåìåíòîì â 0-îì ñòîëáöå. Íà-
ïðèìåð ìîæíî âûáðàòü íîìåð âåäóùåé ñòðîêè i = 1. Ñòîëáåö äëÿ ââîäà
â áàçèñ âûáèðàåì òàê, ÷òîáû íà åãî íîìåðå äîñòèãàëñÿ max

i:Qi j<0
Q0 j/Qi j,

ãäå Qi j åñòü i-ûé j-ûé ýëåìåíò òàáëèöû (íóìåðàöèÿ ñ íóëÿ). Â ïðèìåðå
íîìåð ñòîëáöà j = 3. Âåäóùèé ýëåìåíò âûäåëåí ðàìêîé.

-60 0 1/2 7/2 0 0 3/2

-100 0 1 -31/2 1 0 -5/2
0 0 -1 0 0 1 -3
20 1 1/2 1/2 0 0 -1/2

-2560/31 0 24/31 0 7/31 0 29/31
200/31 0 -1/31 1 -2/31 0 5/31

0 0 -1 0 0 1 -3
520/31 1 16/31 0 1/31 0 -18/31

f(X) = 2560/31, X = (520/31, 0, 200/31, 0, 0, 0)
Ïîñëåäíÿÿ òàáëèöà ÿâëÿåòñÿ îïòèìàëüíîé, òàê êàê ýëåìåíòû 0-îãî

ñòîëáöà, êðîìå çíà÷åíèÿ öåëåâîé ôóíêöèè, íåîòðèöàòåëüíû.
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×òîáû âûïèñàòü îòâåò âñïîìíèì, ÷òî ìû âûáèðàëè x0 = −f(x).
Îòâåò: ñåíà - 520/31 êã., êîìáèêîðìà 200/31 êã., ñóììàðíûé ðàñõîä

2560/31 óñë. åä.

Çàäà÷à î ðàñêðîå

Èìååòñÿ èñõîäíîå ñûðüå - áðåâíà äëèíû 3 ì. Íåîáõîäèìî èçãîòîâèòü êîì-
ïëåêòû èç 2 áðóñüåâ äëèíîé ïî 0,6 ì, 1 áðóñà äëèíîé 1,5 ì è 3 áðóñüåâ
äëèíîé ïî 2,5 ì áåç ñêëåèâàíèÿ. Îïðåäåëèòü ïëàí ðàñïèëà, îáåñïå÷èâà-
þùèé ìàêñèìàëüíîå ÷èñëî êîìïëåêòîâ.

Âñå âîçìîæíûå ñïîñîáû ðàñïèëà çàíåñåì â òàáëèöó:

Ñïîñîáû ðàñïèëà Áðóñ 0,6 ì Áðóñ 1,5 ì Áðóñ 2,5 ì Êîë-âî áðåâåí
1 5 - - x1

2 2 1 - x2

3 - 2 - x3

4 - - 1 x4

Êîëè÷åñòâî êîìïëåêòîâ îïðåäåëÿåòñÿ áðóñüÿìè äëèíîé 2,5 ì, êîòî-
ðûå ïîëó÷àþòñÿ ïðè 4 ñïîñîáå ðàñïèëà. Îòñþäà öåëåâàÿ ôóíêöèÿ
f(x) = x4/3 → max . Âûáåðåì x0 = 3f(x) = x4 → max . Ñ÷èòàåì, ÷òî
xi - äîëè îò îáùåãî ÷èñëà áðåâåí, òîãäà x1 + x2 + x3 + x4 = 1. Óñëîâèÿ
ôîðìèðîâàíèÿ êîìïëåêòîâ:

5x1 + 2x2

2
=

x2 + 2x3

1
=

x4

3
.

Ïîëó÷àåì ñëåäóþùóþ çàäà÷ó:

maxx0

x0 −x4 = 0

x1 +x2 +x3 +x4 = 1

5x1 +2x2 −2/3x4 = 0

x2 +2x3 −1/3x4 = 0

x1, x2, x3, x4 ≥ 0
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Ñîñòàâëÿåì ñèìïëåêñ-òàáëèöó:

0 0 0 0 -1
1 1 1 1 1
0 5 2 0 -2/3
0 0 1 2 -1/3

Â äàííîé òàáëèöå òàêæå íå âûäåëåíà íà÷àëüíàÿ äîïóñòèìàÿ áàçà.
Ìîæíî áûëî áû íàéòè ýòó áàçó èñïîëüçóÿ ìåòîä èñêóññòâåííîãî áàçè-
ñà. Íî íå òðóäíî âèäåòü, ÷òî çà ñ÷åò íóëåé â ïåðâîì ñòîëáöå âòîðîé è
òðåòüåé ñòðîêè, èñïîëüçóÿ äâå èòåðàöèè ìåòîäà Ãàóññà ìîæíî íàéòè äâå
ïåðåìåííûå, âõîäÿùèå â íåêîòîðûé äîïóñòèìûé áàçèñ.

0 0 0 0 -1
1 1 0 -1 4/3
0 5 0 -4 0
0 0 1 2 -1/3

0 0 0 0 -1

1 0 0 -1/5 4/3
0 1 0 -4/5 0
0 0 1 2 -1/3

Èç ïîñëåäíåé òàáëèöû âèäíî, ÷òî âûáðàâ ýëåìåíò 1-îé ñòðîêè 4-îãî
ñòîëáöà â êà÷åñòâå âåäóùåãî, ìû â èòîãå ïîëó÷èì äîïóñòèìûé áàçèñ, èëè
äðóãèìè ñëîâàìè äîïóñòèìóþ ñèìïëåêñ-òàáëèöó:

3/4 0 0 -3/20 0
3/4 0 0 -3/20 1
0 1 0 -4/5 0

1/4 0 1 39/20 0
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Âûïîëíèâ íàä òàáëèöåé âûøå îäèí øàã ñèìïëåêñ-ìåòîäà ïîëó÷è îï-
òèìàëüíóþ òàáëèöó:

10/13 0 1/13 0 0
30/39 0 1/13 0 1
4/39 1 16/39 0 0
5/39 0 20/39 1 0

x0 = 10/13, X = (4/39, 0, 5/39, 10/13)
×òîáû çàïèñàòü îòâåò âñïîìíèì, ÷òî ìû ïîëîæèëè x0 = 3f(x).
Îòâåò: Èç 39 áðåâåí ïîëó÷èì 10 êîìïëåêòîâ. Íåîáõîäèìî ðàñïèëèòü

4 áðåâíà 1 ñïîñîáîì, 5 áðåâåí - 3 ñïîñîáîì è 30 áðåâåí - 4 ñïîñîáîì.
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Êîíòðîëüíàÿ ðàáîòà � 1

Äàíà îáëàñòü D, çàäàííàÿ ñèñòåìîé íåðàâåíñòâ, è âåêòîð ñòðîêà c. Çà-
äàíèå ñîñòîèò èç ñëåäóþùèõ ïóíêòîâ:

1) Ñäåëàéòå ðèñóíîê îáëàñòè D.
2) Íàéäèòå ìàêñèìóì ôóíêöèè cx ïî îáëàñòè D. Åñëè ôóíêöèÿ cx

íåîãðàíè÷åííà, òî óêàæèòå ëó÷, ïî êîòîðîìó óêàçàííàÿ ôóíêöèÿ íåîãðà-
íè÷åííî âîçðàñòàåò.

3) Íàéäèòå ìèíèìóì ôóíêöèè cx ïî îáëàñòè D. Åñëè ôóíêöèÿ cx
íåîãðàíè÷åííà, òî óêàæèòå ëó÷, ïî êîòîðîìó óêàçàííàÿ ôóíêöèÿ íåîãðà-
íè÷åííî óáûâàåò.

4) Íàéäèòå íåðàâåíñòâî ñëåäñòâèå â ñèñòåìå íåðàâåíñòâ, çàäàþùåé
D.
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Âàðèàíò 1 Âàðèàíò 2 Âàðèàíò3 Âàðèàíò 4
c = (2,−3) c = (2,−1) c = (1, 3) c = (2,−3)

(3,−2)x ≥ 2

(4, 1)x ≥ 10

x2 ≤ 5

(1, 1)x ≥ 1

(−7, 1)x ≤ −12



x1 ≤ 14

(−2, 7)x ≤ 22

(1, 2)x ≤ 22

(2,−1)x ≥ 2

(1,−2)x ≥ −5



x2 ≥ −4
(2, 1)x ≥ −10
(−1, 1)x ≤ 5

(−1, 3)x ≤ 13

x1 ≥ −5



(1, 3)x ≤ 22

(−2, 3)x ≤ 19

x1 ≥ −2
(3, 1)x ≥ −4
(1,−1)x ≥ −7

Âàðèàíò 5 Âàðèàíò 6 Âàðèàíò7 Âàðèàíò 8
c = (2,−3) c = (3, 1) c = (−3,−4) c = (−2, 3)

(−1, 4)x ≤ 17

(2,−3)x ≥ −14
(−3, 1)x ≤ 14

x2 ≥ −1
(5,−4)x ≥ −28



(−1, 3)x ≤ 7

(−2, 1)x ≤ 4

(3, 2)x ≥ −13
x2 ≥ −5
(−3, 4)x ≤ 11



(3, 1)x ≤ 11

(1, 1)x ≤ 5

x2 ≤ 4

(3,−1)x ≥ −7
(1,−1)x ≥ −6



(−1, 2)x ≥ −9
(1,−1)x ≤ 5

x1 ≤ 4

(1, 3)x ≤ 10

(−2, 3)x ≥ −14
Âàðèàíò 9 Âàðèàíò 10 Âàðèàíò11 Âàðèàíò 12
c = (3,−2) c = (−1,−4) c = (−1,−4) c = (−2, 3)

(−3, 2)x ≤ 14

(1,−2)x ≥ −10
x2 ≤ 6

(4, 1)x ≤ 26

(1,−1)x ≥ −6



(−1, 1)x ≤ 2

(−1, 3)x ≤ 4

x1 ≤ 2

(−3, 1)x ≥ −7
(1,−2)x ≥ −3



(2,−1)x ≥ −5
(−2, 3)x ≤ 7

x2 ≤ 3

(3,−1)x ≤ 9

(1,−1)x ≥ −3



(2,−3)x ≥ −7
(−2, 5)x ≤ 9

x1 ≤ 3

(3,−1)x ≤ 10

(1,−2)x ≥ −4
Âàðèàíò 13 Âàðèàíò 14 Âàðèàíò15 Âàðèàíò 16
c = (4, 5) c = (−5, 2) c = (−5, 2) c = (−5, 2)

(−3, 2)x ≤ 13

x1 ≥ −3
(1, 1)x ≥ −4
(1,−4)x ≤ 11

(1,−1)x ≥ −5



(1, 2)x ≤ 9

(4, 3)x ≤ 16

(−1, 2)x ≥ −4
x2 ≥ −3
(−5,−1)x ≥ −20



(1, 4)x ≤ 12

(1, 2)x ≤ 6

x1 ≤ 4

(−2, 5)x ≥ −18
(−1,−3)x ≥ −9



x2 ≤ 4

(1, 4)x ≤ 15

(−5, 2)x ≥ −9
(−1, 2)x ≥ −5
(3, 1)x ≤ 12
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Âàðèàíò 17 Âàðèàíò 18 Âàðèàíò19 Âàðèàíò 20
c = (1, 2) c = (−2, 1) c = (2,−1) c = (−1,−2)

(−2, 3)x ≤ 6

x2 ≤ 2

(−2,−1)x ≥ −8
(−5, 4)x ≥ −20
(−3,−1)x ≥ −16



(−1, 2)x ≤ 4

(3,−1)x ≥ −7
x2 ≥ −2
(−1, 6)x ≥ −12
(−4, 1)x ≤ 13



x1 ≤ 3

(−1, 6)x ≤ 21

(1,−1)x ≥ −6
(3,−1)x ≤ 9

(1, 1)x ≤ 10



x1 ≥ −4
(−1, 2)x ≤ 10

(1, 1)x ≤ 5

(4, 1)x ≤ 11

(−1, 4)x ≤ 24

Âàðèàíò 21 Âàðèàíò 22 Âàðèàíò 23 Âàðèàíò 24
c = (3, 2) c = (−2, 3) c = (−3, 2) c = (2, 3)

x2 ≤ 4

(3, 2)x ≤ 14

(2,−1)x ≥ −6
(4,−1)x ≥ −12
(1, 1)x ≤ 8



x2 ≥ −2
(−1, 2)x ≥ −5
(−3,−1)x ≤ 5

(−2, 1)x ≤ 5

(1, 3)x ≥ −12



(−2, 1)x ≥ −6
x1 ≤ 3

(−1,−2)x ≥ −7
(1,−3)x ≥ −8
(1, 1)x ≤ 6



(−1,−1)x ≥ −4
x2 ≤ 3

(1,−3)x ≥ −11
(4, 1)x ≥ −18
(1, 2)x ≤ 9

Âàðèàíò 25 Âàðèàíò 26 Âàðèàíò 27 Âàðèàíò 28
c = (2, 5) c = (3,−4) c = (2,−5) c = (4, 3)

x1 ≥ −3
(−1, 3)x ≤ 6

(3, 2)x ≥ −11
(1, 2)x ≥ −9
(−1, 2)x ≤ 7



x1 ≤ 3

(−1,−1)x ≥ −4
(2,−1)x ≤ 7

(−1,−3)x ≤ 7

(−1, 1)x ≥ −7



x2 ≤ 2

(1, 1)x ≤ 3

(2,−3)x ≤ 6

(1,−3)x ≤ 6

(−1, 4)x ≥ −14



x2 ≥ −2
(−1,−1)x ≤ 3

(−4, 3)x ≤ 12

(−2, 3)x ≥ −8
(−3, 1)x ≤ 14

Âàðèàíò 29 Âàðèàíò 30 Âàðèàíò 31 Âàðèàíò 32
c = (4, 2) c = (3,−4) c = (2, 4) c = (4, 3)

x1 ≥ −2
(−3, 2)x ≤ 8

(1, 3)x ≤ 12

(2, 1)x ≥ −5
(−3, 1)x ≤ 12



(−1, 3)x ≥ −8
x1 ≤ 2

(−1,−1)x ≤ 4

(−3,−1)x ≤ 10

(−1, 4)x ≥ −16



(3, 1)x ≥ −5
x2 ≥ −2
(−1, 1)x ≤ 3

(−1, 4)x ≥ −9
(4, 3)x ≥ −13



(−3, 1)x ≤ 10

(−1, 2)x ≤ 5

x2 ≤ 2

(2, 1)x ≤ 6

(−4, 3)x ≤ 17
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Êîíòðîëüíàÿ ðàáîòà � 2

Ðåøèòå ñëåäóþùóþ çàäà÷ó:

max cx{
Ax = b

x ≥ 0
.

Ãäå ìàòðèöà A è ñòðîêà c è ñòîëáåö b äàíû íèæå â ñëåäóþùåì âèäå:

0 c
b A

Íàïðèìåð, åñëè äàíà òàáëèöà

0 1 3 -1 -4 -1
3 5 5 2 -3 -3
5 -1 -1 0 0 3
3 3 -4 4 4 -3

ýòî îçíà÷àåò, ÷òî A =

 5 5 2 −3 −3
−1 −1 0 0 3
3 −4 4 4 −3

, c = (1, 3,−1,−4,−1),

b = (3, 5, 3)>.
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Âàðèàíò 1 Âàðèàíò 2 Âàðèàíò 3

0 1 3 -1 -4 -1
3 5 5 2 -3 -3
5 -1 -1 0 0 3
3 3 -4 4 4 -3

0 2 -1 -4 2 -3
5 -1 0 2 0 -2
5 -3 -2 4 -4 -1
3 -4 5 -3 3 -2

0 3 -2 1 -4 -2
1 -3 2 5 5 -1
5 5 -2 3 -4 1
3 5 3 5 -2 -1

Âàðèàíò 4 Âàðèàíò 5 Âàðèàíò 6

0 1 -4 1 -3 -1
1 5 -1 1 -4 1
5 -1 -3 -3 5 -4
5 1 0 3 2 -3

0 5 -3 -1 -1 -1
2 -2 -4 -1 4 2
4 0 4 3 -2 2
1 -4 -1 2 -3 3

0 3 -4 -4 -3 -3
3 1 1 -1 2 4
1 3 -3 1 0 2
5 3 1 4 0 -4

Âàðèàíò 7 Âàðèàíò 8 Âàðèàíò 9

0 0 2 -3 -1 -3
5 4 3 4 0 -2
1 -1 3 1 4 -3
5 -4 -3 4 -1 0

0 -1 -3 -1 -2 1
1 -3 4 0 -4 1
5 5 2 2 1 -4
4 0 -4 2 4 1

0 -1 -3 -3 -4 -1
2 1 -2 3 -1 -1
1 -4 3 4 3 -2
5 -3 4 3 0 3

Âàðèàíò 10 Âàðèàíò 11 Âàðèàíò 12

0 4 -1 3 -3 -4
1 -3 4 0 -4 2
4 2 1 -2 -3 3
5 1 -3 -4 3 1

0 -1 -3 -1 0 3
4 1 -2 0 -1 4
4 -3 2 0 -2 2
5 4 -3 1 -3 -1

0 4 -3 3 -3 -1
3 -1 1 4 -3 0
3 2 -1 2 4 0
2 -2 -3 -2 5 2

Âàðèàíò 13 Âàðèàíò 14 Âàðèàíò 15

0 4 2 -4 -2 -4
1 5 -3 3 -1 3
3 -1 3 -1 -4 2
1 0 -4 4 -1 2

0 -3 -3 -4 -1 -2
1 0 2 4 1 -2
2 5 4 1 -1 1
2 -3 -4 -1 -1 3

0 -2 2 -4 -1 -4
2 2 4 -3 -4 -3
5 -1 3 -2 -1 3
5 2 0 -1 0 0
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Âàðèàíò 16 Âàðèàíò 17 Âàðèàíò 18

0 -2 4 -2 -3 1
3 1 -3 0 3 3
1 4 3 3 -4 0
1 4 5 -3 -2 1

0 1 5 0 5 -4
3 2 4 1 3 -3
1 1 4 -3 2 3
2 1 0 4 -1 -4

0 5 -2 -3 -3 3
5 1 2 -4 -2 4
1 -3 0 -1 4 -4
4 3 1 -4 1 2

Âàðèàíò 19 Âàðèàíò 20 Âàðèàíò 21

0 -3 -4 1 -3 5
4 0 0 0 0 4
1 0 -1 -3 -2 3
3 -1 5 -1 0 -3

0 -4 0 4 -4 -3
2 5 -3 3 -1 0
3 3 3 0 0 0
3 -4 -1 -3 -4 4

0 -4 1 -1 1 -1
2 -2 3 -1 2 1
3 2 5 4 1 -4
3 5 -4 1 1 2

Âàðèàíò 22 Âàðèàíò 23 Âàðèàíò 24

0 -3 0 3 -1 2
3 -4 4 -2 0 -1
2 -1 2 4 -2 5
4 -3 5 2 -3 2

0 5 2 -1 2 -1
1 -1 3 5 3 -2
3 5 -1 -1 -3 0
5 0 5 5 4 -2

0 2 -4 -1 5 -1
5 5 0 -1 2 1
4 4 -2 1 2 -2
5 -3 1 -1 2 3

Âàðèàíò 25 Âàðèàíò 26 Âàðèàíò 27

0 -4 -1 1 -2 4
5 3 -3 0 -3 -1
3 -1 -2 2 3 0
3 1 2 -4 5 -4

0 -1 -3 2 -2 3
5 2 -4 1 2 -4
4 2 -3 -3 -1 -4
5 2 -4 -3 3 2

0 0 1 -2 -4 -4
2 4 0 3 -2 2
3 5 -4 0 3 -1
4 1 0 1 1 0

Âàðèàíò 28 Âàðèàíò 29 Âàðèàíò 30

0 1 1 -3 -1 -2
1 -1 -1 3 5 -1
5 2 5 -2 -1 -2
1 1 2 0 -1 3

0 -3 -4 2 -3 -4
2 4 5 0 -4 1
5 1 1 3 -4 1
1 -3 -4 3 -3 4

0 3 -3 1 -2 -2
2 4 0 -2 -3 4
3 2 0 4 -3 3
3 -2 2 2 -1 1
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Âàðèàíò 31 Âàðèàíò 32

0 1 4 0 -3 -3
4 4 5 0 -2 1
1 0 3 -3 2 1
5 2 -4 -1 2 -3

0 -2 -4 3 -3 -2
2 -3 -3 -2 3 -3
3 5 0 -4 0 2
5 -4 -4 4 -1 3
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