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Introductory Remarks

Precalculus consists of several branch of mathematics — arith-
metic, algebra, geometry, trigonometry... All of them constitute the
basement for calculus, which, in its turn, is a very important tool of
modern mathematics. Moreover, calculus is used in a lot of applied
science — from biology, physics and engineering to economics and
sociology. All of these subjects involve studying quantities that are
growing or shrinking or moving — in other words, they are changing.
Astronomers study the motions of the planets, chemists study the in-
teraction of substances, physicists study the interactions of physical
objects. Mathematics gives a universal way for describing and study-
ing all of these processes, and one of the central concept on this way is
a function. When you meet it in this book, take it with due attention.
Good luck!



CHAPTER 1

NUMBER SYSTEMS

1. Natural and Rational Numbers

We denote the set of natural numbers {1,2,3,...} by the symbol
N. The natural numbers allow us to count things, and they have the
property that addition and multiplication is closed within them: that
is, if we add or multiply two natural numbers, we stay within the
natural numbers.

Observe that this is not true for subtraction and division, since,
for example, neither 2 — 7 nor 2 + 7 are natural numbers. We then
say that the natural numbers enjoy closure within multiplication and
addition.

By appending the opposite (additive inverse) of every member of
N to N we obtain the set Z = {...,3,2,1,0,1,2,3,...} of integers
(Z for the German word Zahlen, meaning number).

The closure of multiplication and addition is retained by this ex-
tension and now we also have closure under subtraction.

Also, we have gained the notion of positivity. This last proper-
ty allows us to divide the integers into the strictly positive, the
strictly negative or zero, and hence introduces an ordering in the
rational numbers by defining a < b if and only if (b — a) is positive.

Enter now the rational numbers, commonly called fractions,
which we denote by the symbol Q (Q for quotients). They are the
numbers of the form 7 with a, b from Z, b non equal to 0, that is, the
division of two integers, with the divisor distinct from zero.

Observe that every rational number 7 is a solution to the equation
bxr —a =0 (with = as the unknown).

8
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It can be shown that the rational numbers are precisely those
numbers whose decimal representation either is finite (e.g., 0.123) or
is periodic (e.g., 0.(123) = 0.123123123...).

Notice that every integer is a rational number, since a/1 = a, for
any a from Z. Upon reaching Q we have formed a system of num-
bers having closure for the four arithmetical operations of addition,
subtraction, multiplication or division.

2. Fractions

All fractions have three parts: a numerator, a denominator,
and a division symbol. In the simple fraction, the numerator and
the denominator are integers. We say that § or a/b is a simple fraction,
where a is the numerator, b is the denominator, or / is the division
symbol.

Rule 1: Division by Zero in a Simple Fraction. The denom-
wmator of any fraction cannot have the value zero. If the denominator
of a fraction is zero, the expression is not a legal fraction because it’s
overall value is undefined.

This means g, =3 % are not legal fractions. Their values are all
undefined, and hence they have no meaning. Once you encounter such
a fraction in a problem, stop. You cannot proceed with the problem.

Rule 2: Zero in the Numerator of Simple Fractions. A
numerator is allowed to take on the value of zero in a fraction. Any
legal fraction (denominator not equal to zero) with a numerator equal
to zero has an overall value of zero.

This means %, _%,), % all have a fraction value of zero because
the numerators are equal to zero.

Rule 3: One Minus Sign in Simple Fractions. If there is
one minus sign in a simple fraction, the value of the fraction will be
negative.

Example: The minus sign can be in the numerator _73, in the de-
nominator %4 or in front of the fraction —%. The value of the fraction
is —0.75. o

Exercise: Find the value of fractions below.
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20 . 0. -8

1) ) 2) 59 3) 0 -
Answer: 1) -4; 2) 0 (see rule 2); 3) no answer (see rule 1).

Rule 4: More Than One Minus Sign in a Simple Fractions.
If there is an even number of minus signs in a fraction, the value of
the fraction is positive. If there is an odd number of minus signs in a
simple fraction, the value of the fraction is negative.

Example: Find the value of the fraction _;f‘g.

Answer: The answer is 1%. o

Example: Find the value of the fraction —=3.

8
Answer: The answer is —%.
Exercise: Find the value of fractions below.

1) G99y =2 ) S8

Answer: 1) -8; 2) 2;3) —%.

Rule 5: The Division Symbol in a Simple Fractions. The
Division Symbol - in a simple fraction tells the reader that the entire
expression above the divistion symbol is the numerator and must be
treated as if it were one number, and the entire expression below the
division symbol is the denominator and must be treated as if it were
one number.

A fraction written as % instructs the reader that the numera-
tor is the entire expression 6 + 10 and that denominator is the entire
expression 4 — 7. The numerator can also be written as 16 and the
denominator can also be written as -3. The division symbol acts sim-

ilar to a parenthesis or a bracket. Since % can be written as

1—% = —13—6, it is a simple fraction.
Example: Simplify the fraction %ﬁl.
Solution: %ﬁl = _i7 = —%. o

Rule 6: Properties of the Number 1.Multiplying any number
by 1 does not change the value of the number. Dividing any number
by 1 does not change the value of the number.

Example: 1) 3x1=13;2) 0x1=0; 3)7 = —T. o
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Rule 7: Different Faces of the Number 1.7The number 1 can
take on many forms. 4 - 8 = 1 and 10 - 9 = 1 can be used as a
substitution for the number 1 because they have a value of 1. When
the numerator of a fraction is equivalent to the denominator of a
fraction, the value of the fraction is 1. This only works when you have
a legal fraction; i.e., the denominator does not equal zero. You can
substitute one of these fractions for the numer 1.

Example: 1) :—2 =1;2) 8 is undefined (see rule 1); 3) & =1 as
long as a # 0. o

Rule 8: Any Integer Can Be Written as a Fraction.

You can express an integer as a fraction by simply dividing by
1, or you can express any integer as a fraction by simply choosing a
numerator and denominator so that the overall value is equal to the
integer.

Exam%le: ]
g ?i;; 1% _
1 11 —2
3)0=9=15="%. o

Rule 9: Factoring Integers. To factor an integer, simply break
the integer down into a group of numbers whose product equals the
original number. Factors are separated by multiplication signs. Note
that the number 1 is the factor of every number. All factors of a num-
ber can be divided evenly into that number.

Example:

1) Factor the number 3.

Answer: Since 3 x 1 = 3, the factors of 3 are 3 and 1.

2) Factor the number 10.

Answer: Since 10 can be written as 5 x 2 x 1, the factors of 10 are
10, 5, 2, and 1. The number 10 can be divided by 10, 5, 2, and 1. ¢

Rule 10: Reducing Fractions. To reduce a simple fraction,
follow the following three steps:

(1) Factor the numerator.
(2) Factor the denominator.
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(3) Find the fraction mix that equals 1.

Example: Reduce 165

Solution:
1) Rewrite the fraction with the numerator and the denominator
factored:

15 5x3
6 2x3
Note all factors in the numerator and denominator are separated
by multiplication signs.
2) Find the fraction that equals 1.
15 5x3 5 3 5
= ==—X-==X1==
6 2x3 2 3 2
We have just illustrated that 15 Although the left side of the
equal sign does not look 1dent1cal to the right side of the equal sign,
both fractions are equivalent because they have the same value. ¢

Example:Reduce the fraction %.

L0120 _ 12x10 _ 12 10 _ 12 _ 12 _3x4 _ 4.3 _
A SOlution'lso_gxlo_g =9 Xl=9=53=3%X3=
§X1:§ .

120 R

Answer: 150 = 3

Exercise: Reduce the fractions below.

_ 2
1) _171193 2) 2287 3) ab .

Answer: 1) —7; 2) —%; 3)%-
Rule 11: Multiplication of Simple Fractions. To multiply two
simple fractions, complete the following steps

(1) Multiply the numerators.
(2) Multiply the denominators.
(3) Reduce the results (See Rule 10).

3 5
Example3 Ml;ltlplgz 57 % s , . .
_ X — 9 — o
Solution: 7 X § = 75§ = 13 = 3usx7 — 3 X 37 — 1 X 11- ©
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Rule 12: Multiplication of a Fraction and an Integer. 7o
multiply a whole number and a fraction, complete the following steps
(1) Conwvert the whole number to a fraction ( See Rule 8).

(2) Multiply the numerators.
(3) Multiply the denominators.
(4) Reduce the results (See Rule 10).
Example: 4 x 2 =1 x 3 =93 = x84 3 _ 3 o

Rule 13: Multiplication of Three or More Fraction. To mul-
tiply three or more simple fractions, complete the following three steps

(1) Multiply the numerators.
(2) Multiply the denominators.
(3) Reduce the results (See Rule 10).

L2 U5 o T _ 2x5x7 _ 170 _ __2x5x7__ _ 2 5
7Examp1e. 3 >7< 6 X715 = 3x6x15 — 270 ~ 3x2x3x3x5 2 X5 X
3xax3 — L X 1 X 57 = 5. ©

Rule 14: Division of Fraction. To divide one fraction by a sec-
ond frac- tion, convert the problem to multiplication and multiply the
two fractions.

(1) Change the sign + to x and invert the fraction to the right
of the sign.

(2) Multiply the numerators.

(3) Multiply the denominators.

(4) Reduce the results. (See Rule 10)

A .3 1 4 __1x4 4 2x2 __ 2
Example:; + 5 =3 X3 =53 =5=2x3 = 3- ©

Rule 15: Division of a Fraction by an Integer.7o divide a
fraction by a whole number, convert the division process to a multi-
plication process, and complete the following steps

(1) Conwvert the whole number to a fraction.

(2) Change the sign + to x and invert the fraction to the right
of the sign.

(3) Multiply the numerators.

(4) Multiply the denominators.

(5) Reduce the results.
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2 _
i <&

Example:% +=2= % -+ %

Rule 16: Division of Three or More Fraction. To divide three
or more fractions, complete the following steps

(1) Change the signs + to x sign and invert the fractions to the
right of the signs.

(2) Multiply the numerators.

(3) Multiply the denominators.

(4) Reduce the results.

3 .4 .5 _3.5.6 _ 3x5x6 _ 90 _ 3x5x2x3 _

) Exag‘glev 576 79X4X5_7><4><5_140_7><2><2><5_
X9 __ =z — <L

IX X Eg=1x1Ixqg =4 ©

Rule 17: Building of Fractions.To build a fraction is the re-
verse of reducing the fraction. Instead of searching for the 1 in a
fraction so that you can reduce, you insert a 1 and build.

Example: Create a fraction with 12 in the denominator that is

equivalent to the fraction %
Answer: The answer is %.

Solution: Recall that you can multiply any number by 1 without
changing the value of the number (Rule 6). Then % = 2 x 1.

Recall that 1 has many forms, look for the form of 1 that will
result in a denominator of 12. Since 3 x 4 = 12, use the fraction % as
1.

Now % x 1 can be written as 2 x %. Do multiplication without the

3
reducing of the final fraction: % x 1= % X % = % = 18—2.
We have created a fraction with a denominator equal to 12 that

is equivalent to the fraction % . o

Rule 18: Addition.To add fractions, the denominators must be
equal. Complete the following steps to add two fractions.

(1) Build each fraction so that both denominators are equal.

(2) Add the numerators of the fractions.

(3) The denominators will be the denominator of the built-up
fractions.

(4) Reduce the answer.
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[S{[9N]

Example: Calculate % +

Answer: The answer is 2.

Solution: % + % = % = %.

The denominators are the same, so you can skip step 1. The de-
nominator of the answer will be 5. Add the numerators for the nu-
merator in the answer: 3 + 1 = 4. The answer is %. This answer is

already reduced, so you can skip step 4. o

[

Exercise:Add the fraction below.
4 3.
(2) %‘*’g;
(3) 51 + 57
Answer:(1) %; (2) %; (3) %.
Rule 19: Subtraction.To subtract, the demominators must be
equal. You essentially following the same steps as in addition.

(1) Build each fraction so that both denominators are equal.

(2) Combine the numerators according to the operation of sub-
traction or additions.

(3) The denominators will be the denominator of the built-up
fractions.

(4) Reduce the answer.

Example: Calculate % — é
Answer: The answer is %
3_1_3-1_2

Solution: £ — ¢ = =% £

The denominators are the same, so you can skip step 1. The de-
nominator of the answer will be 5. Subtract the numerators for the
numerator in the answer: 3 — 1 = 2. The answer is % This answer is

already reduced, so you can skip step 4. o

Exercise: Calculate:
(1)
(2)
(3)

Szl
els]edes
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Answer:(1) £; (2) 3Z; (3) 4L,

Rule 20: Order of Operations. Multiplication and division must
be completed before addition and subtraction.

How do you calculate 2 + 3 x 77 Is the answer 35 or is the answer
237 According to the rule 243 x 7 = 2+21 = 23 is the correct answer
to the above question.

How do you calculate (2 + 3) x (7 — 3)? Is the answer 32, 20 or is
the answer 147 Follow the rule below.

Rule 21: Parenthesis. The parenthesis instruct you to simplify
the expression within the parenthesis before you proceed.

Then (2+3) x (7 —3) =5 x 4 = 20 is the correct answer to the
above problem.

Rule 22: Group of Parenthesis.If parenthesis are enclosed in
other parenthesis, work from the inside out.

Example: Calculate 34+ {7 — (2+3 x6) +2 x5} =7+ 1.
The expression

(243 x6)

is the inner most parenthesis and must be calculated first.
243x6=2+18=20.
The initial expression is now modified to
3+{7—-20+2x5}—-7+1.
The next parenthesis to be calculated is
7T—2042x5=7-204+10=-13+10 = —-3.
The expression is now reduced to
3+{-3}-7T4+1=0—-7+1=—6.
o

Rule 24: The Division Symbol Has the Same Role as the
Parenthesis. It instructs you to treat the quantity above the numer-
ator as if it were enclosed in a parenthesis, and to treat the quantity
below the numerator as if it were enclosed in yet another parenthesis.
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2
Example: Calculate iigfg + (713_35) .

Solution. The expression can be written as

2+3><4+ 7T—2X%5H o 7T—2x5H

4x5-3 442 442
and multiplication must be completed before addition within each
parenthesis.

2 2
243x4 7T—2x5\" _ 2412 7-10\" _ 14 —3\2 _ 14 _1)\2
4x5—34‘< 442 ) “20—3*‘(4+2> _'17+_(6 ) —‘174‘( 2) .

Both parenthesis have been simplified. Now perform the multipli-

cation to yield
1\? 1 1\ 1
— ) == x|—-=]=-.
2 2 2 4

The last thing to do is the addition.

17 56 17 73

14 1 14 _ 56 17T _ 7
17 68 68 68

17 4 1774 4

Complex Fractions
A complex fraction is a fraction where the numerator, denomina-
tor, or both contain a fraction.

Example: ¢ is a complex fraction. The numerator is 3 and the

[N

denominator is o

and the
o

Example:
denominator is

is a complex fraction. The numerator is

QO Lol
D=

Example: £ is a complex fraction. The numerator is 5 and the

cootledpole
NI

denominator is 5 o

Rule 25: Manipulation with Complex Fraction. To manipu-

late complex fractions, just convert them to simple fractions and follow
rules 1 through 23 for simple fractions.
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To multiply, add or subtract two complex fractions, convert the
fractions to simple fractions and follow the steps you use to add or
subtract two simple fractions.

Example: Add the fractions % + %

7
i 2 405 2 .4 _ 24,5 7 __ 24 5x7__2, 35 _
Solutlon.3+%—3+5.7—3+1x4—3+ T =5+3 =

244,33 _ 8 4 105 _ 84105 _ 113
X3t T X3=t1n ="1 =12 ©

Rule 26: Compound Fractions. To manipulate compound frac-
tions, just convert them to simple fractions and follow rules 1 through
28 for simple fractions. A compound fraction is sometimes called a
mixed number. Recall that 3%, 4%, —7% are examples of compound
fractions.

Example: Convert 3% to a simple fraction.
Solution: 3% can be written as 3 + % Write 3 as the fraction g.

Now3+% can be written as g+% and we get
1 1 6 1 7
3—=34+-—=-+-=_.
2 +2 2+2 2

o

Rule 27: Converting Simple Fraction to a Compound
Fraction.To convert a simple fraction to a compound fraction, the
numerator must be larger than the denominator. Separate the whole
number first.

Example: Convert % to a compound fraction.

Solution: 21 = 2041 — 20 4 L — 94 L — ol o

Rule 28: Manipulation with Compound Fraction. 7o add,
subtract , multiplay or divide two compound fractions, convert the
fractions to simple fractions and follow the steps you use to for simple
fractions.

Example: Calculate 4% + 7%.
Solution: 4%+7% = 4+%+7+% = 11+%x%+% = %+g+% = %.
o

Example: Calculate 3% X 10%.
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Solution: 32 x 103 = (3+£) x (10+3) = (2 + 1) x (B + 1) =
16 o 21 _ 16x21 _ 8x21 _ 168
5 2 5X2 5 5

Rule 29: Converting Decimals to Fractions.Multiplay the
decimal fraction by 1 in a form that will remove the decimal.

Example: Convert 2.3 to a simple fraction.

. _ 2310 _ 23x10 _ 23
Solution: 2.3 = %2 X 15 = 5550 = 1o~ o

Exercise: Convert the decimals below to a simple fraction and
to a compound number.

(1) 0.00235;
(2) 4.28;
(3) 0.0000255.

Answer: (1) 55053 (2) 4355 (3) 3509500 -

Example: Write the infinitely repeating decimal 2.5(17) =
2.5171717 ... as the quotient of two natural numbers.

Solution: The trick is to obtain multiples of x = 2.5171717. . . so
that they have the same infinite tail, and then subtract these tails,
cancelling them out. So observe that

r = 2.5171717..;

10z = 25.171717..
100z = 251.71717..;
1000z = 2517.1717...

1000z — 10z = 990x = 2492
2492 (2 x 1246) 1246
€Tr = = =
990  (2x495) 495

<

Rule 30: Converting Percentages to Fractions. Recall that
1% = ﬁ = 0.01. To convert a percentage to a fraction, simply convert

1% to 1(1)—0. To convert a percentage to a decimal, simply convert 1%
to 0.01.

Example: Convert 2% to a fraction.
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Solution: 2% can be written as 2x 1% which in turn can be written

as 2 x —. Multiply the two fractions using the multiplication rule to

100"
_ 1l 2, 1 _ 2 _ 1
get 2% =2 X 155 =1 X 155 = To5 = 50-

<

2.1. Problems

Find the value of expressions below.

5 _ 2 24 1 11

2.1. It 2.3. QS—(@; )
2.2. 2+ 1x2 2.4. 115 — 67
Solve equations.
2.5. 3z +5 = 3. 2.8. 92 — (T4 —y) =25.
2.6. 7T— 4z = 5. 2.9. g =16.
2.7. (z+42) - 3% =6. 2.10. 170 = 60.
Find the value of expressions below.

9 6 6 5
2.11. T11+%5ﬁ 2.13. 3Z+1Z.
2.12. & + 1. 2.14. 83 +11.
Calculate the value of expressions below.

2, 3 3 1_ 1
2.15. gt i 2.18. is —6(Z —Sﬁ)
2.16. i I 2.19. zl?5(ﬁ;r17).1
2.17. 5+ 5 — 5. 2.20. 2 x (245 — 3%).
Find the value of expressions below.

2.q1 1 2)2 1 4
;g; 23 : 191. 2.23. (1§ ~-(2)°+ 3%)_ﬁ

AT 2.24. (3+(3)"+33) + %

Find the value of expressions below.
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2.25. 2L 2.28. 23
22 %3.6-0.2—
2.26. 3. 2.29, L2P0:02-42
[i% 3.2 42'30:20 44 4.4
i 2.30. 32x3:3304-44
2.27. 3. g -
()

2.2. Answers

2.1.3. 2.2.7. 2.3.]. 244} 2.5.-2 2.6.5. 2.7.52. 2.8.1.
2.9.96. 2.10.3. 2.11.17;. 2.12.1. 2.13.53. 2.14.102. 2.15.%L.

1 23 1 1 3 3
2.16.7;.  2.17.23.  2.18.4. 2.19.5. 2.20.—3. 2.21.33.
2.22.313.  2.23.78]. 2.24.52. 2258, 2.26.2. 2.27.1:.
2.28.—4. 2.29.5. 2.30.18.

3. Irrational Numbers

The third kind of decimal number is one which has a non-
terminating decimal expansion that does not keep repeating. Such
a number is irrational, that is, it cannot be expressed as the quotient
of two integers.

An example is 3.14159265. ...

This is the decimal expansion for the number that we ordinarily
call m which is the quotient of the length of a circle to its diameter.

Other example is v/2 = 1.41421356. . ..

THEOREM 3.1. There are not rational number r such that r? = 2.

Proof: Assume the contrary. Then there are positive integers p
and ¢ such that r = p/q and p and ¢ do not have common factors.
This means that p?/¢?> = 2, that is p> = 2¢>. Hence the area B = p?
of a square with side length p is twice the area S = ¢? of the square
with side length ¢: B = 25 (look at the figure. 1, a).) Since p and ¢
do not have common factors, B and S are the smallest squares with
integer side lengths such that B = 25.

Now move a copy of the smaller square to the upper right hand
corner of the larger square and another one to the lower left corner
(fig. 1, b)). The two squares marked by A in the picture have the
same area A. The square [ is intersection of the two copies of the
small square. Observe that the side of the square A is p — ¢ and the
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[ ]
A
P
B )i
q S
A
[ ]
— o—0 o—0
p q q
cC——0

FiGc. 1. To proof of the theorem 3.1

side of the square I is 2g—p. Moreover B = 25+2A—1. Since B = 25
we have I = 2A. This is impossible, since B and S were the smallest
squares with integer side lengths such that B = 25. o

4. Real Numbers

Appending the irrational numbers to the rational numbers we
obtain the real numbers R.
In summary: there are three types of real numbers:
(i) terminating decimals,
(ii) non-terminating decimals that repeat,
(iii) non-terminating decimals that do not repeat.
Types (i) and (ii) are rational numbers Q, type (iii) are irrational
numbers R \ Q.
Look at the fig. 2 for classification and inclusion of subsets of the
real number.

4.1. Algebraic Numbers

Observe that v/2 (the square root of 2) is a solution to the equation
22 — 2 = 0. A further example is V/5 (the cube root of 5), which is a
solution to the equation z3 — 5 = 0.
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Natural __
numbers (N)

— Integers (Z)

Zero—
Rational
numbers (Q)
Negative __| Noninteger Real
Integers rational numbers (R)
numbers Irrational
numbers (I)

F1G. 2. Subsets of the real numbers: NCZ C Q CR

Any number which is a solution of an equation of the form agz™ +
a1z '+ -+ a, =0, where ag,a1,...,a, are integers, is called an
algebraic number.

Example: Prove that v/v/2 + 1 is algebraic.
Solution: Work backwards: if v/v/2 + 1, then 23 = v/2 4 1, which
gives (23 — 1)? = 2, which is 26 — 223 + 1 =0. o

4.2. Transcendental Numbers

Are there real numbers which are not algebraic? It wasn’t clear
till the 19th century when it was discovered that there were irrational
numbers which were not algebraic. These irrational numbers are called
transcendental numbers.

It was later shown that numbers like 7 and e are transcendental.
In fact, in the 19th century George Cantor proved that even though
N and R are both infinite sets, their infinities are in a way "differ-
ent"because they cannot be put into a one-to-one correspondence.

4.3. Geometry of the Real Numbers

Geometrically, each real number can be viewed as a point on a
straight line. We make the convention that we orient the real line with
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—00  -5.4-3-2-10123 45 +00

Fi1Gc. 3. Geometry of the real numbers

0 as the origin, the positive numbers increasing towards the right from
0 and the negative numbers decreasing towards the left of 0, as in the
figure 3.

We append the object +o0o which is larger than any real number,
and the object —oo which is smaller than any real number. Letting
x € R, we make the following conventions:

(1) (400) + (+00) = +o00.
(2) (=00) + (—00) = —oo.
(3) T+ (+00) = +o0.

(4) x4+ (—o0) = —o0.

(5) & x (+00) =400 if 2 >0
(6) x x (—o0) =—0c0if x>0
(7) X (+00) = -0 if 2 <0
(8) x x (—o0) =400 if 2 <0
(9) £ =0

4.4. Basic Real Number Properties

Let z,y, z be arbitrary elements of the set R of real numbers.
Addition properties.

(1) Addition is closure: x 4 y is a unique element of R.

(2) Addition is associative (z +y) + z =x + (y + 2).

(3) Addition is commutative: z +y =y + x.

(4) There exists an identity element 0 such that 0+z = 2+0 = x.
(5) There exists an inverse element —z such that = + (—z) = 0.
Multiplication properties.

(1) Multiplication is closure: zy is a unique element of R.

(2) Multiplication is associative (zy)z = z(yz).

(3) Multiplication is commutative: zy = yx.

(4) There exists an identity element 1 such that 1z = z1 = x.
(5) there exists an inverse element 1 such that z2 = 1.
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Combined property — distributivity.
(1) z(y+2)=ay+az;, (r+y)z =2z +yz.

4.5. Definition of a"

Recall that for any a € R and for any n € N the exponent a" (a
to the power n) is defined as a product of n factors of a:

a"=axax---Xa.
n
a is called the base of exponent, and n is exponent or power.
If n =0, a # 0 then by definition a® = 1; 0° is undefined.
For n a negative integer and a # 0 we define a™ = (11 "
Using the definition one can easily verify properties of exponent
listed below.

Exponent properties.

ama” = am+n; (%)m = Z—:, b # 0,
(am)n — amn
b
(ab)™ = a™b™; Z—: =ad" "= —anl,m, a # 0.

Example: Simplify (—22)75 x (—z73)%.

Solution: (—22)7% x ( —3)4 = (—1 x 22)=5 x (=1 x z73)* =
(D7 x (@) P x (1) x (@) = (=1) x (%) x 1 x (z7%)! =
(=1) x 22X(8) 5 1 x g(=9x4 = _p=10 5 =12 p-104(-12)
—r22 = _ L1 o

222

Exercise: Simplify:
(1) (=y) < (y=%) 7%
(2) (o~ ly?)%

(3) (=3min=—1)3.

Answer: (1) y%; (2) 2. (3) _2tm!?

n3

417 10972
Example: Calculate %

Solution: Represent 15 as 15 = 3 x 5, then, according to the
exponent properties 157 = (3 x 5)7 = 37 x 57 and 5* x 157 = 5% x
37 % 57 = 51 x 57 x 87 — 5147 x 37 — 51l x 37,
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Similarly 272 = (33)? = 33%2 = 306, 755 = (52 x 3)° = (52)° x 3° =
52%5 % 3% = 510 % 35 Then we have

541574510072 _ 511x374510%36 _ 35510(5x3+1) _
56 %x 33 - 510 35

753
=36-5510-10(5 x 34+ 1) =3! x59x 16 =3 x 1 x 16 = 48. ©

2731510799511

Exercise: Simplify 150

Answer: -10.

4.6. Definition of b=
For any b € R and for any n € N the exponent b= is a number a
such that @™ = b and:
e If n is even and b is positive then b represents the positive.

e If n is even and b is negative then b» does not represent any
real number. )
e If n is odd then there is exactly one value of b».

o 0n =0.
For natlural n > 1 and real b we define an n—th root radical /b
by Vb =bn. If n =2 we will write Vb in place of 7b.

Exercise: Find the value of radical:

0 v ®) /-3
’ (4) </0.00032.

Answer: (1) 4, (2) 3, (3) =2, (4) 0.2.

Rational Exponent Radical Conversions: For m and n pos-
itive integers (n > 1), and b not negative when n is even,

b = (™)n = Vo = (Vb)™.
Properties of radicals.
(1) Vam =

(2) ya = Y75
® /t=3

y Vy*
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Exercise: Find the value of radical:

(1) V(=3)4, (3) V(=3)%,
(2) V310, (4) V273,

Answer: (1) 3, (2) 9, (3) -3, (4) 3.

4.7. Algebraic Simplification

In the following examples and problems, the term "simpli-
fy"indicates to eliminate compound fractions, factor as much as possi-
ble, reduce to a common denominator when feasible, and avoid nega-
tive exponents. It is useful to remember the following special formulas.

Special Product and Special Factoring Formulas.

(a—b)(a+0b)=a®—b?

(a+b)? = a® + 2ab + b

(a —b)? =a® — 2ab + V?

a® + b = (a+ b)(a® — ab + b?)

a® — b = (a — b)(a® + ab + b?)

Example: Simplify the expression ﬁ%.
c e TPoday+3 (z—2)? _ 1
Solution: *—5=7= = o=y = w2 ©

Exercise: Simplify the expressions:
(1) 35y x (@® = 1)

z(z+1)2
z+y . 2?42ty
(2) z—y * (z—y)?
. 1. =y
Answer: (1) 1 — 33 (2) 757

4.8. Binomial Theorem

DEFINITION 4.1. For integer n > 0, the factorial symbol n! is
defined by follows:
o=1; 1'=1;
nl=nn—-1)(n—-2)---1, n>2.

Example: 6! =6 x5 x4 x 3 x 2 x 1="720. o
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o) (3 11

Fi1G. 4. Pascal triangle
DEFINITION 4.2. For integer j,n such that 0 < j < n the symbol

(?) is defined as (;) = #L]),

9
X _ 91 _ 9 _ 9x8xTx6lp) _ 9X8XT _
Example: <3> = S0-3)1 = 316 = 3x2xl O = 3xax1 — o4 ©

Exercise: Evaluate: (1) 5 (2) 7 (3) <§) ) <b°90).

Answer: (1) 120; (2) 5040; (3) 21; (4) 100.

n
See the Pascal triangle on fig. 4 for calculating (j)

THEOREM 4.1 (Binomial Theorem). For any real numbers z,a
and for any natural n the following formula is true:

(x + a)" = Jﬁjo (;) " el = (8) z" + (711) " g + -+

n
<n — 1) xa™ 4+ n)am.
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Example: Expand (2y + ng the Binomial Theorem.

5)% usi
4
Solution: (2y + 5 = Z < > 2y)" Jigd = <0> (2y)450 +

(il) (2y))*7 15 + <§> (2y)4‘252 + <3) (2y)*35° + <i> (2y)*45 =

1x16y* +4x 83 x 54+ 6 x4y?> x 25 +4 x 2y x 125 + 1 x 625 =
16y* + 160y3 + 600y + 1000y + 625. o

Exercise: Expand using the Binomial Theorem:
(1) (a+b)3; (2) (22 — 3)%.
Answer: (1) a®+3a?b+ 3ab® +b3; (2) 1621 — 9623 + 21622 — 2162 + 81.

4.9. Problems

Simplify the expression.

4.1. 22x2y8( 1iay®) + (3zy)2.

4.2. 41 aSb(—1£adb)® + (6ab)>.

Evaluate

4.8, Tx18%7"x 29149599 x 4342
324x362n—2

4.4, DxO6%FF2x22k 342k tlx 32k
: 42x122F=2

Simplify the expression.

4.5. (V14— 2v/35) x 1/T +/20.

4.6. 1 — 0.1v/5(+v/15 + 1/20).

4.7. (3v/39 — 3v/26) + +V13 + V18,
8. (2v/38 — VA7) x V19 + V12.

Factorize.
4.9. 9y% — 6y + 1 — 22 4.11. 1000 — a3.
4.10. y? — 10y + 25 — 4m?2. 4.12. 2723 4+ 8.

Represent as a fraction.
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n
414, (+1)°+ (¢ -1)%
Simplify the expressions.
4.15. ( z—3 61—18) . _5z—15

4.13. (- n)? 4 (m g 2%)2.

22—3z+9 3427 ) T 423+108"
2
4.16. 52 x ( Yty +wy+y2) -5

z+y 522 —5zy z—y"
a+1 4 . a+l _ a®—5a+3
417, (9 + ;45 —2) s 2t) — dfess
4(z+3) x z+3 5
4.18. (ngm + 5%z ) x 2t - 5y

419, g=f 4 Al (e gid ),
—aa

a?+4a * \a?2—=16 a?—4a
4.10. Answers

4.1.1.52%'8. 4.2.-0.2a%'0°. 4.3.184. 4.4.576.
4.5./2. 4.6.—CB 4.7.2/3. 4.8.4v2. 4.9.3y+z—1)(3y—
x—1). 4.10.(y —2m —5)(y+2m —5). 4.11.(10 — a)(100 + 10a +

a?). 4.12.(3z +2)(922 — 18y +4). 4.13.205770 414 A

m2n?2 b2

4.15.0.8(x — 3). 4.16.5zy. 4.17.%3% 4.18.—2. 4.19.1.




CHAPTER 2

EQUATIONS AND UNEQUALITIES

1. Concept of Set and Operations

A set is a collection of objects. We denote a set with a capital
roman letter, such as A or B or C. We often will use Greek letters for
denoting elements of sets and a concept of set relation presented in
following two tables and diagram.

Greek Alphabets (Capital letter, small case letter, name)

A, «, alpha | B, B, beta |I', ~, gamma |A, J, delta
E, €, epsilon|Z, (, zeta |H, n, eta O, 60, theta
I, ¢, iota K, &, kappa|A, A, lambda | M, pu, mu

N, v, nu = & xi O, ¢, omicron |II, m, pi

P, p, rho >, o, sigma |T, 7, tau Y, wv, upsilon
®, ¢, phi X, x, chi U, 1, psi Q, w, omega

Example: Let A ={1,2,3,4,5,6}, B=1{1,3,5,7,9}.
Then AUB = {1,2,3,4,5,6,7,9}, AN B = {1,3,5}, A\ B
{2,4,6}, B\ A= {7,9}. o

Example: Let A = [—10;2], B = (—o0; 1).
Then AUB = (—o00;2], ANB = {[-10;1), A\ B =[1;2], B\A =
(—00;10). o

31
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/X

A\B B\A

.‘:D
=)
w

FI1G. 1. Set relations

Set Relations
Belongs to, example: « € {1,2, «, 3, a, b}.
Does not belongs to, example: v ¢ {1,2, «, 3, a, b}.
Subset symbol: A C B means that all elements of the set A
belongs to set B.
Empty set, i.e. a set that does not contain any elements.
Union of two sets. The union A U B is a set containing all
elements from sets A and B.
N | Intersection of two sets. The intersection AN B is a set con-
taining all elements that belong to both sets A and B.
\ | Difference of two sets. The difference A\ B (A setminus B)
is a set containing all elements that belong to the set A and
do not belong to the set B.

AR M

Cls

Following table lists symbols and quantifiers that are usually used
for abbreviate notation.
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Symbols and Quantifiers

= | Follows. S = T means that if the statements S is true then
also the statement 7T is true. Example: n € N = n? + n is
even.

< | Equivalence of statements. S < T means that statements S
and T are either both true or both false.

vV | For all. Example: Vz € R: 22 > 0.

3 | There is. Example: In € N: n? — 6n < 0.

3l | There is a unique. Example: 3ln € N: n? — 2n < 0.

A | And.

Vv | Or.

> | Greek letter Sigma, symbol for summation. Example:

m
it =14+4+4+9+ - +m?
i=1

(a,b) 6pen interval from a to b: (a,b) = {x € R| a < z < b}.
[a,b] | Closed interval from a to b: [a,b] = {z € R| a < z < b}.

Example: The following statements are true mathematical state-
ments illustrating typical usage of the above symbols.

e Vn e N:n?—nis even.
o Vx> 0:sin(x) <.

o 3 n= i)

1

S
I

2 _m3 | n?
n®=-"3+35+

NE

o3

1

3
I

<

Exercise: Using mathematical notation, write the following state-
ments without using words:

(1) For all negative numbers z, z is smaller than sin(z).
(2) For any positive real number d, there is a positive rational
number ¢ such that § smaller than q.

Answer:

(1) Ve < 0: 2z < sin(x).
(2) Vo eR, r>03¢g€Q,qg>0: <gq.
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|
”
|
ro
|
-+ 2
4
1

F1G. 2. Representation of real numbers

Example: Are the following statements true or false:
(1) VeeRIyeZ: 0<y <L

(2) weRWYEZ: 0< <1
B)Ve>036>0:z—1<d= |2z —2|<e.
(4) Ie>0Vi>0: |z —1|<d=e"<e.

Answer: (1) false. (2) false. (3) true. (4) false.

Exercise:

(1) Write the definition of the union AU B of two sets A and B
using the above defined symbols as much as possible.

(2) Write the definition of the intersection A N B of two sets A
and B using the above defined symbols as much as possible.

Answer: (1) r€e AUB< (€ A)V(xeB). 2z e ANB & (v e
A) A (z € B).

2. Coordinates in One Dimension

We envision the real numbers as laid out on a line, and we locate
real numbers from left to right on this line. If a < b are real numbers
then a will lie to the left of b on this line (see fig 2).

Example: On a real number line, plot the numbers —4, —1, 2, 6.
Also plot the sets S = {r e R: -8 <z < =5} = [-8,-5) and
T={teR:7<t<9}=(7,9]. Label the plots.

Solution: Figure 3 exhibits the indicated points and the two sets.
These sets are called half-open intervals because each set includes one
endpoint and not the other. o
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F1G. 3. Numbers and half-intervals on real axis

NoTE 2.1. The notation S = {x €¢ R : -8 < z < =5} =
[—8,—5) is called set builder notation. It says that S is the set of all

real numbers x such that x is greater than or equal to —8 and less
than —5.

DEFINITION 2.1. If an interval contains both its endpoints, then
it is called a closed interval. If an interval omits both its endpoints,
then it is called an open interval. See Fig. 4.

3. Equations and Inequalities

Properties of equality.

(1) ifa=bthenVe:a+c=b+c.

(2) ifa=bthenVe:a—c=b—c

(3) ifa=bthenVe:axc=bxc.

(4) ifa=bthenVe#0:a+c=b+c.

Example: Find the set of points that satisfy z — 2 = 4.

Solution: Using the first property we solve the equality to obtain
r—24+2=4+2o0rx=6. o

Inequality properties.
For a, b, c any real numbers.
(1) if a < band b < c then a < c.

(2) ifa<bthena+c<b+ec.
(3) ifa<bthena—c<b—ec
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Interval Notation

36

Interval  Inequality
Notation Notation Line Graph Type
| —»x
[a, b] a x b r T Closed
a b
[ —>x
[a, b) a x<b v 7 Half-open
a b
(a, b] a<x b C T Half-open
a b
( )
(a, b) a<x<b T 7 »>X Open
a b

4

F1G. 4. Interval notation

(4) fa<band ¢ >0thena xc<bxec.
(5) ifa <band ¢ <0thenaxc>bxec.
(6) ifa<band ¢ >0thena-+c<b=+ec.
(7) ifa<band ¢ <0thena-+c>b=+ec.

Example: Find the set of points that satisfy x —2 < 4 and exhibit
it on a number line.
Solution: We solve the inequality to obtain x < 6. The set of

points satisfying this inequality is exhibited in Fig. 5.

<

Exercise: Find the set of points that satisfy the sistem of un-

equalities
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Fi1G. 5. The solution of unequality z — 2 < 4

2x + 3 > 0;
5—x>0.

Answer:—% <z <5

4. Absolute Value. The Distance in the Set of Real
Numbers

DEFINITION 4.1. The absolute value |z| of a number x € R is a
number defined by setting
2] = T, ifr >0
| -z, ifz<O.
DEFINITION 4.2. The distance between two real numbers x,y is
|z —yl.

Properties of absolute value.

|al :_|b| & a = tb;
b>0,lal >bsa>bora<b;
Tiangle unequality: |a + b| < |a| + |b]|.

(

(2)

(3)

(4)

(5) —la| <a <a;
(6)

(7)

(8)
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'd”d'
{c - d, c+d}
x-c¢c | =d X
c-d ¢ c+d
c }—» (c - d, ¢ +d)
- »X r
| x-c|<d c—\d c cfrd

0<|x-¢ <d

x-c | >d (—o,c-d) U(C'l'd,w)

Fi1G. 6. Absolute value equations and inequalities

Example: Let x,y, z € R. Show that |z —y| < |z — 2| + |z — y|.

Proof: |z —y| = |x — 2+ 2z —y| < |z — z| + |z — y| by the triangle
o

inequality.
Example: When do we have inequality in the above estimate? ¢

5. Solving Absolute Value Equation and Inequality

See Fig. 6 for scheme of solving the simplest absolute value equa-

tion and unequality.

Example: Solve the equation |2z + 1| = 5.
Solution: For those value of x for which 22 + 1 > 0 we have

2c+1=5&2r=4<x=2.
If x =2 then 2z +1=5 > 0. Hence x = 2 is a solution.
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For those value of x for which 2z +1 < 0 we have
Rr+1=56&—-22+1)=5& 22=6< 1 =-3.

If x = —3 then 22 +1 = —5 < 0. Hence x = —3 is also a solution.
Conclusion: the equation has two solution: =2 and z = —3. ¢

Example: Solve the unequality |2z + 1| > 5.

Solution: By the property 6 of absolute values,
2e+1|>5<2x+1>50r 2z +1 < —5.
2e+1>62r>4 > 2.
2r+1< -5 2r<-6<ax< -3

Conclusion: solution is x > 2 or x < —3. o

5.1. Problems

Write without absolute value signs.
5.1. [v/3—-2|.

5.2. |7 - V5|

5.3. V7 — V5] —[v3 - 2]|.

5.4. |z — |1 —2z|| if © > 2.

5.5. [v/3 — /|2 —V15].

Find all the real solution to equations and inequalities below.
5.6. |5z — 2| = |2z + 1. 5.9. |z = 2|+ |z —3| =1
5.7. x|+ |z —1] = 1. 5.10. |z|+ |z — 1| = 2.
5.8. ||z| + 1] = 2.

511. |z + 1|+ |z + 2| — |z — 3| =5.

5.12. |z| > 4. 5.16. [22 — 5| < =.
5.13. |z +2| < 4. 5.17. [22 — 1| < |32 + 1.
5.14. |4z + 5| < 3. 5.18. |3z — 2| > [2z + 1].
5.15. |22 — 1| > 3. 5.19. |3 + 2| > |z

5.20. 2|z — 3|+ |z + 1| <3z + 1.
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5.2. Answers

5.1.2— 3. 5.24/7—5. 5.3./7—-vV5-V3+2. 5.40—1.
5.5.v/3—vV15 -2. 5.6.{2;3}. 5.7.{0;1}. 5.8.{-1;1}. 5.9.2<

r <3 510{-3;3}. 5.11.{-11;3}. 5122 >4orz < —4.
513.—6 <2 <2 b514.-2<z< -3 515z>2o0z< -1
5.16.5 <2 <5. 517Tax<-2o0<z<jorz>2 5I18x<-1
or —t<az<torz>1l 5192 >-3 520z>2



CHAPTER 3

FUNCTION

1. Coordinates in Two Dimension

DEFINITION 1.1. The real Cartesian Plane R? is the set of all
ordered pairs (x,y) of real numbers.

We represent the elements of R? graphically as follows. Intersect
perpendicularly two copies of the real number line. These two lines
are the axes. Their point of intersection which we label O = (0,0) is
called the origin (see the Fig. 1).

We determine the coordinates of the given point P determining
the z-displacement, or (signed) distance from the y-axis and then
determining the y-displacement, or (signed) distance from the z-axis.
We refer to this coordinate system as (z,y)-coordinates or Cartesian
coordinate system.

Fia. 1. Cartesian coordinate system

41
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To each point P on the plane we associate an ordered pair P =
(x,y) of real numbers. Here z is the abscissa (from the Latin linea
abscissa or line cut-off), which measures the horizontal distance of
our point to the origin, and y is the ordinate, which measures the
vertical distance of our point to the origin. The points x and y are
the coordinates of P.

This manner of dividing the plane and labelling its points is called
the Cartesian coordinate system. The horizontal axis is called
the x-axis and the vertical axis is called the y-axis. It is therefore
sufficient to have two numbers x and y to completely characterise the
position of a point P = (x,y) on the plane R?.

Example: Plot the points P = (3,-2),Q = (—4,6),R =
(2,5),S = (—5,—3). Solution: Let’s plot the poin P. The first co-
ordinate 3 of the point P tells us that the point is located 3 units to
the right of the y-axis. The second coordinate -2 of the point P tells
us that the point is located 2 units below the x-axis (because -2 is
negative). Plotting of points @, R, S is similar. See Fig. 2, 3. o

Example: Sketch the region R = {(z,y) € R?: 1<z <3, 2<
y < 4}.

Solution: The region is a square, excluding its boundary. The
graph is shewn in the Figure 4, where we have dashed the bound-
ary lines in order to represent their exclusion.

o

Exercise: Sketch the following regions on the plane.
1) Ry = {(v,y) e R?: x < 2}.

2) Ry = {(z,y) €R*: |z| >3, |y > 4}.

3) Ry = {(z,y) € R?: |z| < 2,y > —4}.

2. Definition of Function

DEFINITION 2.1. Given sets A and B. A function f: A — B is
a rule which assigns an element f(a) of the set B for every a in A.

If the sets A and B are finite, then this rule can be expressed
in terms of a table or a diagram. Usually the sets A and B are not
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Fig. 2. Points P = (3,-2),Q = (-4,6),R =
(2,5),S = (—5,—3) on the coordinate plane.

finite. In such a case the rule in question is usually expressed in terms
of an algebraic expression, involving possibly special functions, for
f(a). Alternatively the rule to compute f(a), for a given a, may be a
program taking a as input and producing f(a) as its output.

DEFINITION 2.2. Let f : A — B be a function. The set A is the
domain of definition of the function f. The set B is the target
domain of the function f. The set f(A) = {f(a)| a € A} C B is the
range of the function f.

Example: Find the natural domain of the rule y = m.
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a
Quadrant II Quadrant I
x<0,y>0 x>0, y>0
Quadrant III Quadrant IV
x<0,y<0O x>0,y<0

Fic. 3. Quadrants of the plane

FiGc. 4. The region R

Solution: In order for the output to be a real number, the denom-
inator must not vanish. We must have 22z — 6 = (x +2)(z — 3) # 0,
and so © # —2 nor z # 3. Thus the natural domain of this rule is
R\ {-2,3}.

Here we used the next rule: if we have an equation az?+bx+2z = 0
and the discriminant D = b — 4axz > 0 then the solutions xi, zy of
the equation are z; = %, Ty = 4’57(;@ and az? + bx + z =
a(x —x1)(x — z2). o

We will usually concern a function f : R — R defined in terms of
explicit expression for f(z). The graph of the function f is the set
{(z, f(z))| € R}.
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<

F1c. 5. Vertical line test for a function: a) is a func-
tion; b) is not a function

IR
BNV s

~10 0 10 20 -5 0 5

~100—

f(x)=2x2—5x+1 f(x)=x1+x_2

Fi1G. 6. Horizontal line test for a function: left func-
tion is not one-to-one; right function is one-to-one

Vertical line test for a function: An equation defines a func-
tion if each vertical line in the rectangular coordinate system passes
through at most one point on the graph of the equation. If any vertical
line passes through two or more points on the graph of an equation,
then the equation does not define a function.

DEFINITION 2.3. A function f : A — B is injective or one-to-one

if flz)=fly) = 2=y

A one-to-one function associates at most one point in the set A
to any given point in the set B. Horizontal Line Test: If horizontal
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Uy

F1G. 7. Odd and even functions

lines intersect the graph of a function f in at most one point, then f
is one-to-one.

DEFINITION 2.4. A function f : A — B is surjective or onto if
f(A)=B,ie Vye Bz A: f(z)=y.

DEFINITION 2.5. A function f : A — B is bijective if it is both
one-to-one and surjective. For a bijective function Vy € B3ilx € A :

flz)=y.

Observe that the property of being surjective or onto depends on
how the set B in the above is defined. Possibly reducing the set B
any mapping f : A — B can always be made surjective.

DEFINITION 2.6. A function f is even if f(—x) = f(z) for all x,
and odd if f(—x) = —f(x) for all x.

The above definition assumes that the domain of definition of the
function f is symmetric, i.e. that if the function f is defined at a point
x, then it is also defined at the point —z. In most of our applications,
the functions under consideration are defined for all real numbers.

3

Example: Investigate is a function f : R — R, f(z) = 57 even,
odd, or neither.
3
Solution: f(—x) = (£;;)+1 = fxgmil = —a(z). Thus the function

f is odd. o
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Exercise: Investigate which of the following functions are even,
odd, or neither.

(1) f) = F;
(2) f(z) = || +2;
(3) f(z) = |z +2|.

(

Answer:(1) even; (2) even; (3) neither even nor odd.

THEOREM 2.1. Let f1, fo be even functions, and let g1, go be odd

functions, all sharing the same common domain.
Then

1) f1 £ fa is an even function.
2) g1 £ g2 is an odd function.
3) f1 X fa is an even function.
4) g1 X g2 is an even function.
5) f1 X g2 is an odd function.

Proof: We have

(fixfo)(—x) = fi(—2)E fo(—2) = fi(z)E f2(2) = (i f2)(2).
(91 £ 92)(—2) = g1(—2) £ ga(—2) = —g1(2) £ g2(x) = — (g1 £

1)
2)
92) ().
3)) (fi x f2)(=2) = fi(=2) x fo(=2) = fi(z) X fa(z) = (f)1 ¥
4)

f2)(
(91 X g2)(—x) = g1(—x) X ga(—x) = (—g1(2)) X (—g2(x)) =
(91 % g2)(x).
5 (fi x 1)(—=2) = fi(=2) x g1(—z) = —fi(x) x g1(z) = (f1 ¥
g1)(). o

2.1. Symmetry

A graph is said to be symmetric with respect to the z-axis if
for every point (z,y) on the graph, the point (z, —y) is on the graph.

A graph is said to be symmetric with respect to the y-axis if
for every point (z,y) on the graph, the point (—z,y) is on the graph.
Graph of an even function is symmetric with respect to the y-axis.

o A graph is said to be symmetric with respect to the origin
if for every point (x,y) on the graph, the point (—z,—y) is on the
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(-a,b) $--1--9(ab) (ab)

(a,-b)
(a) (%)
y
|
(-a,b) (a,b)
| /]
I / |
1
(4 [
I//___“__I
(-a, -b) (a,-b)
© (d

F1G. 8. (a): symmetry with respect to the y-axis; (b):
symmetry with respect to the z-axis; (c¢),(d): symme-
try with respect to the origin
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graph. Graph of an odd function is symmetric with respect to the
origin.
Tests for Symmetry.
x-axis Replace y by —y in the equation. If an equivalent equation
results, the graph is symmetric with respect to the z-axis.
y-axis Replace z by —x in the equation. If an equivalent equation
results, the graph is symmetric with respect to the y-axis.
origin Replace x by —x and y by —y in the equation. If an equiv-
alent equation results, the graph is symmetric with respect
to the origin.

Exercise: Test functions below for symmetry.

The property of being either odd or even can simplify greatly
computations regarding a given function.

A polynomial is even (odd) if all of its terms have even (odd)
power. Hence every polynomial is a sum of an even polynomial and
an odd polynomial.

THEOREM 2.2. FEvery function is a sum of an even function and
an odd function assuming that the domain of definition of the function
18 symmetric.

Proof: Let f be a function. Define the functions f; and f_ be
setting fy(z) = 7f(w)+2f(_x) and fi(z) = 7f($)_2f(_x).

fr(—z) = f(_x)ﬂ;(_(_x)) = f(—x);—f(x) = f(z), i.e. fy is even.
Similar computation shows that f_ is odd. Finally observe that f =
f++ 71— o
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F1G. 9. (a) decreasing function; (b) increasing func-
tion; (c) constant function; (d): decreasing for x < 0
and increasing for z > 0.

50
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2.2. Monotonous Functions

DEFINITION 2.7. A function f is increasing if x1 > xo = f(x1) >

f(x2).

DEFINITION 2.8. A function f is decreasing if x1 > w2 = f(x1) <

f(x2).

DEFINITION 2.9. A function f is monotonous if it is either in-
creasing or decreasing.

In some other texts, functions which are increasing in the above
sense, are called strictly increasing. The same applies to the decreasing
functions.

Like in the case of even and odd functions, any sufficiently smooth
function can be expressed as a sum of an increasing function and a
decreasing function. This is a deep fact of analysis.

Observe that monotonous functions are injective or one-to-one but
that there are injective functions which are not monotonous.

3. Linear Polynomial Functions

Graphs of linear polynomials ¥y = ax + b are straight lines. The
coefficient a determines the angle at which the line intersects the
zr—axis (slope).

Equation y = b defines a horizontal line, equation x = a defines a
vertical line.

THEOREM 3.1. Two lines with slopes m1 and ms are parallel iff
m1 = mo, and perpendicular iff mime = —1.

See Figure 10 for the geometric interpretation of slope.

Example: Mindplotting y = 2z + 5. (see Fig. 11).
Step 1: Make a table of friendly values.
Step 2: Plot the points.
Step 3: Draw the straight line throught the points.
o

As part of plotting, determine the intercepts, those points where
the graph crosses the axes:
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Line Slope Graph
|
Rising as x moves Positive __Z’
from left to right /
)
V\
Falling as x moves Negative i’
from left to right
[
“—
—_—>
Horizontal 0
I
— >
Vertical Not defined

Fi1G. 10. Geometric interpretation of slope
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x oy
0 5
-2.5 0

=y

F1G. 11. Graph of function y = 2z + 5.

y-intercept: graph crosses the y-axis; z-intercept: graph crosses the
X-axis.

The table in the picture 11 presents x— and y-intercepts of graph
of y =2z + 5.

If straight line is defined by equation y = max + b then y-intercept
has coordinates (0, b).

In addition to the slope — interseptform y = mxz+0b of equation
of straight line we will use also

Point-Slope Form: the line through the point (z1,y1) with slope
m has the equation y — y; = m(z — z1).

3.1. Problems
3.1. Find an equation of the line which passes through the point

(—2,3) and has slope 3.
3.2. Find an equation of the line which passes through the point
(1,-2) and is parallel to the line y = 5z — 3.

3.3. Find an equation of the line which passes through the point
(2,—4) and has y-intercept 5.
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3.4. Find an equation of the line which passes through the points
(—1,-1) and has z-intercept 3.

3.5. What is the slope of the line z/a +y/b =17

3.6. If the point (a,—a) lies on the line —2x + 3y = 30, find the
value of a.

3.7. Find the equation of the straight line joining (3,1) and
(=5, -1).

3.8. Find the equation of the straight line parallel to the line
8x — 2y = 6 and passing through the point (5,6).

3.9. Find the equation of the line passing through (12,0) and
normal to the line joining (1,2) and (-3, —1).

3.2. Answers

3.1.y=3x+11. 3.2.y=5z—-7 3.3.y=—-45z+5 3.4y=
lz—3 35L 3.6.-6. 3.7y =3z-2 3.8y=dr— 14
3.9.y = 32+ 16.

4. Power Functions

DEFINITION 4.1. A power function of degree n ia a function of
the form f(x) = ax™, where a € R, a # 0 and n € N.

Example:(The identity function) Consider the function Id : R —
R such that Id(x) = z. This function assigns to every real its own
value. The graph of identity function is a straight line, and it is given
in figure refidp. o

Example: The next base function is the function y : R — R such
that y(x) = 22. To plot the graph of the function it is convenient to
make a table of values. The table and the graph called parabola are
given in the fig. 13. o

Example: Let’s consider a function y : R — R such that y(z) =
23. The table of values and the graph of the function called cubic are
given in the fig. 14. o

Propery of power function f(x) = ax™, with n is even.
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1y

v

F1G. 12. The identity function

YA

D
nYy

FIG. 13. Graph of the function y = 22 (parabola)

(1) The graph is symmetric with respect to the y-axis, so f is
even.

(2) The domain is the set of all real numbers. The range is the
set of nonnegative numbers.

(3) The graph always contains the points (-1,1), (0,0), and (1,1).
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Xly=x
3 7
2 -8
-1 -l %
0o 0
| I
28
3 27

FiG. 14. Graph of the function y = 2% (cubic)

(4) As the exponent increases in magnitude, the graph becomes
more vertical when £ < —1 or x > 1, but for x near the
origin the graph tends to flatten out and lie closer to the
T-axis.

Property of power function f(z) = az", with n is odd.

(1) The graph is symmetric with respect to the origin, so f is
odd.

(2) The domain and range are the set of all real numbers.

(3) The graph always contains the points (—1,—1), (0,0), and
(1,1).

(4) As the exponent increases in magnitude, the graph becomes
more vertical when x > 1 or z < —1, but for x near the
origin the graph tends to flatten out and lie closer to the
T-axis.

5. Piecewise Defined Functions

Sometimes it is necessary to define a function by giving sever-
al expressions, for the function, which are valid on certain specified
intervals. Such a function is a piecewise defined function.

The absolute value |z| is an example of a piecewise defined func-
tion. We have |z| = z if x > 0 and |z| = —x otherwise. Computations
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with the absolute value have to be done using its definition as a piece-
wise defined function.

Example: Express y = |1—|z—2|| as a piecewise defined function.
Solution: We have to strip the absolute values from the expression
by starting with the innermost absolute values. Observe first that
1—(x—2) ifz>2
y(z) = { 1—(2-a) ifz<?2 iec
|3 —z| ifx>2
V@) =1 220 e <o
Next observe that
|3_m|:{x—3 if x >3,
3—x ifx<3
r—1 ifz>1,
1l—z ifz<l.
Combine the above to get
r—3 ifx >3,
3—z if2<z<3,
y(z) = r—1 if1<x>2,
1l—2z ifz<l.

[z —1| =

Exercise: Draw the graph of the above function.

5.1. Problems
Draw the graph of functions.

5.1. y = |22 — 1]. 5.3. y = z|z|.

5.2. y=x + |z|. 54.y =z — 1|+ |z + 2|

6. Composite Functions

Function composition is the application of one function to the
results of another. For instance, the functions f: X >Y and g:Y >
Z can be composed by computing the output of g when it has an
argument of f(z) instead of z. Intuitively, if z is a function g of y and
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>
‘ l
JIN]

Fi1Gg. 15. go f, the composition of f and g. For exam-
ple, (go f)(c) = #.

y is a function f of x, then z is a function of x. Thus one obtains a
composite function go f : X — Z defined by (go f)(z) = g(f(x))
for all x € X (see fig. 15). The notation g o f is read as "g circle for
"g composed with f"g after f"g following for just "g of f".

Assume that f and g are functions for which the composed func-
tion h = f o g is defined. Then below properties hold.

If both f and g are increasing, then also h is increasing.
If f is increasing and ¢ decreasing, then h is decreasing.
If f is decreasing and ¢ increasing, then h is decreasing.
If both f and g are decreasing, then h is increasing.

7. Simple Deformations

Let f be a given function, and let a be a real number. The picture
in fig. 16 (a) illustrates how the graph of the function f gets deformed
as we replace the values f(z) by af(x). By multiplying the function by
a positive constant a the graph gets stretched in the vertical direction
if @ > 1 and squeezed if 0 < a < 1. By multiplying the function by
a negative constant a the graph gets first reflected about the z-axis

and then stretched in the vertical direction if a < —1 and squeezed if
-1<a<0.
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v/v
vﬁ \/\/\/\, 0.5f(x
(a) ©®)

F1G. 16. Simple deformations

The effect, on the graph, of multiplying a function with a constant
is either stretching, squeezing or, if the constant is negative, then first
reflecting and then stretching or squeezing.

Adding a constant to a function means a vertical translation in
the graph. The The picture in fig. 16 (b) illustrates this situation.

Let f be a given function, and let b > 0 be a real number.

The picture in fig. 17 illustrates how the graph of the function f
gets deformed as we replace the values f(x) by f(x+b) and f(x+1b).

Example: Using simple deformations of base parabola y = 22,

draw the graph of functions y = 22 +2;y =22 - 3; y = —x; y =
(x+2)%y = (z—3)% y=22% y = 322

Solution: The answer is shewn in fig. 18, 19. To get the graph of
y = z2 + 2 we should shift the graph of y = 2 up two units. To get
the graph of y = 22 — 3 we should shift the graph of y = 2 down
tree units. To get the graph of y = (x +2)? we should shift the graph
of y = x? left two units. To get the graph of y = (z — 3)? we should
shift the graph of y = z? right three units. o

Example: Show each stage to obtain the graph of function y(z) =
4—2(z—1)%
Solution is shewn in the fig. 20. o
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f(x-b)

ba
F(x+b) f(x)

Fia. 17. Graphs of functions f(z), f(x +b) and f(z +b)

Example: Use simple deformation th draw the graph of function:

y=(x—3)?2+4 y=—|z+1]+5.

8. Quadratic Function

8.1. Quadratic Equation

A quadratic equation is an equation equivalent to one of the
form ax? + bx 4+ ¢ = 0 where a # 0, b, ¢ are real number.

Example: Here are some examples of quadratic equation: 22—9 =
0,22 +2x+1=0,22—2+1=0, —2> +22=0. o
Methods for Solving Quadratic Equations.
Factoring.
Graphing.
Square Root Method.

Complete the Square Method.
Quadratic Formula.
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y
3“ 4
\ /
\
a1 R
(a)y=x
y
S "
(1,13 I
b x N D
5 -5
(b)y=x2+2 (c)y=(x+2)2
‘:y. =4}:* *
I
\
I » X : ,1#)
0 J 0
1,42

(d)y=x*-2 (e)y=(x-3)

F1G. 18. Vertical and horizontal shifts

61
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y y
* n“ 4 n“
\ /
\ /
(2, 4)
\[/ oy R
—1 Q 1 1 4
(2, 4
[ \
/ \
- vViol ¥
(@) fy=x? (b) R y=-x?
Y y Reflection
‘1“.. A A 4+
(2:8)
\ /.
\l./
> x (2.2) P
—1 o 1 -1 0 1
=10 = 10]
(c) S:y=2x? (d) T:y=1/2x2
Expansion Contraction

F1G. 19. Reflection, expansion and contraction

The Square Root Method
If 22 = p and p > 0, then

x:\/f)orx:—\/ﬁ

Example: Solve the equation (z + 1) = 5.
Solution: using the square root method
z+1=+vborz+1=—-5
r=-14++vVborxz=-1-+5
Answer: z = —1 + /5.

Quadratic Formula

62

Consider a quadratic equation az? + bx 4+ ¢ = 0 where a # 0. The

number D = b2 — 4ac is called a discriminant.

e If D > 0, there are 2 unequal real solutions.

e If D =0, there is repeated real solution.
e If D < 0, there are no real solutions.
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15T
15 T
. 1) . (0,0)
-5 (0:0)]o0 s A 0¥ (1:-2)
s L
15 -~
(a)y=x4 (b)y=—2x4
15T 3T
(1:4)

o_'\+
0
:
N
N’
o
[
W
[«]
o

o

-5

-15 1+

(©)y=-2G- 1) (@)y=4-2(x- 1)

F1G. 20. Stage of drawing of graph of y = 4 — 2(z — 1)?

If D > 0, the solutions of the equation are given by formula

—b++vD
— an

2a d

T12 =

az?® +br + ¢ = a(x — x1)(x — 29).
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Vertex is highest point

Axis of
symmetry
Axis of
symmetry
a>0 a<0
Opens up Opens down

Vertex is lowest point

Fic. 21. Graph of the quadratic function
y=azx’+br+c

8.2. Quadratic Function

A quadratic function is a 2nd-degree polynomial function of
the form y = ax? 4 bx + ¢ where a # 0, b, ¢ are real number.

The graph of a quadratic function is a parabola, which opens up
if a >0 and opens down if a < 0 (see fig. 21.

The vertex of parabola is the lowest for a > 0 or highest for a < 0
point.

The z-coordinate of the vertex of the parabola is given by —%,
and the y-coordinate can be found by substituting this value for z into
the equation y = az? + bz + c.

If the vertex of the parabola has coordinates (h, k), then the equa-
tion of the parabola can be reduced to the form y = a(x — h)? + k.

Parabola has a symmetry axis at the line x = h.

The z-intercepts of the parabola, if there are any, are the solutions
of the quadratic equation az? + bx 4+ ¢ = 0.

Example: Without graphing, locate the vertex and find the axis
of symmetry of the parabola f(x) = —32% 4 12z + 1. Does it open up
or down?

Solution: The vertex locate at point (h, k) where
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— b _ 12 _
h=—9= Tax(=3) T 2,
k=f(2)=-3x22412x2+1=13.
The axis of symmetry is x = 2.
Since a = —3 < 0, the parabola is open down. o

Example: Find the vertex of the parabola f(x) = —3z2+12x+1
by completing the square.

Solution: f(x) = =322 + 122 +1 = —-3(2% —42) + 1 = —3(2? —
dr+4-4)+1=-3((z—2)*—-4)+1=-3z—2)*+13. o

Exercise: Find the minimal value of the function f(z) = 222 +
2x + 5.

8.3. Steps for Graphing a Quadratic Function by Hand

(1) Determine the vertex.

(2) Determine the axis of symmetry.

(3) Determine the y-intercept, f(0).

(4) Determine the x-intercepts (if there are any).

(5) If there are no z-intercepts determine another point from the
y-intercept using the axis of symmetry.

(6) Graph.

Exercise: Determine whether the graph opens up or down. Find
its’ vertex, axis of symmetry, y-intercept, x-intercept. Draw the graph.
(1) f(z) =222 + 122 — 5;
(2) f(z) =222 -8z +T;
(3) f(x) = —2® -5z +9.

8.4. Sign of a Quadratic Function with Application to
Inequalities

Example: Solve the inequality z? — 2z — 3 > 0.

Solution: First, we need to look at the associated function y =
22 — 22 — 3 and consider where its graph is above the z-axis (that
is y > 0). To do this, we need to know where the graph crosses the
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A

y

\Js X ox

F1G. 22. Graph of function y = 22 — 2z — 3 and solu-
tion of inequality 2 — 22 —3 > 0

z-axis. That is, we first need to find where y = 2> — 22 — 3 is equal
to zero:

22 —2x-3=0

(x+1)(z73)=0

r="lorx=3

This zeroes divide the z—axis into three intervals: (—oo,—1),
(—1,3), (3, +00).

Now we need to figure out where (that is, on which intervals) the
graph is above the z-axis. Since the parabola opens up, the graph
is below the z-axis in the middle, and above the xz-axis on the ends:
y < 0 if and only if x € (—oo0, —1) or z € (3,+00). So, the solution of
the inequality is z € (—o0,—1) or x € (3,+00). We can rewrite last
conditions as x < —1 or & > 3.

Answer: x < —1 or z > 3. o

We can apply the concept used in the solution of inequality above
to solve of arbitrary quadratic inequality. In general there are three
following possibilities (see also fig. 23).
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L/
N

X,
1 2 3 4 5
a>0

case 1: two distinct roots (b2 - 4ac > O)

4 4
5
X X2 X,
2 1 1 2 3 4 A
2
4
a<0

case 2 :double root (b2 - 4ac = 0)

Wi kA

i Fi
P 3 4 6
3
2
1
a4l 1 2 3 a 5
a<0

a>0

case 3 :no real roots (b2 - dac < O)

F
6
2z 4 5
4
1
2 4 4 1 2 3 4
a<0 a>0

Fia. 23. Sign of a Quadratic Function
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1. The equation az? + bz + ¢ has two distinct real roots z1, z.
Let z1 < 2. In this case, we have ax? + bx + ¢ = a(z — 21)(x — x2).
Since (x — x1)(z — x2) is always positive when = < z1  and x > x4
and always negative when z; < x < 2, we get ax? + bz + ¢ has the
same sign as the coefficient ¢ when x < 1 and = > x2 and the
opposite sign as the coefficient @ when x1 < z < xo.

2. The equation az? 4 bx + ¢ has double root. In this case ax? +
bxr +c=a(z + %)2, and the expression az? + bx + ¢ equal to zero if
x = —% and has the same sign as the coefficient a for any x # —%.

3. The equation az? 4 bx + ¢ has no real roots. In this case the
expression ax? 4 bx + ¢ has the same sign as the coefficient a for any
x.

8.5. Problems

Solve inequalities.

8.1. 22 > 0. 8.7.22—-3x+5>0.
8.2. 22 < 4. 8.8. —5z2 + 10z — 5 < 0.
8.3. 2% > —4. 8.9. 22 +4x+4>0.
8.4. 22 —2x > 0. 8.10. -2z —z+1 < 0.
8.5. 2 > —2x. 8.11. —322+2x+1<0.

8.6. 22 —6x—7<0.

8.6. Answers

8.1.xz#0. 8.2.—-2<zx <2 8.3.anyreal number. 8.4.x <0
orx>2 8bx<—-2o0orx>0 86.—1<zxz<7 8.7.nosolution.
8.8. any real number. 8.9.x < —1 or x > % 8.10.—% <z <1

9. Polynomial Function

DEFINITION 9.1. A polynomial function (or simply polynomial) is
a function of the form P(z) = apx™+a12" 1+ +an_12+a, where
ag, ai, ... an are real numbers, ag # 0, and n is a natural number.
Number n is called the degree of polynomial function.

Domain of the polynomial function is all real numbers.
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Exercise: Determine which of the following are polynomials. For
those that are, state the degree.
(1) f(z) = 32% — 4z + 5;
(2) f(z)=Vz -5
(3) flz) = 2.

Answer: (1) polynomial of degree 3; (2), (3) not a polynomial.

A number z for which P(z) = 0 is called a root of the polyno-
mial P.

THEOREM 9.1. A polynomial of degree n has at most n real roots.
Polynomials may have no real roots, but a polynomial of an odd degree
has always at least one real root.

9.1. Polynomial Equation. Division Algorithm for Poly-
nomials

The main tools for finging roots of polinomial of degree greater
then 2 is a Rational Zeros Theorem, Factor Theorem and polynomial
division described below.

THEOREM 9.2 (Rational Zeros Theorem). Let P(x) = apx™ +
az" '+ ap1x +an is a polynomial function of power 1 or
greater such that every coefficient a; is an integer. If p/q in the lowest
terms, is a rational zero of f, then p must be a factor of ag and ¢
must be a factor of a,.

Example: Find the roots of equation 2® — 222 — z + 2.

Solution: The equation has at most three roots.

Factors of 2 are 1, 42; factors of 1 are 1, then the possible root
of the equation is among the numbers £+1, £2.

By direct sunstitution one can check that —1,1 and 2 are roots of
the equation. o

THEOREM 9.3 (Factor Theorem). Let P(z) be a polynomial. Then
P(c) =0 if and only if (x — ¢) is a factor of P(x).
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231 ¥ +2x-5 Quotient
Divisor x+2) 2x*+3x3+0x>~1x~5  Dividend
2xt 4+ 4x3
13+ 0x2
e
2x2 —1x
2x2 + 4x
Dividend coefficients -x—- 5
- 4 N —5— 10
2 | 3 ‘ 0 -l N 5 Remainder
4 | 4,2 | 4| 40
ERPR VSR VP A Ve
< J N

NV
Quotient coefficients Remainder

Fi1G. 24. Polynomial Division

THEOREM 9.4. If f(z) and g(z) denote polynomial functions and
if g(x) is not the zero polynomial, then there are unique polynomial
functions q(x) and r(x) such that

f(x) r(z)
— =qx)+ —F—, or
o)~ )
f(z) = a(@)g(z) + r(z),

where r(x) is either the zero polynomial or a polynomial of degree

less than that of g(x).

The algorithm of obtaining functions ¢(x) and r(x) is shewn in
the fig. 24

Example: Solve 2° + 24 — 923 — 22 + 202 — 12 = 0.
Solution: The potentional roots are among the numbers
41,42, 43,44, +6,£12. By direct substitution one can get that 1
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is a root. Then by factor theorem z — 1 is a divisor of P(x) =
25+ 2% — 923 — 22 4 202 — 12. Divide P(z) by = + 3 to obtain P(z) =
242t 923 224200 —12 = (2 —1)(2°+2* — 923 —224+-202—12). Now
let’s try to find roots of Q(z) = x°+z* — 923 — 2% + 202 — 12. The po-
tentional roots are among the numbers +1,+2, £3, +4, +6, +12. By
direct substitution one can get that 2 is a root. Divide Q(x) by z—2 to
obtain Q(z) = x°+2* —92% — 224202 — 12 = (2 —2) (2% + 422+ —6)
and P(z) = (z—1)Q(z) = (z—1)(x—2) (23 + 42> +2—6). Similarly, 1
is a root of 3 +42%+2 — 6 and one can get P(r) = (v —1)(x —2)(x —
1)(z?+5x+6) and, finally, P(z) = (z—1)(z—2)(z—1)(z+2)(z+3) =
(x —1)%(x —2)(z + 2)(x + 3).

Answer: the roots are 1,2, —2, —3. o

9.2. Graph of Polynomial

The properties of graph of polynomial function are listed in fol-
lowing propositions.

DEFINITION 9.2. If (x — r)™ is a factor of polynomial P(z) and
(x—7)""L is not a factor of P(x) then r is called a zero of multiplicity

r of P(x).

Example: Let P(z) = (x — 1)%(z — 2)(x + 3)5. Then 1 is a zero
of multiplicity 2, 2 is a zero of multiplicity 1, and —3 is a zero of
multiplicity 5. o

PROPOSITION 9.1. If r is a zero of even multiplicity, then sign of
P(z) does not change from one side to the other side of r, and the
graph touches z-azis at r.

PROPOSITION 9.2. If v is a zero of odd multiplicity, then sign
of P(x) changes from one side to the other side of r, and the graph
crosses r-aris at r.

PROPOSITION 9.3. If P(x) is a polynomial function of degree n,
then P(x) has at most n — 1 turning points.

NoTE 9.1. For large positive and for small negative values of x
the graph of the polynomial P(z) = agx™ + a1x™ ' + - -+ apn_12+ an
resembles the graph of the power function f(x) = apz™.



9. POLYNOMIAL FUNCTION 72

Fiac. 25. The graph of polynomial
P(z) = (z+1)*(z - 5)(z +4)

Steps for graphing a polynomial.

(1) Find the z- and y-intercepts.

(2) Determine whether the graph crosses or touches the z-axis
at each z-intercept.

(3) Determine the maximum number of turning points on the
graph of P.

(4) Use the z-intercepts and test numbers to find the intervals
on which the graph is above the z-axis and the intervals on
which the graph is below the x-axis.

(5) Find the power function that the graph of P resembles for
large values of x.

(6) Put all the information together, and connect the points with
a smooth, continuous curve to obtain the graph.

Example: Draw the graph of P(z) = (z + 1)?(z — 5)(x + 4).

(1) z-intercepts are z = —1,z = 5,2 = —4;
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y-intercept is y = P(0) = (04 1)%(0 — 5)(0 + 4) = —20.
(2) at © = —1 the graph touches, at x = 5, = —4 the graph
crosses the z-axis.
(3) the maximum number of turning points is 3.
(4) zeroesx = —1,x = 5,x = —4 cut the z-axis into four regions:
(—o0, -4) the test point x = —100: P(—100) > 0 = the graph is above
the z-axis for any x from this interval;

(-4,-1) the test point x = —3: P(—3) < 0;
(-1,5) the test point x = 0: P(0) < 0;
(5,400) the test point = = 100: P(100) > 0.
(5) for large values of = the graph resembles the graph of y = x%.
(6) See the graph at the fig. 25.
o

9.3. Key Steps in Solving Polynomial Inequalities

Step 1. Write the polynomial inequality in standard form (a form
where the right-hand side is 0.)

Step 2. Find all real zeros of the polynomial (the left side of the
standard form.)

Step 3. Plot the real zeros on a number line, dividing the number
line into intervals.

Step 4. Choose a test number (that is easy to compute with) in
each interval, and evaluate the polynomial for each number (a small
table is useful.)

Step 5. Use the results of step 4 to construct a sign chart, showing
the sign of the polynomial in each interval.

Step 6. From the sign chart, write down the solution of the original
polynomial inequality (and draw the graph, if required.)

Example: Solve 2% — 22 — 6z > 0.
Solution: Factoring gives

(2> —2—6) >0 or

z(z—3)(x+2)>0
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Fic. 26. Solution of 22 — 22 — 62 > 0

. Mark 0,3, and -2 on a number line and use the test point z = 1 for
which z(z — 3)(z + 2) = —6 < 0. Since the multiplicity of every zero
is odd, we get the sign chart shown in the fig. 26.

Therefore the solution is given by —2 <z < 0 or = > 3.

9.4. Problems

Solve inequalities.
9.1. 23 — 22 > 0.

9.2. (z—1)(z2 —4) <0.
9.3. (22 - 9)(z+1)(2®>+z+1)>0.
9.4. (v —5)(z +4)(2® + 62 +9) > 0.

9.5. 3 — 522 — 222 + 56 > 0.

9.5. Answers

9.1.x>1. 92x< 2orl<z<2 933<zx<-lorx>3.
94 < -4, z=-3orx>5 95.-4<xr<2o0rx>T.

10. Rational Inequalities

DEFINITION 10.1. A rational function is a finction of form f(x) =
gg; where P(z),Q(x) are polynomials.

Step 1. Write the inequality in one of the standard form
f(@) >0, f(x) <0, f(x) 20, f(z) <0,

where f(x) is written as a single quotient.
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Fic. 27. Solution of 23 — 22 — 62 > 0

Step 2. Determine the numbers at which the function f equals
zero and also those numbers at which it is undefined.

Step 3. Use these numbers to separate the real line into intervals.

Step 4. Choose a test number (that is easy to compute with) in
each interval, and evaluate the function f for each number (a small
table is useful.)

Step 5. Use the results of step 4 to construct a sign chart, showing
the sign of the function f in each interval.

Step 6. From the sign chart, write down the solution of the orig-
inal inequality. If the inequality is not strict, include the solutions of
f(z) = 0 in the solution set, but do not include those where f is
undefined.

Example: Solve % <0.
Solution: Factoring gives

(x—4)(x—1) <o.

(r—2)(x+2) —
Mark -2, 1,2 and 4 on a number line and use the test point x = 0
% = —1 < 0. Since the multiplicity of every zero of
numerator and denominator is odd, we get the sign chart shown in
the fig. 27.

Since the inequality is not strict, we can include the zeros of the

numerator; so the solution is given by -2 < x <lor 2 <z < 4.

for which

<
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10.1. Problems

Solve the inequalities.
10.1. LE2+l <0,

z2—42—5

10.2. T=tr=l <,

2 —5x4+7
10.3. =575, 2 0.

264324 —22-3
10.4. H3 == ),

1 5
10.5. 3z + g7 <1
T
10.6. £
T
10.7. 2248 <9,

10.8.

1
) < x—3"
10.2. Answers
10.1.-1 < x < 5. 10.2.-8 < =z 1. 5
1042 < 8or -1 <ax<0Oorl<zx 8 10.5.—2 < x < 2.

10.6.2 < —50orz >5 10.7.0 <z <4. 108.—5 <z < —2or
x> 3.

< 10.3.—1 < 2 < 2.
<

11. Exponential Function

DEFINITION 11.1. An exponential function is a function of the
form

f(z) = a®
where a is a positive real number (a > 0) and a # 1. The domain of
f is the set of all real numbers.

Summary of the characteristics of the graph of
fx)=a" a>1

e The domain is all real numbers. Range is set of positive num-

bers.

No x-intercepts; y-intercept is 1.

The x-axis (y=0) is a horizontal asymptote as z — —oo.

f(x) = a®, a>1, is an increasing function and is one-to-one.

The graph contains the points (0,1); (1,a), and (-1, 1/a).

The graph is smooth continuous with no corners or gaps.
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(-1, 6)

('19 3)

(1,1/3) (1,1/6)

Fi1G. 28. Graph of the exponential function

Summary of the characteristics of the graph of
flx)=da", 0<a<1

The domain is all real numbers. Range is set of positive num-

bers.

No x-intercepts; y-intercept is 1.

The x-axis (y=0) is a horizontal asymptote as x — +o0.

f(z) =a®, 0 < a <1,is a decreasing function and is one-

to-one.

The graph contains the points (0,1); (1,a), and (-1, 1/a).

The graph is smooth continuous with no corners or gaps.

Exercise: Graph f(z) = 377+2 and determine the domain, range
and horizontal asymptote of f.

Answer:

Graph: see figure 29

Domain: all real numbers
Range: {y|y > 2} or (2, +00)
Horizontal Asymptote: y = 2.
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10 T

F1c. 29. Graph of the function f(x) =37% +2

11.1. The Number ¢

From the picture it appears obvious that, as the parameter a

grows, also the slope of the tangent, at x = 0, of the graph of the
function a” grows.

DEFINITION 11.2. The mathematical constant e is defined as the

unique number e for which the slope of the tangent' of the graph of €*
at x =015 1.

e~ 2.718281828.

The number e is defined also as the number that the expression

1 n
(1 + ) approaches as n — 0.
n

IThe slope of a tangent line is the tangent of the angle at which the tangent
line intersects the x-axis.
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a=5/2
a=1/2

a=3/2

I
—_—

a

FiG. 30. Different exponential functions

In calculus this expression is expressed using limit notation as

1
lim <1 + ) =e.
n—oo n

Exponent properties

(1)

(2)

(3) For n a negative integer: a" = a%n, a # 0.
(4) a™a™ = g™t

(5) (a)" = am

(6) (ab)™ =a™b™

(7) (i) =47, b#0.

(8) Gr=a""" =g, a #0

Example: Solve 4772 = 64.
Solution:

472 = 64
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n [1+,37}'" The Number e

1 2
10 2.59374...
100 2.70481...
1.000 2.71692...
10.000 2.71814... AN Y I T N ———

2 -1 0 142 434 4
100.000 2.71827...

1.000.000 2.71828... eIl

F1Gc. 31. Constant e

4x—2:43
r—2=3
Tr =

Answer: r = 5. o

Example: Solve 9% + 312 — 10 = 0.
Solution:

9" +3"72 - 10=0
(3°)2+3%3° —10=0
(39”)2 +323" —10=0 — equation of quadratic type
(3*+10)(3*=1)=0
3=-100r3*=1
No solution or Solution x = 0.
Answer: x = 0. o

Example: Solve 3%+ = 222—1
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Solution:
3I+1 — 22171
(x4+1)in3=(2z—1)in 2
zln 3+1In 3 =2xln 2 —1In 2
xln 3 —2xln 2=—-In3—1In 2
z(ln 3—2In 2) = —(In 3+ n 2)
 —(In3+in2) In6 In 6 ~ 6.93
 In3-2n2  Inm3-In4  In(3/4)

Answer: ¢ = _lnl?:s/64) >~ 6.23. o

Exercise: Solve 322! = 81.

Answer: x = %

11.2. Problems

Solve equation.

11.1. 10* = 0.00001. 11.10. 10 = 4.

11.2. (3)" = 64. 11.11. 0.5°7% = 0.25.

11.3. 7% = %49 11.12. 36* = 6.

11.4. 1° = 12. 11.13. 6 ' = 1.

11.5. (2)" = 1.5, 11.14. 16°705 = 3214,

11.6. (i)x 6l 11.15. 57 x 2% = 0.001.

117 198 — 1 11.16. (V7)* 1(y/2)*" ! = 1.

11.8. 3¢ = 9. 11.17. 27 + 2772 = 20.

11.9. 0.2° = 1/0.008. 11.18. 4771 +47 44741 = 84,

Solve inequality.

11.19. 5% < 125. 11.24. 0.3 > 11%.

11.20. 4% > 256. 1\*  3/1

11.25. () > /3:-
11.21. 10* > 0.01. (2) L 25

11.23. 0.3° < 0.09. 11.27. (2)* < (3)°.
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11.28. 2577 < 5V/5. 11.29. (V3)" x 3> 5.
11.30. 2773177 < 2.

12. Logarithmic Functions

DEFINITION 12.1. The logarithmic function to the base a,
where a > 0 and a # 1, is denoted by y = log,x and is defined
by

y = logex if and only if © = aY.
The domain of the logarithmic function y = logex, is © > 0.

Exercise: Change exponential expression into an equivalent log-
arithmic expression.

Answer:

a” =z means logaZ =T

10% = 100 means log19100 = 2.

Exercise: Change logarithmic expression into an equivalent ex-
ponential expression.

Answer:
y = logs7 means 3¥Y =7
7 = logsa means 37 = a.

Domain of logarithmic function = Range of exponential function
=(0, 00).
Range of logarithmic function = Domain of exponential function
= (—00,00).
Properties of the Graph of a Logarithmic Function
f(x) = logax
e The x-intercept of the graph is 1. There is no y-intercept.
e The y-axis is a vertical asymptote of the graph.
e A logarithmic function is decreasing if 0 < a < 1 and in-
creasing if a > 1.
e The graph is smooth and continuous, with no corners or gaps.

DEFINITION 12.2. The Natural Logarithm y = In x if and
only if v = €Y.
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X =d
y=da y=X Y
y=x
0, DN y
°(1, 0 of (1,0)
a<l a>1
Fi1Gc. 32. Graph of the logarithmic function
r &
¥ y=2% x=2¥ )
1 1
-3 5 g -3
-3 3 E 2
-4 : T -
0 1 1 0
1 ¥ 2 1
2 4 4 2
3 8 8 3
DOMAIN of f = (—wo, o) = RANGE of -1 T T

RANGE of f = (0, =) = DOMAIN of -1

Fiac. 33. Logarithmic Function with Base 2
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—X
y=3"+2
F1G. 34. Graph of the function f(z) =In (x — 3)

Exercise: Graph f(z) = In (z — 3). Determinate the domain,
range and vertical asymptote.

Answer:

Graph: see figure 34
Domain: (3,00) or > 3
Range: All reals

Vertical Asymptote: x = 3.

DEFINITION 12.3. The Common Logarithmic Function
(base=10) y = lg = = log z if and only if x = 10Y.

Properties of Logarithms

(1) logal =0

(2) logea =1

(3) logea™ =r
(4) aloga” = p
()

(6)
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(7) logab® = clog,b

Exercise: Write the expression logaﬂ% as sum and (or) dif-

1)
ference of logarithms. Express all powers as factors.

Answer: loga% = 10ga\/TY — loga(22(y — 1)) = %loga(:py) —
(logaz® + loga(y — 1)) = %(logax + logay) — 3logez — loga(y — 1) =
%logax + %logay —3logaz — loga(y — 1).

Answer: loga% = %logax + %logay — 3logaz — loga(y — 1).

Exercise: Write the expression 3in z — 2in (y+1) — 0.5ln z as a
single logarithm.

Answer: 3in z —2In (y+1)—0.5ln z = 3ln x —2In (y+1) —0.5in z =
3 2 0.5 _ z? _ z3
Inz®—In(y+1)*—Inz —lnw—lnﬁ—ln(y+l)2ﬁ.

:E3
(y+1)2vz"

Answer: 3ln z —2In (y+1) — 0.5ln z =In

Change-of-Base Formula

If a # 1, b# 1 and c are positive real numbers, then

For computation we use:

loge Inc

l = = —
0ac loga Ina
Example: log734 = llofg?’;l ~ 1.81. o

In the following properties a, b, c are positive real numbers, with
a# 1.
If b=c, then log,b = log,c.

If log.b = logac, then b= c.
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12.1. Logarithmic and Exponential Equations

Exercise: Solve logs(2z + 5) = 2.
Answer:
logs(2x +5) =2
Rewrite in exponential form:
3¥=2r+5
9=2zx+5
4 =2
T =2.

Answer: z = 2.

Exercise: Solve logy(3z — 5) = 2.
Answer:
logs(3x —2) =2
Rewrite in exponential form:
42 =37 -2
16 =32 —2
18 =3z
z = 6.
Answer: z = 6.

Exercise: Solve logs(x + 3) + logg(x — 2) = 1.
Answer:
logs(z + 3) + logs(z —2) =1
logol(z +3)(z — 2)] = 1
loge(z? +2 —6) =1
2?4+ 2r-6=6
22 +zx—-12=0
(z+3)(z—3)=0.
r=—4o0rx=3.
Check!
Check: r = —4
logs(—4 + 3) + logs(—4 — 2) = logg(—1) + logs(—6)

86
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Both terms are undefined.

Check: z =3

logs(3 + 3) + logg(3 — 2) = loge(6) + logs(1) = 1
Answer: x = 3.

12.2. Problems

Find the domain of functions.

12.1. y = lg(—=). 12.3. lg(|z| — ).
12.2. Yy = 11’1.%2. 12.4. 10@

Solve equations.

12.5. lg(z + 1.5) = —lg=.

12.6. 002 _

12.7. logy(z + 3) — logy(x — 1) = 2 — log, 8.
12.8. logs(z — 2) +log /5(z — 2) +logg o(z — 2) = 4.
12.9. lg(5 — z) — 3 1g(35 — 23) = 0.

Solve inequalities.

12.10. logs(3z — 1) < 1.

12.11. logy 5(4 — 2z) > —1.

12.12. logo.4(2x — 5) > logy 4(z + 1).
12.13. logs(3x — 1) < logs(2z + 3).

12.14. log%(:cQ — 5z +6) > —1.

12.15. logg®=2% > —1.

12.16. logz(xz +2)(x +4) + logi (v +2) < %log\/gT
3

12.17. log,—15 > .



CHAPTER 4

TRIGONOMETRY

1. Angles and Their Measure

A ray, or half-line, is that portion of a line that starts at a point
V on the line and extends indefinitely in one direction. The starting
point V' of a ray is called its vertex. If two lines are drawn with a
common vertex, they form an angle. One of the rays of an angle is
called the initial side and the other the terminal side (see fig. 1).

An angle 6 is said to be in standard position if its vertex is
in the origin of a rectangular coordinate system and the initial side
coincides with the z-axis (see fig. 1).

When an angle 6 is in standard position, the terminal side either
will lie in a quadrant, in which case we say 6 lies in that quadrant,
or it will lie on the z-axis or the y-axis, in which case we say 6 is a
quadrant angle.

Angles are commonly measured in either

e degrees
e radians

The angle formed by rotating the initial side exactly once in the
counterclockwise direction until it coincides with itself (1 revolution)
is said to measure 360 degrees, abbreviated 360° (see fig. 2). One
degree, 1°, is ﬁ revolution.

A right angle is an angle of 90° or % revolution. A straight

angle is an angle of 180° or % revolution.

One minute, denoted 1/, is defined as % degree. One second, de-

noted 1”7, is defined as % minute.

88
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Initial Side

Vertex Initial Side
Counterclockwise rotation Clockwise rotation
Positive Angle Negative Angle
Terminal
side

A

Vertex Initial side X

Standart position of angle

Fic. 1. Positive angle, negative angle, angle in stan-
dard position

Example: Convert 30°12'55” to a decimal in degrees.
30°12'55" = 30° 4+ 12 X g5 + 55 X 545 = 30° + 0.2° + 0.01528° =
30, 21528°. o

Example: Convert 45.413° to D°M’S"” form.

45.413° = 45° +0.413°5% = 45° 4 24.78' = 45° + 24’ +0.78' 80" =

45° + 24" 4 46.8" = 45°24'47". o

Consider a circle of radius r. Construct an angle whose vertex is
at the center of this circle, called the central angle, and whose rays
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Terminal side

Initial side

Vertex ( )
a
Terminal
side
\ — Terminal side  Vertex Initial side
Vertex Initial side

(b) ()

F1G. 2. Angles of (a) 360° or 27 radians, (b) 90° or §
radians, (c) 180° or 7 radians

A

r

1 radian

Fi1Gc. 3. Angle of 1 radian

subtend an arc on the circle whose length is r (see fig. 3). The measure
of such an angle is 1 radian.

For a circle of radius 7, a central angle of # radians subtends an
arc whose length is 6.

Then 360° = 27 radians, 180° = 7 radians, 1° = g5 radians and

1 radian = (1%0)0.
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(0’ 1) P(a,b) b
—=tan®
b=ysin 0

(-1,0) (1,0 )

(Oa '1)

F1G. 4. Definition of trigonometric functions

Example: Convert 135° to radians.

135° = 135° 1355 = 27 radians.

Example: Convert —%’r to degrees.
— 20 = ;o 180T — 1200

3 3

2. Trigonometric Function

91

The wunit circle is a circle whose radius is 1 and whose center is at

the origin.
Let 6 be an angle in right position and P = (a,b) be the point of
intersection of the terminal side of ¢ and the unit circle (see fig. 4).

The cosine function associates with 6 is the z-coordinate of P

and is denoted by

a = cost

b=sinf

. The sine function associates with # is the y-coordinate of P and
is denoted by
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If a # 0, then the tangent function is
sing b
cosf a
From considering a right triangle with vertex at the points O =
(0,0), P = (a,b) and (a,0) and applying the Pythagorean theorem to
its sides, one can get the Pythagorean Identity:

sin? 6 + cos? 0 = 1.

Example: Find cos 6, tanf if sin§ = % and § <0 <.
Solution: by Pythagorean Identity sin?6 + cos?f = 1, then

. 2 .
cos?f =1 —sin?60 =1 — (%) = 29—5. So cos 6 equals either % or —%.
Since § < 6 < 7 we assume that cos = —%. Now tanf = ig;g = —%.

o

Exercise: Find tan 6 if cosf = % and 6 is in Quadrant 3.

. _ T
Answer: 5

In additional to sine, cosine and tangent function we will use three
functions defined below.
Cosecant: cscf =

. _ 1 .

secant: sect = _-5;
cotangent: cotf =

sin @

tan 6"
2.1. Trigonometrical Functions of Right Triangle

Given a right triangle with one of the angles named 6 in standard
position, and the sides of the triangle relative to 8 named opposite,
adjacent, and hypotenuse (see fig. 5), we define the six trigonometrical

functions to be:

. R __ _opposite __y.
(1) sine: sinf = Typotenuse =
92 adjacent

hypotenuse

. __ opposite
3) tangent: tanf = adjacent

T

(2) cosine: cosf =

3)

(4) cosecant: csc = L =",
(5)

(6)

)

Bl 38

I

sinf — y’
)

secant: sec = —L L.
6

cosd — x>’
1 T

cotangent: cotf = ;—— = v
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A

/]

o

hypotenuse f{, |
o opposke

o

//5\ A

o

adjacent X

F1G. 5. Defining of trigonometrical function of right triangle

| P(0,1)
0=0° 0=90°

& o—> -

P(1,0)

Fia. 6. Finding of trigonometrical function for 0° and 90°

Exercise: Find the six trigonometric function of an angle 6 of
right triangle on the fig. 5, if sides of the triangle are 3 and 2.

2.2. Trigonometric Function of Quadrant Angles

In this section we find the trigonometrical function of quadrant
angles. Let’s start from 0° and 90°. Look at the picture in fig. 6 and
apply the definition of trig function to get the following result.
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Sin, csc cos, sec

y

+ |+ -

F1G. 7. Signs of trig functions

0° | 0, radians | sinf | cosf | tanf | cscf | secf | cotf
0 0 0 1 0 undef. 1 undef.
90 3 1 0 | undef. 1 undef. 0

Similarly one can get trig functions for remainder quadrant angles.

0° | 0, radians | sinf | cos@ | tanf | csch | secl | coté
180 s 0 -1 0 undef. —1 | undef.
270 iz —1 ] 0 [undef.| —1 [undef.| 0

Exercise: Find the values of trig functions for 2w, —90°, 35m.

2.3. Sign of Trigonometric Function

The signs of trig functions are given in fig. 7. One can get it
immediately from the definition of the functions.

2.4. Finding of Trig Function for Base Angles

From geometry we know the relationships of sides in the special
right triangles shewn in the fig. 8. It gives a possibility to find values of
trig function for several basic angles that are presented in the following
table.
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F1G. 8. Special triangles

0° | 0, radians | sin@ | cosf | tan# | csch | sech | cotf
T 1 t3 | V3 2v/3
30 3 2 o \2[ 5 \\/E
sqr 1 2v/3 3
60 3 ol VB[R] 2 | ¥
45 z 22 V2 ve

Exercise: Find values of

s 21
(1) sin EX
(2) cos g,

(3) tan 27,
Answer: (1) %3, (2) =%, (3) -1.

2.5. Period of Trig Function

A function f is called periodic if there is a positive number p
such that whenever 6 is in the domain of f, so is 8 4+ p, and

f(0+p)=f(0).
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If there is the smallest such number p, its value is called the (fun-
damental) period of f.

It follows from the definition that the trig function are periodic
and satisfy the conditions below.

sin(f + 27) = sin(6); csc(f + 2m) = csc(h);
cos(6 + 2m) = cos(h); sec(f + 2m) = sec(0);
tan(f + 7) = tan(6); cot(f + m) = cot(6).

Example: Find the value of sin(390°).
sin(390°) = sin(360° + 30°) = sin(30°) = 3. o
Exercise: Find the value of cot(37).

Answer: 1.

2.6. Even-Odd Properties of Trig Functions

Use definitions to verify the following properties of trig functions.

sin(—60) = —sin(0); csc(—0) = — csc(0);
cos(—0) = cos(6); sec(—0) = sec(f);
tan(—0) = — tan(f); cot(—0) = — cot(0).

Example: Find the value of sin(—30°).

sin(—30°) = —sin(30°) = —1. o

Example: Find the value of cot(ZF).

cot(Zr) = cot(7(8_41)7r) = cot(2m — I) = cot(—%) = —cot(F) =
-1 o

2.7. Problems

Find the value of following trig functions.

2.1. sin HT’T. 2.2. cos %’r.
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2.3. sec %’T. 2.7. cot ‘%”.
2.4. csc %’T. 2.8. sin 297”.
2.5. tan %”. 2.9. cos 357”
2.6. cos %’r 2.10. tan 237”

2.8. Answers

2.1.-%. 221 23.-V2 24.-v2 2543  26.3
2.7.-v3. 2.8.1 293 210.-v3.

3. Graphs of Trigonometrical Functions. The Simplest
Equation and Inequalities

Graphs of six trigonometrical functions are given in the fig. 9-11.

Example: Use graph of sinx to solve the equation sinx = 0.
Solution: list xz-intercepts of sinx to obtain x = 0, 7, +27, +3m, ....
The general form of all that values is x = 7wk, where k is any integer.

Answer: x = 7k, k € Z. o

Example: Use graph of cos x to solve the inequality cosz > 0 for
x € [—m, 7.

Solution: We should find all values of x from the segment [—, 7]
for which the graph is above the z— axis. They are —§ <z < 5. ©

Example: Use graph of cosx to solve the inequality cosx > 0 for
all real.

Solution: We should find all values of x for which the graph is
above the x— axis. Since y = cos(x) is periodic with period 27 we
should add 27k to the result of the previous exercise.

Answer: —5 + 27k < x < g+271'/<:, keZ. o

Exercise: Find all solution of equation cosxz = 0.

Answer: x = 5 + 7k, k € Z.



4. BASIC TRIGONOMETRICAL IDENTITIES 98

Exercise: Find all solution of inequality tanxz > 0.

Answer: 7k <z < % + 7k, k € Z.

4. Basic Trigonometrical Identities
This section is devoted to review of trigonometrical identities and
their application for simplifying expressions.
4.1. Pythagorean Identity

Let’s remain the Pythagorean Identity connecting sin and cosine
functions:

’Sin29+C0829:1‘

If we divide both side of this identity by cos?6 or by sin?f, we
will get the following useful identities.

1+tan29:86020‘ ’1+C0t20=CSC26

1
cos2 0"

Example: Symplify tan? 6 —

Since tan § = (S::)I;z we get tan® 0 — 0032 0~ (S:g;z g T co:2 0~ Si(?jsggl ’
It follows from the Pythagorean Identity that sin? d—1 = — cos? 6.
a2 2
So we finally get S‘gosggl = =3 99 = -1 o
. . 20 1
Exercise: Symplify cot®§ — —%.

Exercise: Sumplify (sec# — cot 6)(sec 6 + cot 6).

Answer: 1.

4.2. Sum and Difference Formulas

cos(a+ 3) = cos acos 3 — sin asin 3
os(a — 3) = cos accos f+ sin asin 3
in(a+ () = sinacos 3 + cos asin 3
os(a — 3) = sinacos f — cos asin 3

o »n O




4. BASIC TRIGONOMETRICAL IDENTITIES

o b Graph of y = sin x

P(cos x,sin x)

Period: 2r

Domain: All real numbers
Range: [-1, 1]

Symmetric with respect to the
origin

e
©.1) | Peos xsin x) - Graph of y = cos x

Period: 21
> 27
(=1.0) Domain: All real numbers
Range: [-1, 1]
_ _ Symmetric with respect to the
0,-1) y=cosx=a y axis
3n /2

y

N/
21:W—1r T anM

F1G. 9. Graphs of functions y = sinx and y = cosx

99
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Graph of y =tan x

Period: 7
Domain: All real numbers
exceptn /2+ kT,

k an integer

Range: All real numbers

Symmetric with respect to
the origin

INTE]

Increasing function
between asymptotes

Discontinuous at
x=m/2+ k, k an integer

w
a

Period: 1t

Domain: All real numbers
except k 7,
k an integer

31 Range: All real numbers

Symmetric with respect to
the origin

_2n

Decreasing function
between asymptotes

Discontinuous at
x =k, k an integer

Fic. 10. Graphs of functions y = tanz and y = cotx
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CSC X

—
—
1

y

Graph of y

SeC X

Graph of y

= cscx and y = secx

FiG. 11. Graphs of functions y
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Example: Find the value of sin(—5).

in(—T) —sin(T—T) —gin T cos T — inT — v2,1_ V2

sin(—{5) =sin(§ — §) =sin § cos § —cosasin § = %= X 5 — %= x
V3 _ V2 V6 _ Va6 o
2 — i i = :

Exercise: Find the value of cos(75°).

Answer: @.

Exercise: Symplify
(1) sin(6 + 7).
(2) cos(m —0).

Answer: (1) cosf. (2) —cosb.

tan(oz—i—ﬁ) _ tan a+tan 8

l1—tanatan 3

_ tana—tanf
tan(o — f) = o tan g

Exercise: Find cot(105°).

1-v3
143"

Answer:

Exercise: Symplify tan(f + 5); cot(2F — 6).

Answer: — cot 0; tan 6.

4.3. Double-Angle Formulas

cos 260 = cos?6 — sin?6
sin20 = 2sinfcos6
_ 2tané
tan 260 = T tanZg
5

Example: Find sin 26, cos 20 if sin = 3% and § <6 <.
Solution: By Pythagorean Identity cos? #+sin’ = 1, then cos?§ =
1—sin?0=1— -2 = 144 gipee § <0 <7, cosf must be negative,

169 — 169"

__ fuaa_ 12

so cosf = 69 = 13-
190 — 9 g _ 95 (_12y _ _120.
Nowsm29—2sm96030—213( 13)— 169

cos(20) = cos? § — sin? § = (—%)2 - (ﬁ)2 =18 o
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Exercise: Find sin 66 if sin3¢ = /74 and T < § < &

Answer:—%.

4.4. Half-angle Formulas

1+4cos26.

cos? § = 1E0s20: gin? ) = 1—cos2f

2

Exercise:Deduce half-angle formula for tan? 6.

Exercise: Use half-angle formulas to rewrite sin?#6cos?6
without using powers of trig functions.

4.5. Product-to-Sum Formulas

sinasin 8 = %[cos(oc — ) — cos(a+ ()]
cosa cos 3 = %[cos(a — )+ cos(a+ )]
sinacos 3 = %[Sin(a + ) +sin(a — 3)]

Exercise: Express each product as a sum containing only sines
and cosines: (1) sin 36sin 66; (2) sin 36 cos 660

4.6. Establishing the Identity

The direction ’establish the identity’ means to show, through the
use of basic identities and algebraic manipulation, that one side of an
equation is the same as the other side of the equation.

Example: Establish the identity: 1 — %sin 29 = sin’ftcos 6

) Si;l 0+cos 6
. . sin®0+cos3 @ __ (sinbf+cos)(sin® f—sinb cosf+cos*0) . 92
Solution: sin @+cosf sin O+4cos 0 = sin” 6 —
sinfcosf + cos?6 = sin? 6@ + cos20 — sinfcosh = 1 — sinfcosh =
1-— % sin 26. o

. . . . o o__ o (e}
Exercise: Establish the identity: o8f3-cosld —coslT-cosTr — g
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4.7. Problems

4.1. Find cscf if tanf = % and 6 is in Quadrant 3.
4.2. Find sin 8 if cos = % and 37” < 0 < 2.
4.3. Find sec@ if tanf = % and T < 0 < 37”

4.4. Find cot 0 if secd = % and 37” < 0 < 2.

4.5. Simplify \/ﬁ — 1if 8 is in Quadrant 2.

4.6. Simplify /9 — 9sin? 0 if - <6< %

4.7. Find cos § if sin6 = —2 and 270° < 6 < 360°.

4.8. Find sin40 if sin = £ and 0 € (%, ).

4.9. Rewrite cos*  without using powers of trig functions.
Simplify the expression.

4.10. cos* 0 — sin? 6.
tan 0+sin @
411, LRt

cos46+1
4.12. cotf—tan -

Establish the identity.
4.13. sin? 042 sin 6 cos —cos? § — cos 20.

0 taré29—l
tan20tanf __ _:
4.14. tan20—tanf — S1n 20

4.15. 3 — 4cos 260 + cos 40 = 8sin? 4.

4.8. Answers

4.1.-13 42 -2

3, 22 4.3.-%. 44.—. 4.5.—cotf. 4.6.3cosb.

4

5. Trig Equations. Inverse Trigonometrical Functions

In this section are presented examples of trig equations that re-
quire of application of different tools like substitution, factorising and
using trig identities.

Example: Solve the equation sinf = g

To solve the equation look at the fig. 12 and remember the defi-

nition of sine. One can see two angles — 0 = § and =7 — § = %ﬁ

— that have sine value of ?, so that the angles satisfy the equa-
tion. Since sine is periodic function of period 27, the angles % + 27k,

2% + 27k also satisfy the equation for any integer k.
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y A - \/g
Y77
T
="
3
: -
1 X
F1G. 12. Solutions of the equation sin 6 = §
Answer: 0 = £ + 27k or %’r + 27k, k € Z. o

Example: Solve the equation 2 cos?f+cosf—1=0,0 < 6 < 2.
Put t = cos . Then the initial equation is reduced to

2t +¢t—1=0.
Factorising brings
2t—1)(t+1)=0

and, so,
20— 1=0o0rt+1=0.
Then we have
t=1%ort=—1;

cosf = % or cosf = —1.
Solution of last equations are shewn in the fig. 13. There are
0=%,0=—%and 0 =m. o

Example: Solve the equation %sin 9+§ cosf =1on0 <0 < 2.
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y
0=nm p="
1
-1
% X
g=-"
3
Fic. 13. Solutions of the equations cosf = % and
cosf = —1
Solution: Denote that % =sin g, 73 = cosg. Then we can rewrite

the equation as
T T
sin —sin @ 4 cos — cos 6 = 1.
6 6
Use an addition formula to get

™
0——)=1.
cos( 6)

Draw the picture similarly to one at the previous example or look
at the graph of cosine function to get

™
6" =0
6

Finally, 6 = %. o
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Domain of f Range of f
f

f—l

Range of f Domain of
F1G. 14. Definition of Inverse Function

5.1. Inverse Function

If a function f : A — B is injective, then one can solve = in terms
of y from the equation y = f(x) provided that y is in the range of f.
This defines the inverse function of the function f (see fig. 14).

DEFINITION 5.1. Let f : A — B be a function. If there is a
function g : B — A such that f o g is the identity on B and g o f
1s the identity on A, then the function f is called invertible and the
function g is called the inverse function of the function f.

The inverse function g is denoted by f~!. Do not confuse f~!(z)
: -1 _ _1
with f(z)™" = m!
5.2. Inverse Trig Function

Trig functions are not injective. Then to define an inverse func-
tion for any trig function, it is necessary to consider a restriction of
the function on the subset of its domain such that the restriction is
injective.

To define sin™! (we will call it ‘arcsine’) we consider the function
y = sinz restricted on the set —5 <z < 5 (see fig. 16).
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_2‘7 4\4 0 n\/zrc 3n\/4n

FiGg. 15. y =sinz

Fic. 16. y =coszx

DEFINITION 5.2. For any x € [—1,1] the function y = sin~!(x) =

arcsinx is the function which returns the angle y € =7, %] such that
siny = z.

To define cos™! (’arccosine’) we consider the function y = cosz
restricted on the set 0 < x < 7 (see fig. 16).

DEFINITION 5.3. For any x € [—1,1] the function y = cos™!(x) =
arccos x is the function which returns the angle y € [0, 7| such that
cosy = .

an~!(z) =

DEFINITION 5.4. For any real x the function y = t
[—5, 5] such that

arctan x is the function which returns the angle y €
tany = x.
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arccos(r)

. T
1
\
\\
\\ %Tr-
.
"
"
LN
Eﬂ—
-1 —-0.5
— 7T
—zmt

arcsin(ax)

Fi1c. 17. Graphs of functions y = arcsinz, y = arccosz

DEFINITION 5.5. For any real x the function y = cot™!(z)

109

arccot x is the function which returns the angle y € [0, 7] such that

coty =x.

See graphs of inverse trig functions in the fig. 17, 18.

1

Example: Find arcsin 5.

Solution: we should find an angle 6 such that sinf = % and 6 €

[~5,5] That is 0 = §

6"
Answer: arcsm% = %.

Exercise: Find value of
1y.

3);

2) arccos(3);

(2)
(3) arctan\f
(4)

(1) arcsin(—

4) arccot 1.

<
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MA
—— T
arccot(x) | Twa
| ~
1%
T
- ~
~———
— R ————
-4 -3 -2 -1 1 2 3 4 !
arctan(ax) —27T

FiG. 18. Graphs of functions y = arctan z, y = arccot z
Answer: (1) %3 (2) 5: (3) 5 (4) .

5.3. General Formulas for Solution of the Simplest
Trigonometric Equations

Here are given the general formulas for solution of simplest
trigonometric equations. Everywhere below k is any integer number.

equation solution alternative notation
. x = arcsina + 27wk or _ )

sine =a . r = (—1)"larcsina + 7k
T = — arcsina + 27k
T = arccos a + 27k or

cCosST =a x = tarccosa + 27wk
r = —arccos a + 27k

tanz = a r = arctana + 7k

cotr =a x = arccot a + 7k

Exercise: Draw the picture illustrating the general formulas.

Exercise: Use the general formulas to solve equations.

(1) sinz = —3;

1

1.
(2) cosz = 35;

(3) tanx = /3;
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(4) cotx = 1.
Answer:
(1) i :éfl)k arcsin (—3) + 7k = (—1)F(=F) + nk = (-1)*"' T + 7k,
€ 4;

(2) = = +arccos (3) + 2k = £ + 27k, k € Z;
(3) x:arctan\/g—l—wk:g—i—wk,keZ;
(4) x = arccot 14+ 7k = + 7k, k € Z.

5.4. Problems

Solve equations.

5.1. sin?6 +sinf = 0 for 0 < 0 < 27.
5.2. cos’f = 1.

5.3. sinf = v/3cos @ for 0 < 6 < 2.
5.4. sin20 = cosf, 0 < 0 < 27.

5.5. 2sin?6 —sinf =0, 0 < 0 < 2.
5.6. cosf —sinfl =1, 0 <6 < 2.

5.7. tan’ 6 = tan 6.

5.8. 2sin?f —cosf —1=0,0< 6 < 2.

5.5. Answers

5.1.0 € {0,7,2F}. 5.2.0 =7k, k € Z. 5.3.0 € {F,%7}.
5.4.0 € {7,773 55.0€{0,m,%} b56.0€{0,3} 57.0=
T+rk,keZ. 58.0¢€{% I}



Question Cards for Examination

This book covers material of 1st semester. Detailed programme of
the course is given by table of contents. Here we append approximate
question cards for examination.

Card 1

Card 2

(1) Number Systems: Natural numbers, Integers, Rational
numbers.
2) Polynomial Functions. Linear Polynomial functions.
3
3
4

Reduce the fraction {5.
Calculate 10-5=4-5-3.5
a8 (111l

(2)
(3)
(4)
(5) Simplify the expression 6\/g — /84 + 4\/%.
(6)
(7)
(8)
(9)

a+b 4 a—b _ a?4b%\  2a2-2p?
a—b a+b a?—b? a?+b%

Solve the inequality |z + 6| > —5.
Find slope for linear function 3y + 6 = 0, graph it.
Solve the inequality 2 — 92 4+ 20 < 0 and graph the
function y = x? — 9z + 20.
(10) Solve the inequality z* + 23 — 2022 < 0 and graph the

function y = % + 2% — 2022
(11) Simplify the expression vz2+4 for © = 2tgh with
-5 <z <3
Rules of actions with fractions.
Piecewise Defined Functions.

540

Reduce the fraction 960"

Convert 78% to a fraction.

6) Simplify the expression (

7
8
9

1
2
3
4

2
5) Simplify the expression (1251‘_6) 3.
6) Calculate v/6 +2v/17 - /6 — 2V/17.

112

(1)
(2)
(3)
(4)
()
(6)
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(7) Solve the inequality |z + 6| < —2.

(8) Graph the function f(z) = |z + 2| and find its values at
the points 4.2, —0.5, 8.

(9) Solve the inequality —*7 <

T r—5

’;T_r‘;’ and graph the function
y= r—4 z+1°
(10) Use the graph of y = sinz to sketch the graph of y =

24 2sin(r — 7).

(11) Solve the equation cosec?2x = 2.
1) Converting of fractions.
2) Power functions. Simple Deformations.
540
3 960 *
4

Convert 0.65 to percentages.

Simplify the expression é:i‘g:

)
)
)
) Reduce the fraction g=5
)
)
)
)

form and use it to find the centre and the radius of the
circle: 22 — 6z + 32 — 4y = —4. Also, graph this circle.

(8) Graph the function f(z) = |z — 3| and find its values at
the points 4.2, —0.5, 8.

(9) Solve the inequality = > % and graph the function y =
x— 10

(10) Use the graph of y = cosx to sketch the graph of y =

—1 —3cos(z + 7).
(11) Solve the equation (%)21:_3 =9.36e-10,

Card 4 (1) Irrational numbers: Algebraic numbers, Transcendental

numbers. Real numbers.

(2) Quadratic function. Quadratic Formula.

(3) Write the decimal 3.12(05) as the quotient of two nat-
ural numbers.

(4) Convert —0.6(7) to the quotient.

/o ¥

_T
9

(5) Simplify the expression

(6) Simplify the expression %



Card 5

Card 6
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(7) Rewrite the equation of the following circle in canonical
form and use it to find the centre and the radius of the
circle: 222 — 62 + 2y% — 4y = 0. Also, graph this circle.

(8) Graph the function f(z) = |z| and find its value:
14.2], = 0.5], 18].

(9) Solve the inequality (%3_16)“@ > 0 and graph the function
223 62
GRS VER
(10) Use the graph of y = ctgzx to sketch the graph of y =
1+ ctg(z —m).

(11) Solve the equation 0.2 - 52~% = 25%~1,
(1) Definition and Properties of Exponent, Rational Expo-
nent.
(2) Rational Inequalities.
(3) Write the decimal 0.3(22) as the quotient of two natural

numbers.
4) Convert —5.8(45) to the quotient.
5 4/
5) Simplify the expression 2 fa~?

a71

Rewrite the equation of the following circle in canonical
form and use it to find the centre and the radius of the
circle: 2 — x4+ y? + y = 1. Also, graph this circle.

(8) Draw the graph of the function y = |z — 1| + |z + 3|.

x2(22%2—52+3)

)23 1) (o 42) < 0 and graph the
x2(222—52+43)

D2(Bz—1)(z+2)"

(10) Use the graph of y = tgz to sketch the graph of y =

—2tg(xz — 5).

(4)
()
(6) Calculate C3,.
(7)

(9) Solve the inequality i

function y = =

)x+4 (%) +1'

(

) Solve the equation (2%
) Special Formulas.

) Angles and Their Measure. Trigonometric Functions.
) Write the fraction 176 as a decimal.
) Convert —& to the decimal.

5)

6)

Calculate (\f—k ¥2) (/25 — ¥/10 + ¥/4).

Calculate Ck+3.
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(7) Rewrite the equation of the following circle in canonical

form and use it to find the centre and the radius of the

circle: 322 — 6z +3y? — 12y = —3. Also, graph this circle.

Draw the graph of the function y = = — |z + 2| + 3.

Convert 150° to radians.

Use an formula to simplify sin(§ — x).

Solve the equation 0.2 - 50°—2 = 12571,

The Binomial Theorem.

Pythagorean Identities. Table for the values of the

trigonometric functions.

(3) Write the decimal —4.22 as the quotient of two positive
integers.

4) Convert —31.48 to the quotient.

(4)
(5) Calculate (7\/3_ 5\/5)2
(6)
(7)

Card 7

Expand (22 — 3)? using the Binomial Theorem.
Rewrite the equation of the following circle in canonical
form and use it to find the centre and the radius of the
circle: y? + 2y + x? — 2o = 0. Also, graph this circle.

) Draw the graph of the function y = |z + 2| — 2|z — 3|.
) Convert 2F to degrees.

) Use an formula to simplify cos(5 + 7).

) Solve the equation Inx = 2in3 — 2.

) Absolute value.

) Graphs of Trigonometric Functions.
)

)

)

6)

7)

(

(
Card 8

Write the fraction —Q as a decimal.
Convert 30% to a fractlon.
5) Simplify the expression 2%x2y8 . (—1%xy3)4.
Expand (a + 2b)* using the Binomial Theorem.
Find the natural domain of the function f(z) =
V2x? 43z + 1.
(8) Draw the graph of the function y = 3 — (z + 2)2.
(9) Calculate by definition tg150°.
10) Use formulas to simplify (sinz + cosx)?.
11) Solve the equation lg(3 — 5z) = 31936 + lg2.
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Card 9 (1) Power function.

Card 10

Card 11

(2) Sum and Difference Formulas. Double-Angle and Half-
Angle Formulas.

0.15—0.15-6.4
Calculate TToas

3)
(4) Convert 1.44 to percentages.

(5) Simplify the expression (2%@4178)3 . (—1%@5612).

(6) Expand (n—2)*+ (n+2)* using the Binomial Theorem.
(7) Find the natural domain of the function f(z) =
In(—22% + 3z — 1).

Monotonous Functions.
(2) The simplest Trigonometric Equations. Inverse Func-
tions.
3) Calculate %H
4) Prove that v/v/3 + 5 is algebraic.

) 5-6.3
) 2
; Simplify the expression a?"*5 : (a™)
)

~ 5

Find all real solutions to ||z 4+ 2| — 3| = 3.
Find the natural domain of the function f(z) =

4/x2—5x+4
22—52+6"

(
(
(5
(6
(7

Converting of fractions.

Exponential function. The Number e.

—12.5-2.44232
3) Calculate ——5-5
65122

4) Prove that \/+4/2 — 1 is algebraic.

5) Simplify the expression 2" 2. 237" . z.
6) Find all real solutions to |2z — 1| + |z + 2| = 2.

8) Draw the graph of the function y = 2 — (z — 2)*.
9) Calculate by definition sec(—45°).
(10) Use an formula to simplify ctg(m — 2x).
(11
1
2

)
)
)
) Solve the equation 2% = 9.
)
)
)

(
(
1
1
(
(
(
(
(
(



Card 12
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(7) Find the natural domain of the function f(z) =

In —a245x—4
202+5x+8
(8) Draw the graph of the function y = (z + 1)° — 2.
(9) Calculate by deﬁmtlon cosec(—3T).
(10) Find cos2z if cosz = 3 and 0 <z < 3.
2
(11) Solve the inequality (%)2 T< (%)%H.
(1) Rules of actions with fractions.
(2) Logarithmic Functions. The Natural Logarithm. Prop-

erties of Logarithmic Functions.
(—8.03:1.14+3.9)-
-

4) Prove that v/ v/2 + 2 is algebraic.

(3)
(4)
(5) Simplify the expression (a + ab—jb> (1 — %) (a+Db).
(6)
(7)

Calculate

Find all real solutions to | —z + 1| < 3.
Find the natural domain of the function f(z) =

3 1
222 +52+8"

(8) Find the vertex of the parabola y = 222 — 8z + 7 and
graph it.
9) Find cosz if tgr = —5 and 37” <z < 2m.

(
(1
(1
(
(

)
0) Find tgx if cos2z = —% and T <z <3¢
1) Solve the inequality 4% —4-2% +3 > 0.
1) Converting of fractions.

2) Logarithmic and Exponential Equations and Inequali-

ties.

(0.11-8.6—5.946):0.025
(3) Calculate 121536 .

(4) Caleulate —(~2.5) 1. (=2.5)2— (169)> — (0.2) 24125

0.2.

(5) Simplify the expression f b _gdb

a —b3 a3 +b3

(6) Find all real solutions to 2% + |z — 2| < 1.

(7) Find x-intercept and y-intercept for linear function 2z +
3y + 6 = 0, graph it.

(8) Factorize quadratic expression y = 222 — 8 + 7 and
graph it.




Card 14

Card 15
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9) Find sinz if tgz = 7 and 7 < 2 < 2.

) Solve the equation 2cos?x — sinz = 1.

) Solve the inequality Inz? + 4lnx + Inl > 0.

) Irrational numbers: Algebraic numbers, Transcendental
numbers. Real numbers.

(2) Sum and Difference Formulas. Double-Angle and Half-

Angle Formulas.

—0.032-10.25+0.118
3) Calculate LGI252)

4) Caleulate (—1.5)73— (2)™*-(2)° = ((%)0'8)0+16% -0.5.

(
(10
(11

(1

a+b “ b¥a b2Fab’
6) Find all real solutions to | —z + 1| < 3.
7) Find x-intercept and y-intercept for linear function
12z — 3y + 24 = 0, graph it.

(
(
(5) Simplify the expression a®—b? . (a 4 bl_%) b2 a?-b?
(
(

(8) Factorize quadratic expression y = —2% — 22 — 1.
(9) Find tgz if cosecx = —g and § <z <.
(10) Solve the equation 3sin2x = —1.
(11) Solve the inequality log%(x2 +3x+3) <8.
(1) Special Formulas.
(2) Angles and Their Measure. Trigonometric Functions.
(3) Calculate %.
(4) Simplify the expression 10\/g —0.5v/160 + 34/135.
o . 2_
(5) Simplify the expression (;—ﬁ - 8;,,_18 : zﬁ”_‘;i) : ﬁ
(6) Solve the inequality |22 — 9| > 4.
(7) Find slope for linear function x — 3y + 2 = 0, graph it.
(8) Factorize quadratic expression y = —2z2 + 8 and graph

it.
(9) Simplify the expression (secdxr — 1)(secdzx + 1).
(10) Solve the equation tg?z — 4 = 0.
(11) Solve the equation ctg?z — 3ctgx + 2 = 0.
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