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BBEJAEHHUE

B Hactosiiiee Bpemsi umeeTcsi OO0JbIIOE KOJMYECTBO TEXHUYECKUX MPHUIIOKEHUH,
JUISL KOTOPBIX HEOOXOJUMO MPOBOAUTH MOJEIUPOBAHUE MacolepeHoca, Terionepe-
HOCa, PacCIpOCTPAHEHUS JIEKTPOMATHUTHBIX U aKyCTUYECKUX BOJH. B pamkax mpo-
BEJICHUSI TAKOTO MOJEIMPOBAHUSI HEOOXOIUMO peIllaTh Kak JIMHEWHbIC, TaK U HEJH-
HelHbIe ypaBHeHUS TuddepeHnnanbuble 1 UHTETpalibHbIe YPABHEHUS MaTeMaTHde-
CKOM (M3HKHU C paclpeeieHHBIMU B TIPOCTPAHCTBE /WM BpeMeHU KoddduimeHTa-
mu. HeoOXoammocTh peleHuss TaKux ypaBHEHUW BO3HUKAET MPU MOJICITUPOBAHUH
TEXHOJIOTUYECKHUX IPOLIECCOB MPOU3BOJICTBA YCTPOMCTB TBEPAOTEIBHOM 3JIEKTPOHU-
ku (muddy3ust mpuMecu M TEIJIONEPEHOC MPHU HEeCTAIMOHAPHOM OTKure, nuddys3us
IPUMECH B MHOT'OCJIIOMHBIX CTPYKTYpaxX, U3MEHEHHE KOHUEHTPALMHU PaJHallMOHHBIX
ne(dEeKTOB MpU MOCTUMILIAHTALIMOHHOM OTXKWIe W T.1A.) [1-7]; TemionepeHoc B MHO-
TOCJIOWHBIX CTPOUTENIBHBIX KOHCTPYKIUAX [8,9]; akycTuyeckue BOJIHBI (B MHOTO-
CJIOMHBIX CTPOUTEIBHBIX KOHCTPYKIMX) [10,11]; anekTpoMarHuTHbIC BOJIHBI (B MHO-
TOCIIOMHBIX ONTHYECKUX CTPYKTYypax) [12-14] u T.x.



Paznen 1. Knaccnpuxkanus 1udpdepeHnuaibHbIX 1 HHTEIPAJIbHBIX YPABHEHU I

1.1. Knaccugpuxauyusa ougpgpepenyuanvnovix ypasrnenuii

Hauynem paccMOTpeHHE METOIOB PEIICHUs YpaBHEHUH MaTeMaTHIECKON PU3Hn-
KM C BBEJICHHUS HECKOJIbKMX OCHOBHBIX ITOHSTHM.
Onpenenenue 1

VYpaBHeHUE, CBA3BIBAIOIIEE HE3aBUCUMBIE TIEPEMEHHBIC X1, X7, ..., X;;, ACKOMYIO
(GYHKIIMIO HE3aBUCUMBIX MTEPEMEHHBIX U (X1,X2,...,X,;), 3aJJaHHON B HEKOTOPOH 00J1acTH
G, ¥ YacTHbIE MPOU3BOAHBIC UCKOMOM (DYHKIIUHU JI0 7-TO MOPsJIKa BKIOUYNTEILHO Ha-
3bpIBaeTCs qudPepeHIInaIbHbIM YPAaBHEHHEM B YACTHBIX MPOU3BOAHBIX 71-TO MOPSIKA.
Onpenenenue 2

[TopsimkoM ypaBHEHHsI Ha3bIBACTCS MOPSIOK CTApIICH M3 BXOIAIINX B ypaBHE-
HUE MPOU3BOJIHOM.
Onpenenenue 3

OyHKIUA U (X1,X2,...,X,), OOpalAOIasl YpaBHEHNUE B YACTHBIX MPOU3BOJHBIX B
TOKJIECTBO, HA3bIBAETCS PEIICHUEM WU MHTETPATIOM JAHHOTO YPAaBHCHHSI.
Onpenenenue 4

JubdepennmanbHoe ypaBHEHHE B YaCTHBIX MPOU3BOAHBIX HA3BIBACTCS JIMHEH-
HBIM, €CJIM OHO JIMHEHHO OTHOCHUTEJIbHO UCKOMOUN (YHKIUU U (X|,X7,...,X,) U BCEX €€
MIPOM3BOJIHBIX. B IPOTUBHOM cilydae ypaBHEHUE HA3BIBACTCS HETMHCHHBIM.
[Tpumep 1

Jluneitnoe nuddepeHnnarIbHOe YpaBHEHUE B YACTHBIX MPOU3BOIHBIX MEPBOTO
HopsiIKa B OOIIEM CIydae UMEET CIICTYIOIINI BU/I;

ou(x,,x,,...,x,)
A S
+A2(x1,x2,...,xm) -
X, ox,

Al (x1)x2 ’."’xm )au('xl a-xz ,-..,xm)

+..+ (D

ﬁu(xl,xz,...,x )
+ A4 (x,%,,...,x,) A -

m

= Bo(xl,xz,...,xm)+B1 (xl,xz,...,xm) u(xl,xz,...,xm).

ITpumep 2
Jluneitnoe nuddepeHnnalIbHOE YpaBHEHUE B YaCTHBIX MTPOU3BOJIHBIX BTOPOTO

TOpsIIKA B OOITIEM CiTydae UMEET CIICIYIOIINA BU/T

\82u(x1,x2,...,xm) O*u(x,,x,,...x, )

All(xl’xZ""’xm/

+A12(x1,x2,...,xm)

Ox; Ox, 0x,
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\O u(x,,x,,...,x, ) \O u(x,x,,...x, )
+A22(x1,x2,...,xm, g +...+Amflmfl(xl,xz,...,xm, e +
X12 xm—l
0*u(x,,x,,...,x, ) 0°u(x,,x,,...,x, )
15Xy gees 15Xy X, )
+ A (x,%,,..,%,) ml 4 A (XXX, ) == (2)
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ox,

=B, (xl,xz,...,xm)+ B, (xl,xz,...,xm )u (xl,xz,...,xm)+ B, (xl,xz,...,xm)x

ox, ,0x,

ou(x,,x,,....,x, )
ox,

ou(x,,x,,....x,)
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Onpenenenue 5

Ecmu xoaddunuentsr B;(x1,x,,...,X,) paBHbl Hyto, ypaBHeHus (1), (2) u ana-
JIOTUYHBIE UM ypaBHEHHS 00Jiee BBICOKOTO MOPSIKA HA3bIBAIOTCS OAHOPOAHBIMU. B
MPOTUBHOM CJydae JIaHHbIC YPAaBHEHUS HA3bIBAIOTCS HEOTHOPOHBIM.

Jns onucanusi GU3MYECKUX MPOIECCOB HAMOOJIee YaCcTO MCIOJIb3YIOTCS ypaB-
HEHUsI B YaCTHBIX BTOPOTO TOpsaKa. /laHHbIE ypaBHEHHUS, TAaKKe KaK M ypPaBHECHHS
MIEPBOT0 TMOPSAIKA, MOTYT OBITh KJIACCU(PUIIMPOBAHBI KaK ‘“‘JTMHEHHBbIC” W “HEIMHEH-
HbIe”, “oHOpOIHBIE” U “HeogHOpoaHbIe”. CyIIeCTBYET Takke emié oHa Kiaccudu-
Kalusl ypaBHEHUM BTOporo mopsjka. Hanbosee mpocto oHa MOXKET OBITH MPOUILIIIO-
CTpHUpPOBaHA C MOMOIIBIO JIMHEHHOTO OTHOCUTEIBHO CTAPIINX MPOM3BOIHBIX YpaBHE-
HUS 111 QYHKIUH ABYX MEepEeMEHHBIX u (X,f). Takoe ypaBHEHHE MOXKET OBITh Ipe/I-
CTaBJICHO B CIICYIOIIEM OOIIEM BHU/IC

2 5 )
Ay (x,t)w +24, (x,t)M + 4, (r,r) 1) 1)

ox’ 0x0t ot’
ou(x,t) ou(x,z)
:B 7t9 7t7 b 3
Xt () =2, =0 (3)

Omnpenencaue 6
VYpaBuenue (3) Ha3pIBaeTCA:

() runepOoanYecKuM, eciau A, A <0 (maHHOE ypaBHEHHE HAMOOJee YacTO HC-
MIOJIB3YETCS JIJIS1 OTMMCAHUSI BOJTHOBBIX MTPOIIECCOB);

(i) mapabonuvecKkum, eciau A, A =0 (manHOE ypaBHEHHE HauboOJee 4acTo MC-
MOJIB3YETCS JIJISl OTMMCAHMS TeTUTONepeHoca U Au¢Gy3un BEIecTBa);

(ii7) DATUNTHYECKHUM, €CITH A A~A>0 (ucnosib3yeTcs NIl ONMMCAaHUS CTAllMOHAPHBIX
MIPOIIECCOB).
C moMmoIIplo0 3aMeHbl TIEPEMEHHBIX JTaHHBIC YpaBHEHUS MOXKHO IPEeoOpa3oBaTh K

CICAYIOIIMM KaHOHUYECKUM (opMam

KaHOHHYECKHE (POPMBI TUIIEPOOTNYECKUX YPAaBHCHUI

2
0°u(x,t) U x’t’u(x’t)’au(x,t)’au(x,t) ; (3a)
0xO0t 0x ot
O’u(x,t) 0%ulx,z) Ou(x,t) du(x,z)
— - —=U o1, 1), : ) : > 3
ox’ or’ o) 0x ot G6)
KaHOHHMYeCKas (hopMa NapabOIMIECKOrO YPABHEHHS
2
M:U x’t’u(x’t)jéu(x,t)’6u(x,t) : (36)
0 x 0x ot
KaHOHHMYECKasd (popMa DIUIMITHYECKOTO yPaBHEHUS
0’u(x,t) N 0°u(x,t) ~U] vt (), ou (x,t), ou(x,t) (32)

0 x* 0 t* ox ot



1.2. Knaccugpurkauusa Kkpaeswix yciosuii 0 ypagHeHuil 6mopozo nopsaoKa
PaccMoTpuM QyHKIUIO ABYX NEPEMEHHBIX U (X,f) B HEKOTOpOH obnacTtu (x.t)e
G: 0<x<L, 0<¢£0.
Onpenenenue 7
COBOKYITHOCTh HAYAJIBHOTO ¥ TPAHUYHOTO yCIIOBUN HA3BIBACTCS KPAE€BBIMU YC-
noBusMu. HauanpHOE yC0BHE Ha3bIBaeTCS BPEMEHHBIM KPAaceBBIM yCIIOBHEM, a Tpa-
HUYHOE YCJIOBHE HA3BIBACTCSI MPOCTPAHCTBEHHBIM KPACBBIM YCIIOBHEM.

HauanbHoe ycinoBue
HauanpHOE ycnoBue ompesensercs: 3aaHieM pacipeie]ICHIsI HCKOMOW (yHK-
uu u© (x,f) ¥ ee MPOU3BOIHOMN 10 m-1 mopsiaka (m — MOPAIOK YpaBHEHHUS, pPEIICHUEM
KOTOPOTO sIBNIIETCS MckoMas GyHKIuA u (x,¢f)) BHyTpu obsiactu G B HayaJabHBIA MO-
MEHT BPEMEHH, T.€.

ou(x,t) 0" u(x,t)
ot |, 0), o o

t=0 t=0
CyIecTBYIOT HECKOJIBKO BUJIOB TPAHMYHBIX YCIOBHM ISl HICKOMOM (DYHKIIHH.

u(x,0)=z0(%), = X (). ()

['paHnyHOE yCIOBHE MEPBOro poja (3anaya Jupuxiie)
['pannyHOe ycimoBue nepBoro pozaa (3agava J(upuxie) cOCTOMT B 3aJaHUM Ha
rpanunax oonactu G uckomon PyHKIMUK U (x,f) B JTFOOO MOMEHT BPEMEHU, T.€.

u(0,0)=¢1(0,0), u(L,t)= @2 (L,1). (4a)

Takue rpaHudHbIE YCIOBUS MOTYT OBITh PEaTU30BaHbl MPH HCKYCCTBEHHOM

NOAJIEP>KAHUM MTOCTOSIHHOW KOHUEHTpAIMU JIETUPYIOLEH MPUMECH WIH TEeMIIepaTy-

pBI, a Takke OCOOBIMM YCIOBHMSIMM MaccO- WIM TEINIOOOMEHA MEXIy I'paHHUILEN 00-
nactu G ¥ OKPY’KaIOLIUM IPOCTPAHCTBOM.

I'pannuHoOE ycioBHEe BTOporo poja (3agada Herimana)
['panndHOE yciioBHe BTOpPOTO poja (3amada HeliMana) cOCTOMT B 3ajjaHUM Ha
rpanuiie o61actd G MIOTHOCTHU MOTOKA TEIia, YaCTHll, ... [Ipy 3TOM MOTOK mpomop-
[IMOHAJICH HOPMAJIbHOW TTPOU3BOJIHON UCKOMOM (YHKIIMUH U (X,1)

_AM :';Vl(t)a _ﬂ’w :';Vz(t)' (40)

on on
o u(x,t)

x=0 x=L
on

B 1aHHOM COOTHOLIEHUM HOPMAJIBHAS IIPOU3BOIHAS UCKOMOM (yHK-

uu u (x,f), AIMEIOIIAasi CMBICIT KOHIIEHTPAIIMK BEIIECTBA MIIM TEMIIEPATYPHI, TOCIIE YM-
HOXXEHUSI Ha KOIPPUIIMEHT A, UMEIOIIUNA CMBICT COOTBETCTBEHHO KO3 OUIIMEHTOB
mubdy3un WM TeTIOTMPOBOIHOCTH, SBJISIETCS MOTOKOM COOTBETCTBEHHO BEIIECTBA
WM TeIla 4epe3 MoBepXHOCTh (. Takue TpaHUYHBIC YCIOBHS HCIOJB3YIOTCS TPH
TEMI000MEHE BO BpeMsI HarpeBaHUs Tejla B BRICOKOTEMITEpaTypHBIX Tedax, Tie mepe-
Java TeTula TMPOUCXOIUT MPHU IMOMOIIM M3TydeHus 1o 3akoHy Ctedana-bonbimana,
KOT/Ia TEMIIEpaTypa Teja 3HAYUTEILHO MEHBIIEC TEMIIEPATYPhl U3TyJaOIUX TOBEPX-
HocTell. BTopoii mpumep peanu3aiuu rpaHUYHbIX YCIOBUI BTOPOTO pojia — MPOTEKa-

4



HUE YaCTHUIl yepe3 rpaHuiy odnactu G ¢ 3aaHHBIM ITOTOKOM.

['pannyHOE yCciI0BUE TPEThEro poaa (3agada HeroToHa)

OOBIYHO TPAHWYHBIE YCIOBHS TPETHETO POJa XapaKTePU3YIOT KOHBEKTHUBHBIN
TEMII000MEH MEKIy TTOBEPXHOCTHIO TEJIa M OKPYIKAIOIICH Cpeloi B Ipoliecce Harpe-
BaHUS U OXJIAXACHUS Tena. JIaHHBIA 3aKOH JTOCTATOYHO CIIOKEH, HO B YIPOIICHHOM
BHJIC MOXKET OBITh MPUHAT B BUjC 3akoHa HeloToHa. B pamkax gaHHOro 3akoHa IO-
TOK TeIIa Yepe3 MOBEPXHOCTH Teja MPONOPIMOHAICH Pa3HOCTH TEMITepaTyp JaHHOTO
TeJa U OKPY’KAFOIICH CpeIbl, T.C.

_ % :a[u(O,t)—TL(f)], —ﬂ,% :a[u(L,t)—TR(t)]. (4c)

x=0 x=L

B 1aHHOM COOTHOIIIEHUH MMapaMETP & UMEET CMBICH KO3 puimeHTa TeroooMeHa.
YacTHbIM ciTyuaeM TpeTbel KpaeBoi 3ajauu sBisercs 3akoH Ctedana-bonbiivana. B
paMKax JaHHOTO 3aKOHA TEIJIOBOM MOTOK Yepe3 TPaHUIly OT TEMIIEPATYPhI MPOIOP-
LMOHAJIEH PAa3HOCTU YETBEPTHIX CTENEHEN TEMIIEPATYP TeENa U OKPYKAIOIIEN CPEIBI.

['paHMYHOE YCIOBUE YETBEPTOIO pojaa
['pannyHOE ycloBUE YETBEPTOTO poOJa COOTBETCTBYET MACCO- M TEINIOOOMEHY
MOBEPXHOCTH TeJla ¢ OKPY’KaIoUIEH cpenou (Hampumep, ¢ apyrum teiaom). [Ipu stom
OOBIYHO CUMTAETS, YTO KOHIICHTpAIUS BEIIeCTBA WM TemIeparypa (B 3aBUCUMOCTH
OT paccMaTpuBaeMoi ¢ GU3HUECKOW TOYKH 3PEHUS CUTYAIlMH), a TAK)KE TIOTOK BeIIe-
CTBa WJIM TEIUIA COXPAHAOTCS C TOYHOCTHIO 10 U3BECTHOTO MHOYKHTENS MPHU MEPEXO-
Jie 4epes3 TpaHuLly pas3zena, T.c.

0 ,t 0 ,t
0 (ea), =, -0, 2l p Qe

N hY)

1.3. Ilepexoa or nu¢pepeHHATBHON (POPMBI YPABHEHUI K HHTEIPAJIbHOMI

JuddepennnanbHoe ypaBHEHUE MOXKET ObITh MPeoOpa3oBaHO K MHTETPAIbHO-
Mmy. Paccmorpum nBa cmoco0a Ttakoro mpeoOpas3oBaHus. B xauectBe mpumepa pac-

CMOTPHUM OOBIKHOBEHHOE U (hepeHIaTbHOE YPAaBHEHUE BTOPOT0 MOPSAKA

d’y(x) d y(x)
a, (x) T al(x) T4, (x)y(x)= b(x), (5)
d x dx

rae y(x) — uckomast ¢pyHkuus, a,(x) u b (x) — u3BecTHble PYHKIIUU HE3aBUCUMOU Tie-

pemeHHOH x. B paMkax mepBoro metoja nepexoaa or AU QepeHunaibHOro ypaBHe-
HUS K MHTErPajJbHOMY CIEJIaeM B ypaBHEHHH (5) CIEIYIOLIYIO 3aMEHY IEPEMEHHBIX:

d’ d
z(x):L(zx) [15]. Torma mpousBoaHas ﬂ SIBIIIETCA MHTETPAJIOM OT HOBOM
dx X
dy(x) _; -
bynkuuu z (x), T.e. P fz(v)d v+ C,, rae C; — NOCTOSIHHAs UHTETPUPOBAHMSI.
X 0

Nckomast pyHKUuUA y (x) sBASETCS NBYKPATHBIM MHTETPAJIOM OT (QYHKUUH Z (X), T.C.



y(x)= ﬂz(u)d udv+Cx+C,, rae C, — Bropasd nocrossHHass uHTerpuposanus. C
00

MOMOIIbI0 UHTETPUPOBAHUS 110 YacTaM [16] nmociaegHee COOTHOIIEHUE MOXKHO CBECTH
X

K OJHOKpPaTHOMY HMHTErpaiy: y(x) =] (x — v)z(v) dv+Cx+C,. llocne npoBenenus
0

TaKOM 3aMEHBI IIEPEMEHHBIX ypaBHEHHE (5) mpeoOpasyeTcs K CIeIyIOUEMY BUILY
a,(x)z(x)+ al(x)ﬁz(v)dv + Cl} +a, (x)ﬁ(x —v)z(v)dv+Cx+ Cz} =b(x). (5a)
0 0

[Tocrosiuuble nHTETpHUpoBanus C; U C; ONPEAEIAIOTCA C TOMOIIBIO HAIOXKEH-
HBIX Ha pelieHue yCcJiIoBHM. YpaBHeHUe (5a) SBISETCS UHTETPAIbHBIM YpaBHEHHEM
OTHOCUTEJIBHO CTapiued Npou3BOJHON uckoMol (yHkiuu. Ilocne omnpeaenenus
byHKIMYU z (X) ee HeoOXOAMMO TTPOUHTETPUPOBATH HEOOXOAUMOE YUCIIO pa3 (B JaH-
HOM cITydae — JiBa pasa) Jyisl ONpeAesIeHUs UCXOHONW UCKOMOM QyHKIIUU Y (X).

B pamkax BToporo Meroza nepexoja ot puddepeHnnansHoil GopMbl ypaBHE-
HUS K HHTETPAIbHON MPOUHTETPUPYEM MPABYIO U JIEBYIO YACTH ypaBHEHHUS (5) 10 He-
3aBHCHUMOM niepeMeHHol x. Toraa ypaBHeHue (5) npeoOpasyercs K cieayromiei popme

iaz(v)%v(zv)dv+ ial(v)di:—‘(}v)dv+ iao(v)y(v)dv :ib(v)dv +C,.

[TepBbie nBa ciiaraeMbIX ypaBHEHHUS (56) MOTYT OBITH TIPEOOpa30BaHBI K OOJee
MPOCTOMY BHUY UCIOJIB30BAaHUEM UHTETPUPOBAHUS IO YACTSIM, T.€.

az(x)dc);ix)_Idc;z\f\/)dc);‘(}v)dv_l_al(x)y(x)_zy(v)dz—lfv)dv_l_

+fa0(v)y(v)dv:ib(v)dv+ C,.

0

[ToBTOpHOE TIpUMEHEHUE MHTETPUPOBAHUS IO YACTSM BO BTOPOM CJIaracMoOM
MO3BOJISIET MPeoOpa3oBaTh HHTETpo-audPepeHinanTbHOe YPaBHEHUE B UHTETPAIbHOE

(240 ) GG g ()30 )y

dx dx dv’ %

+fa0(v)y(v)dv:ib(v)dv+ C,.

0

I/IJ'II/I, IMOCJIC IIPUBCACHUNA HOI[O6HLIX YJICHOB

o) 190 f L)L) )] )

dv* dv

:)jcb(v)dv+ C,.
0



[ToBTOpHOE HHTETPUPOBAHKE TIOCTEAHETO COOTHOUICHHUSI SIBJISICTCS MTPETOCIIE-
HUM [IaroM B MpeoOpa3oBaHUM €T0 U3 UHTErpo-AuddepeHnnanbHon GOpMBbI K HHTE-
IpaJbHOM, T.€.

o)) 2] y(v)dv+]c{d () _d "1(")+a0(v)} .

% dv ol dv? dv

><(x—v)y(v)dv:;f(x—v)b(v)dv+C1x+Cz.

[IpumeHeHne UHTErpUPOBAHMS 110 YACTSAM K IIEPBOMY CIIara€MoOMy M MpHUBEJE-
HHUE MOJOOHBIX WICHOB B TOCIEIHEM YPaBHEHHH MO3BOJISET MOIYYUTh BTOPOIl MHTE-
rpalibHbIN aHaJIOT ypaBHEHUS (5)

0, (1) (x) + I{al(v)— pda: ) (- v){d o) _dab), ao(v)}} )y =

dv dv* dv

(x—v)b(v)dv+Cx+C,. (50)

O t— =

BBenenne 0003HaueHUI

~ da,(v) d’a,(v) da,(v)
0)=a )20 ey L)), )

dv* dv

b(x):

MO3BOJISIET IPe0Opa3oBaTh BTOPOM MHTETPaNbHBIA aHANOT ypaBHEHUs (5) K OKOHYa-
TEIHLHOMY BUJLY

(x—v)b(v)dv+Cx+C,

O =

e}y (x) + 2 (v)y () v =5 (). (56)

1.4. Knaccugurkayua unmezpanvHovlx ypasHeHuil
CymecTByIOT IBE€ OCHOBHBIX TI'DYIIIBI MHTETPANbHBIX YPAaBHEHUW: ypPaBHECHMS
Banvsrepa u ypaBHenus @penronsMma. B pamkax KaXI0W I'PYNIbI BBIACIAIOTCA 1Ba
poJia ypaBHEHUM: MepBbId U BTOpoil. OOUIMI BUJI IEPEUHUCICHHBIX YpaBHEHUN TMpU-
BEJICH HIKE. YpaBHEHUA BanbTepa COOTBETCTBEHHO IIEPBOTO U BTOPOIrO pPOJa BBIIJIS-
IAT CIEAYIOLUUM 00pa3oM:

X

A1K (x,t)y(t)dt= f(x), (6a)

a

H)= £+ K () 0, 9

rae y(x) — uckoMas QyHkuus, f(x,f) u K(x,f) — u3BecTHble PYHKIMHU, BTOpas U3 KOTO-
PBIX HA3bIBAETCA SIPOM MHTETPAIBHOTO YPaBHEHUS.
VYpasaenust ®pearosbMa cCOOTBETCTBEHHO IIEPBOTO U BTOPOTO pOAa UMEIOT BUJ



(K () (O)de=£ () (7a)

y(0)= K ()3 () = £ (2). (70)

Ecmm f(x) =0, ypaBuenus (6) u (7) Ha3pIBalOTCS OJHOPOIAHBIMH. B mpoTHBHOM
Clly4ae - HEOAHOPOIHBIMHU.



Paznen 2. Pemienue nudpepeHunaJIbHbIX YPABHEHUH B YACTHBIX
MPOU3BO/IHbIX MEPBOI0 MOPSAKA

U3 nuddepennmanbHbIX ypaBHEHH B YaCTHBIX MPOU3BOJIHBIX Hambosee MpOCTO
pelarTcs ypaBHEHUs IEPBOTO MOpsAaKka. PaccMOTpUM METOMBI UX PELICHHUS.

2.1. Oonopoonuvie ypasuenusn
Paccmotpum nuneitHoe ogHOpoaHOE muddepeHInanbHOe YpaBHEHUE B 4acCT-
HBIX MPOU3BOAHBIX MIEPBOTO MOPSIKA, T.C.

\au(xl,xz,...,xm) \5M(X1,x2,---axm)

A (x,,%,,...,x,) +A2(x1,x2,...,xm, +...+
ox, 0x,
\Gu(xl,xz,...,xm)
+ A, (x,,%,,...,x, ) =0. (1a)

ox

m

CocTaBuUM CJEAYIOIIYIO CUCTEMY OOBIKHOBEHHBIX TU(D(epeHInaNbHbIX ypaB-
HeHui [17]
d x d x dx
1 = = =.= - . (8)

4, (xl,xz,...,xm) 4, (xl,xz,...,xm) A, (xl,xz,...,xm)

OOmuit uHTErpa JTaHHOU CUCTEMBI U1(X1,X2,...,Xn) =C1, Ua(X1,X2,....Xn)=C, ...,
U 1 (X1,X2,. .., X)) =Cp HaET oOIIee perienue ypaBuenus (1a) B ciaeayromiemM BUje:
UX1,X25. . X)) = U@ (X1,X2, X)W (X1,X05 oo X) e v s U (X1,X0, 0+ 0 X0))-
[IpuBeneHHBIN BbIlE OO UHTETPaA ONPEAEIISET CEMENCTBO KPUBBIX, Ha3bl-
BaE€MbIX XapaKTEPUCTHKAMHU.

IIpumep 3
PaccmoTrpum ypaBHeHUE
x@u(x,y,z)+y8u(x,y,z)+Z@u(x,y,z)zo. ©)
ox oy oz

CooTBeTCTBYIOIIAsE CHCTEMa OOBIKHOBEHHBIX MU (EepeHIIMATbHBIX YPaBHEHUN
UMEET BH]I

dx dy dz
X y z
JlanHast cucTemMa UMEET JIBa HE3aBUCUMBIX HHTETpaJIa

ng(x,y,Z)Z—ZCl, wz(xayaz)zizczﬁ
X X

rae C; u C, — MOCTOSIHHBIE MHTETrpUpPOBaHUA. TakuM 00pa3oM, OOIIKMM pelIeHHEM
ypaBHeHUs (3) sSBIsSETCSA MPOU3BOJIbHAS QYHKIMSA CIACAYIOMIUX apTyMEHTOB

u(x,y,z)zF(Z,E]. (10)

X X

[ToncraBum nosyuennoe peuenue (10) B ypasaenue (9). B pesynbrare Takoi

9



IMOACTAHOBKH ITIOJIy4YacM

z

.au(x,y,z)_5@+x.au(x,y,z)_5(xj+y_au(x,y,z)_ﬁ(xlau(x,y,z)_
) =) ) A
A e 0w 25,

+
oy am oz ‘3” oz
X X

BrruncieHre B ociieIHEM COOTHOIICHUN YaCTHBIX TIPOU3BOIHBIX, SIBJISIOIINX-
Csl BTOPBIMHA MHOKUTEJISIMH B KQ)KJIOM M3 CJIaraeMbIX, TIO3BOJISIET IMTOTYIHUTh
y 8u(x,y,z) .icau(x,y,z)_k .l'au(x,y,z)

_X.—o—_x

x’ % x* z 7 %
12) 3
X X X
L L ouley.z) o

i

[TpuBenenue mMomOOHBIX B TAHHOM COOTHOIICHHH ITOKA3bIBACT, YTO (DYHKITHS
(10) siBnsieTcs peiienreM ypaBHeHus (9).

[Ipumep 4
PaccmoTrpum ypaBHeHHE

X

+0+0+

Oux.y) _ oulx.y) (11
ox oy
CootsetcTBytomiee ypaBHeHuto (11) oObikHOBEeHHOE AU PepeHInanbHoe ypaB-

HEHUE B CUMMETPUYECKON opMe uMeeT BUJI

dx dy
1 -1
Ero o6mum uHTerpanioM siBisieTcs ciaeayromnias QyHKIus

p(x.y)=xty=c,
I7Ie ¢ — MOCTOSIHHAs UHTETpUpoBaHus. Takum 0Opa3omM, OOIIMM pElIEeHUEM ypaBHeE-
Hus (5) siBNsieTCs MPOU3BOIbHAS QYHKLIUS CIEAYIOIIMX apTyMEHTOB

u(x,y)=F(xty).
[TogcTaHOBKa MOTYYEHHOTO pElIeHUs B UCXOAHOE Nu(depeHITnaIbHOe YpaB-
HEHUE W TPUBEACHUE MOJAOOHBIX WICHOB MOJTBEPKIACT MPABMIHBHOCTh €T0 HAXOXK-
JICHHSL.

2.2. Heoonopoonswie ypasnenus
Paccmotpum nuHeliHOE HeoJHOpoIHOE TuddepeHInanbHOe YpaBHEHHUE B 4aCT-
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HBIX MMPOW3BOJHBIX MEPBOTO MOpPsAKa, T.e. ypaBHeHue (1). B manHOM cimydae Oymem
UCKaTh pellieHre B HeSIBHOM BuAe: U (X1,X2,. .. . Xp,U (X1,X2,...,X,)) =0. Pemenue ypas-
HeHust (1) MOXeET ObITh ONpEIEICHO U3 CIAEAYIONIEro ypaBHeHus [17]

\8U(xl,...,xm,u(xl,...,xm )) N 8U(x1,...,xm,u(x1,...,xm ))

A(x,,.0x,) ox, o, X
X Ay (X, yers X, ) oot A, (X)X, )au();l;,xm) + 8U(x1,...,xg,uu (5%,) X
><[B1 (x,e0sx, )+ B, (x50, ) w(x,,..x, )]: 0. (12)

Metoauka pelieHus TaHHOTO yYpaBHEHMsI COBIAJIa€T C METOAUKOWU PEIICHUS
OJTHOPOJHOTO ypaBHeHUs. [[oOaBisercst nuillb OJHO OOBIKHOBEHHOE IUpepeHiu-
anbHOe ypaBHeHHE. COCTaBUM CIIEIYIONIYI0 CUCTEMY OOBIKHOBEHHBIX IU]pepeHiu-
AIbHBIX YPABHEHUM

dx, B d x, B dx,

4, (xl,xz,...,xm) 4, (xl,xz,...,xm) A, (xl,xz,...,xm)

du
_ . (13)
B, (xl,...,xm)+ B, (xl,...,xm ) u(xl,...,xm)

Janee Hali€M XapakTEpUCTUKU JTaHHOM CUCTEMbl YPAaBHEHUW U ONPEACIUM
pEIIeHre UCXOHOT0 HEOJHOPOAHOTO MU PEepeHIINATEHOTO ypaBHEHUS.

IIpumep 5
Paccmotpum ypaBHEHHE
0x oy

[IpeoOpa3zyem ero K BUIY

4 QU Lrpu(ey) 5 0Unyu(xy) ,0U(eyu(xy))_ o
ox oy ou

Jlanee 3amuiieM COOTBETCTBYIOIIYIO CHUCTEMY OOBIKHOBEHHBIX nubdepeHiu-
AJbHBIX YPaBHEHUU

dx dy du
4x 3y 2u’
JlanHasi cuctemMa UMEET CIICTYIOIINEe HHTETPAJIbI

_ulxy) o _ulxy)
C = JE’(z__Jfﬂ

Takum 06pazom, periieHue ypaBHeHUs (8) B HESIBHOM (hopMe UMEET CIIE YOI BUT
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2.3. Heaumneiinvie ypagHeHus
PaccmoTpum HenMHETHOE ypaBHEHHUE B YACTHBIX MPOU3BOAHBIX MEPBOIrO MOPSAKA
B CJIy4ae JIByX HE3aBUCUMBIX NEPEMEHHBIX [17]

U x’y’u(x’y)’ﬁu(x,y),au(x,y)) -0,
ox 0y

U x,y,u(x,y),au(x’y),au(x’y)j=O, (15)
0x oy

rae u(x,y) —uckomasi GyHKIMs OT x 1 y, U —3a1aHHas HenpepbIBHO- nudpepeHiupye-
Masi (PYHKIIMSI CBOMX apTyMEHTOB, HE JIMHEMHO 3aBUCALIAs OT UCKOMOM (QyHKIMH U (X,))
U €€ YACTHBIX MPOU3BOJIHBIX MEPBOIO MopsaKa. YacTo 3ajjaua UHTETPUPOBAHUS OJTHO-
rO0 ypaBHEHMs SBIseTCsl Oojee TpyAHON, YEM HWHTETPUPOBAHUE CUCTEMBI JIBYX
COBMECTHBIX YPaBHEHUI

U [x,y,u(x,y)’ Oulx,y) 5u(x,y)] I

o0x 0y
(15a)
Uz[x,y,u(x,y), au(x,y), a”(x’y)] "
Ox 0y
ou (x,)’)
ITycts cuctemy (15a) MOKHO pa3pelinTh OTHOCUTENILHO IPOU3BOAHBIX ————~ U
x
M, T.€.
0y
w — A(x,y,u(xay))
. (156)
% — B(x,y,u(xay))’
y

rae A (x,y,u(x,y)) u B(x,y,u(x,y)) — HenpepsiBHO Auddeperiupyembie dynkiuu. Cre-
IyeT 3aMeTUTh, uTo nuddepeHIpoBaHNe IEPBOTO YpaBHEHUS cucTeMEbI (156) 1o y, a
BTOPOTO TIO0 X TMO3BOJSIET CPOPMYIHUPOBATH YCIOBHE COBMECTHOCTH B CIEAYIOIICH

dbopme
0’u(x,y) _ 0°u(x,y)

0yox 0Xx0y

I[aHHOG YCJIOBUC ITO3BOJIACT IMOJIYUUTD

O’u(x,y) _ 0A(x,y,u(x,y)) _0A4(xy.u(x,y)) 0A4(x,y.u(x,y))
0yox 0y oy ou

O’u(x,y) _0B(x,y.u(x,y)) _0B(x,y.u(x.y)) 0B(x,y.ulx.y)) ,

| O0x0y ox ox 0z '
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JIBa mOCIEAHUX COOTHOIIEHUS MO3BOJIAIOT MOJIYYUTh HEOOXOAMMOE YCIIOBUE CO-
BMECTHOCTH cucTeMbl (156) B okoHUaTenbHOU popme

6A(x,g,u (), 0A4Ceyulo ) gy
y ou
_ aB(x,y,u(x,y)) 4 aB(x’y’u(x’y))A(x,y,u(x,y)). (16)
ox 0z
Pemenre nanHoro Tuna ypaBHEHU NPOWLTFOCTPUPYEM Ha CIEAYIOIIEM IPUMEPE.
[Tpumep 6
PaccmoTpum cucteMmy ypaBHEHUM
W:bcz +2xu(x,y)+2xy* -1
X
17
ou(s.) "
——=-2y.
0y

[IpoBepka yciioBUs COBMECTHOCTH ITO3BOJISIET MOJYYUTh:
Axy+2x (-29)=0+0-[2x*+2xu (x,y)+2x)*-1].
JlaHHO€ ypaBHEHHUE BBINOIHIETCS TOXeCTBEHHO. [10 3TOi npuuune cucrema (17)

unterpupyema. [lepBoe ypaBHeHue cucrteMsl (17) nmpouHTErpupyem 1o x, pukcupys
y. Torma nonyuaem

u(x,y):ex2 |_C(y)+j’(2x2 +2xy° —1)ex2de,

rae C(y) — nmpou3BoJibHAs HeTpepbIBHO nuddepennupyemast GyHKIHS TEPEMEHHOH .
WNHuTerpan B mocneHeM COOTHOIICHUH pa30MEeHUEeM Ha CyMMY TPEX MHTETPasoB, MPU-
MEHEHHEM METOJIOB WHTETPHUPOBAHUS IO YACTAM W yCIOXHEHHS muddepeHimana
MO>KHO TIPUBECTH K CIICAYIOMEMY BUTY

I(sz +2xy° —l)e_xzdx :2sze_x2a’x—2y2 e —je_xzdx =

——xe ™ +j‘e_”2dx—2y2 e —je_xzdx :—(y2 +x)e_x2.

Takum 00pa3oM, MOKHO MOJTYYUTh

x2
u(x,y)=C(r)e” -y -x.
Bribepem dynknuio C(y) Takum 00pa3zoM, 4TOOBI YJIOBJIECTBOPSIIOCH ObI BTOPOE

ypaBHeHue. [uddepenunpys noayueHHoe U3 MepBOro ypaBHeHus: cuctemsl (17) pe-
HIEHUE, 0JIy4aeM

Oulxy)_dC(y) e,
oy dy
CpaBHeHue mociieIHee YpaBHEHHE CO BTOPBIM ypaBHEHHEM cucteMbl (17) mpuBo-
JIUT K CIICOYIOLIEMY PE3YJIbTaTy

13



Torna

T.C.

C(y)=const.

Pemenue cuctemsl (11) B okoHUaTenbHOM hopMe UMEET BU]T

u(x,y):const-e”2 -y* —x.
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Paznen 3. Pemienune nudppepeHnaIbHBIX YPABHEHUH B YACTHBIX
NMPOU3BOHBIX BTOPOIr0 MOPAAKA
3.1. Memoo pa3odenenusn nepemeHHbIX

3.1.1. JIuneitHoe OAHOPOAHOE NAaPabOINYECKOE YPABHEHUE
PaccMoTpuM JMHEHHOE 0JTHOPOIHOE MapadoInYecKOe YpaBHEHHE

oulxr)_ 0 P@u(x,f)}_ (18)

or  ox|  ox

duznyeckue TPAKTOBKU PEIICHUS] JTAaHHOTO YpaBHEHUS - KOHIICHTpauus Aud-
(GyHIUPYIOLIETO BELIEeCTBA WM TemIepaTypa, a ypaBHeHue (18) B 3aBUCHMOCTH OT
(¢u3nYecKoil TPAKTOBKM pPELICHHsS Ha3bIBACTCS ypaBHEHUEM AUDPYy3UH HUIU TETIo-
npoBogHOCTH. Ko3(duiimeHT ¢ uMeeT CMBICI COOTBETCTBEHHO Ko3(duIiimeHTa mo-
puctocTy (OTHOIIEHHE 00BEMA TTOP B MaTepuaje K oomemMy o0bEMy MaTepuana) uiu
TEIJIOEMKOCTH, a KO3 UITMEHT A MUMEET CMBICI COOTBETCTBEHHO Ko3((UIMeHTa
mubdy3un unu koddduirenta teronpoBoaHocTu. OTHomeHne ko3 duienTa Te-
TUTOTIPOBOTHOCTH M TETUIOEMKOCTU A/ ¢ Ha3biBaeTCs KOAPOUIIMEHTOM TeMIIepaTypo-
npoBoaHOCTH. Eciin k03 PUImeHTs A U ¢ TOCTOSTHHBI (2 UMEHHO TaKOW CIIydaid MbI
u OyJieM TIoKa paccMaTpuBath), Toraa ypaBHenue (18) mpumeT cieayromnuii Bua

o u(x,t) D82u (x,¢)

— ) 18
ot ox’ (184)

B nanHoM ypaBHeHMM BBeleHO oOo3HaueHue D= A/c. JlononHuM ypaBHEHUE
(18a) cnenyrommMu rpaHUYHBIMU ¥ HAYaJIbHBIM YCIOBUSIMH

8u(x,t)| _6u(x,t)|
8x‘  Ox

x=0 x=L

=0, u(x,0)=y(x).

bynewm uckath pemenue ypapHeHus (18a) B Buje npon3BeeHUs ABYX MHOKHU-
TEJIEW, OIMH U3 KOTOPBIX 3aBUCUT TOJIBKO OT IMPOCTPAHCTBEHHOM IIEPEMEHHOMU X, IPY-
rol — TOJILKO OT BpeMeHH ¢, T.e. u (x,t) = A(x) B(¢) [18]. [loncTtaBum mpeiaraemyro
¢dopmy perienus B ypaBaenue (18a)

0Bt 0> A(x
4220 p (@A)
ot ox
Janee nepeHecéM B OJIHY 4YacThb YPaBHEHUS BCE MHOKHWTENM, 3aBUCAIIUE OT
OJHOM NEPEMEHHOM, B APYTYIO YAaCTh YPABHEHUS - BCE MHOXKHUTENIM, 3aBUCAILINE OT

IPYyrou MePEMEHHOM, T.€.

1 dB(t) D d*Ax)
B(t) dt _A(x) dx*

ITocnmenHee paBEHCTBO MOXKET BBIIOIHATHCSA TOJIBKO B TOM CiIydae, KOrjga e€ro
IIpaBas v JieBask YaCTHU PABHBI HEOIPEICIEHHOM T0KAa TOCTOSHHON BEJIMUMHE
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1 dB(t) D d*A(x) _
B(t) dt  Alx) dx’°
Torna monmyuaem cucremy ypaBHeHU# it GyHKIUN A(x) u B(t)
1 dB(t) D d*A(x)
B0 di =7,m PR (19)
Pemnm niepBoe ypaBHeHue cucteMsl (19) MeTonoM pazaeneHuss NepeMEHHbBIX

[16,17]. Ins ucrionp30BaHusl JAHHOTO METO/1a YMHOXUM JIEBYIO U MPABYIO YaCTh J1aH-
HOTO YpaBHEHUS Ha d ¢, YTO IPUBOJIUT JJAHHOE COOTHOIIICHUE K CIEAYIOIIEMY BUILY

d B(¢)
B(t)
HNuTerpupoBaHue JIEBOM U NMPABOM YaCTU JAHHOTO YPABHEHUS C HMCIIOJIb30Ba-

HUEM TaOJIUIBI UHTETpaioB (CM., Hampumep, [16,17]) mo3BoIsSET NOTYyUYUTh CIACAYIO-
1Iee perieHne nepBoro ypaBHeHus cucteMsl (19)

[n[B(t)]= yt+C,.
[ToreHunpoBanue JAHHOTO COOTHOLIEHUS 1aeT (PYHKIHIO B(f) B IBHOM BHJIE
B(H)=C,e".
[TocTrosiHHas y U3 ycloBUS PU3NUECKON peann3yeMOCTH pEelIeHUs JOKHA ObITh
BbIOpaHa OTPHUIATENBHOM, T.€. y=-||. B mpoTuBHOM citydae peuienue ypaBuenus (18a)

OyJeT HeorpaHMYEHHO BO3pacTaTb BO BpeMeHH. Bropoe ypaBHeHue cuctemsbl (19)
MOKET OBITh MPEe0OPa30BAHO K BUIY

d’Ax) 7y
d x* D
YTO 3KBUBAJICHTHO CHeIIYIOHIeMy ypaBHeHHIO

d’Ax) 7|
CAN Ty
St )

=ydt.

A(x),

0.

Jlaree B paMKax MeToza Ditepa moactanoBka A (x) = C e’ " mo3Bomsier mony-
YUTH CIIEYIOIee YpaBHEHUE ISl mapamerpa A

A*+|y|/D=0.

A==ix,|y|/D,
e i:\/—_l.

C yu€Tom mocneaHux cooTHomeHu PpyHkus 4 (x) MOXKeT ObITh IpeacTaBIIe-
Ha B JIBYX SKBHUBAJICHTHBIX hopMax

A(x)=C, exp[ix %J +C, exp[ ix\/@] u A(x)=C, cos(x@] + C, sin(x\/@J :

16
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Bropas ¢opma siBisiercss 6osiee mpeAnOYTHUTENBHOM, T.K. C €€ MOMOIIBIO OIpe-
JIEJICHHE MTOCTOSIHHBIX MHTETPUPOBAHMS ABIISIETCS OoJiee y1oOHOW. Pemenue ypaBHe-
Hus (18a) B okoHUaTenbHOU (hOpME UMEET CIEAYIOMIMI BUA
4
D

u(x,t)=| C,cos| x M e

+ C,sin| x , (20)
rae Ce=CCy, C;=C,Cs. lanee onpenenuM HEU3BECTHBIE MOKA MOCTOSHHBIC BEJIUYH-

Hbl Cg, C7 m y. JIyisg 3TOro HaiiiéM 4acTHYHO MPOU3BOAHYIO MO MEPEMEHHOW X OT
byukiuu (20)

ou(x,t)
ox

u

M +C,4|7=cos| x
D

u

=| = Cy4| = sin| x M e
D D

[TogcTaHOBKa TPaHUYHBIX 3HAYEHUN MEPEMEHHOW X MPUBOAMUT K CIIEIYIOIIUM
pe3yibTaram

pu x=0: —Gu(x,t) =C, Mcos X M e
ox | _, D D
npu x=L: Oulxt) =|-C, Msi L M +C, Mcos L M e
ox |, D D D
. 8u(x,t) .
PaBeHCTBO HYIIIO IPOM3BOAHON ———— Ha TPaHMIAX PACCMAaTPUBAEMON 00-
x

JIACTH ITO3BOJIAET MOJYYUTh U3 IIEPBOTO YPAaBHEHUS JAHHON CUCTEMBI, YTO OHO MOXKET
YIOBJIETBOPSTHCS TOJIBKO NPU PAaBEHCTBE HYJIO MOCTOSHHOM mHTerpupoBanus C;.
OcranbHble MHOKUTEIU MPOU3BOJHON UM HE PaBHBI HYJIIO, WM PaBHbI HYJIO TOJb-
KO B HEKOTOPBIX TOYKaxX. PaBeHCTBO HYJIIO NOCTOSHHOM C; MPUBOIUT BTOPOE ypaB-
HEHHUE MOCIEIHEN CUCTEMBI K CIIEYIOIIEMY BUAY

ou(x,t)
0x

u

=—C6 BSil’l L M 8_‘7“.

npu x=L:
x=L

JlaHHOE COOTHOIIIEHUE MOKET OBITh PaBHO HYJIIO WX TPH Sin (L M / D)z 0,
iy ripu C;=0. O1HaKoO BTOPOE PaBEHCTBO MPUBOJUT K HYJIEBOMY PEIICHUIO YpaBHE-
Hus (18a), uto mHTEpeca He mpeacTaBiseT. PemieHue ypaBHEHUS Sin (LJM/D):O

1M03BOJISAET MoNyunth: |y|=D 7n’/L*, n=0, 1, 2, ... Takum o6pa3om, ypasrenue (18a)
uMeeT 0eCKOHEUHOe YKCcIio perieHuil. Yucna /L Ha3bIBalOTCsl COOCTBEHHBIMM YHC-
gamMu. COOTBETCTBYIOIIME UM HEHYJIEBbIE (HETPHUBHUAJIBHBIC) PEIICHUS HA3bIBAIOTCS
coOcTBeHHBbIMU (GYHKIUAMH. 3a/ladya Ha HaXOXJACHHE COOCTBEHHBIX YUCEN U COOCT-
BEHHBIX pelleHur HasbiBaeTcsa 3amaued lltypma-JInmyBuns. dopmanbHO COCTaBUM
PAL U3 OTUX PELICHUN
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o 22 bt
u(x,t):ZC%cos(”Zx)e zo (21)
n=0

Jns onpenenieHus: MOCTOSSHHBIX UHTerpupoBaHusi Cg, BOCHOJIb3yEeMCSl Hadallb-
HBIM pacripeaenenueM. [IpeacraBum HadanmpHOE pacripezesieHue y (x) B BUIE psiia

®ypbe N0 COOCTBEHHBIM (PYHKIHUSAM paccMaTpUBAEMON KpaeBoil 3a1auu f, (x)=cos (7
nx/L), T.e.

L 0 L
7(x)= lj;((x)a’x + EZCOS (ﬁnx)j';((x)cos (ﬂnx]dx. (22)
Lo L =1 L )o L

Hanee B cootHomieHuu (21) BeiOepeM HyJeBOE 3HAUCHHE TIEPEMEHHOH ¢ U TIPH-
paBHSEM TTOTYUYCHHBIN psl psaxy (22)
© rnx) 1% 2 nx \k TnXx
C, . cos =—| ylx)dx+—> cos X )cos dx
o )= ftohs+ Eeos (23 frtokos (1)
[TyTé™M cpaBHEHHSI YWICHOB pPsijia IPU OJMHAKOBBIX 3HAUEHUSX 71 TIOTydaeM

1L 2L
Cos :Z.U((x)dx; C. :_Il(x)cos(
0 Lo

T

mnx

)dx,nZl.

B oxonuaTtensHOM opme perienre ypaBHenus (18a) umeeT cieayromuii By

7r2n2
u(x,t):%fl(x)dx+%icos(ﬂsz e_ 2P f;((x)cos (ﬂl’lXde

0 n=0 0
OnucaHHBIA METOJ HA3bIBAETCS METO/]T pa3AciicHUs IEpeMeHHbBIX Dyphbe.
3.1.2. JIu"HeilHOEe HEOTHOPOIHOE 11apadOJIHIECKOE VPABHEHUE
PaccmoTpum MHEHOE HEOJHOPOAHOE MapaboInIecKoe ypaBHEHHE

ou(x,z) Dazu(x,fhg(x’,)_ (186)

ot 0 x*

Oynkuus g (x,f) B JaAHHOM YpaBHEHUU OINUCHIBAET UCTOUYHUK MOCTYMAIOIINX B
obnacte G BemecTBa Wi TeIWIOTHL. JlomomanM ypaBHeHue (186) crmemyrommmu rpa-
HUYHBIMU U HaYaJIbHBIM yCIOBUSIMU

8u(x,t)| _8u(x,t)|
0x ‘ - Ox

x=0 x=L

=0, u(x,0)=y(x).

bynem uckate pemenue ypaBaenus (186) B Buze psiaa, mo coOCTBEHHBIM (yHK-
IIUSIM OJTHOPOJIHOM KpaeBou 3anaud f,(x)=cos(znx/L) [18], T.e.

ulxr)= 5, (t)cos(”nxj, 23)

rae h,(f) — HensBecTHas nmoka GpyHkius nepeMenHoi ¢. [lpencraBum pyukmmio g(x,f), a
TaK)Ke HayalabHOE pacmpeneneHue y (x) B Buae panoB Oypbe 1Mo cOOCTBEHHBIM (PYHK-
UM OTHOPOJHOM KpPaeBOM 3aJ1a4u
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L

g(x,t):%fg(x,t)dx +%icos (

0 n=l1

wnx \k Tnx

7 jgg(x,t)cos( 7 jdx, (24)
_lL 200 Tnx \k TnXx

;((x)—ng(x)dx+anlcos( i )gz(x)cos( 7

[ToncranoBka psna (24) B ypaBHeHue (186) Mo3BOJISIET MOTYYUTh YPaBHEHUE
JUTSl HEU3BECTHOM (DYHKIUU A1,,(1)
Tnx
+
L j
L

o0 2 0
}Z})a}g’t(t)cos(ﬂzxj = _D%g;)nzh” (¢) cos(
+lfg(x,t) d x +£icos (ﬂnxﬁg(x,t)cos (

LO L =1 L 0

)dx. (25)

ﬂnx)dx
L

Jlanee B MOJYyYEHHOM YpPaBHCHHH T'PYIIIHPYEM ClIaraeMble MPU OJHHAKOBBIX
3HAYCHUSX 1 U IpUpaBHUBaeM ux. Torma
Tnx
dx
L

2.2
Mg, PO p T (02 gt
)dxdr+cn6,

ot _Zo ot I’ Lo

PemenusiMu JaHHBIX ypaBHEHUH SBISIOTCS ClEAYOIKE PYHKIIUN

22
" pr
zg(x,r)dr+C06, h()==]e ¥ Tg(x,f)cos (”Zx

0 0

h, (t):%

O —_~

rae Cos 1 C,6 — IOCTOSIHHBIC MHTETpUpPOBaHus. [101cCTaHOBKA MOTYyIEHHBIX COOTHOIIIE-
HUH B npearaemyto Gopmy pemrenus (23) ypaBaenus (186) NpuBOIUT K CeayOIIe-
My pe3yJIbTaTy

2,2

Dz L

u(x,t)=C,, +é %{e r jg(x,r)cos(ﬂzxjdxdr—ka cos(ﬁzxj—k

0

+%ﬁg(x,r)dr. (26)

[Toctostuable MHTErpupoBanus Cos U C,q ONPEIETUM C IOMOILIBI0 HAYAJILHOTO
ycioBud. s 3Toro B cooTHoueHue (26) moJcTaBUM HYJIEBOE 3HAUEHHUE MEepEMEH-

HOM ¢ ¥ pUpaBHSIEM MOJYUYECHHBIN Pe3yJIbTaT Pa30oKEHUIO HAYAJIbHOTO YCIOBHS ¥(X)
(25), T.e.

0

0 n Drl
glx,r)dr+ Y zje 2 jg(x,r)cos(ﬂnxjdxdr+Cn6 cos(ﬂnx)+
n=1| Lo 0 L L

o —_c
St~

~ |~

n=l1

1L 22 rnx \k Tnx
+C06=Z(j);((x)dx+chos( 7 j{;((x)cos( 7 jdx.

Torna
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Cos :%Tl(x)dxa Cos :TZ(X)COS (ﬂzxjdx'

0 0

B okonuarenbHol Gopme pelieHne ypaBHeHus (186) umeer crneayronuii BUa

u(x,t)z%izg(x,r) dr+ %i;{(x)dx +

7[2’12
0 t Dz [ L
+3 zje 2 [g(x,7)cos (”nxjdxdr+ [ 7(x)cos (ﬂnx)dx cos(ﬂnxj.
n=l| L L 0 L L

0 0

3.1.3. JIuHeiHOE OHOPOIHOE TUIIEPOOINYSCKOE YPABHCHUE
Haiiném perenne JTMHEHHOTO OJHOPOJIHOTO THUIIEPOOIMYECKOTO YpaBHEHHUS C
OCTOSTHHBIM KO3 (HUITUEHTOM

O’u(x,t) . 0%u(x,t)
=F
ot’ ox’

B oosact G: 0<x<L, 0<¢<co ¢ yCIOBUSAMHU

(27)

uaxa=o,ua;0:0,u@4»=zmxhEyg?iz = 7,(t).

t=0
C ¢duznueckoil Touku 3peHus ypaBHeHue (27), UMerolllee Ha3BaHUE Kilaccuye-
CKOTO BOJIHOBOTO YPaBHEHHs, MOXKHO MPOUHTEPIPETUPOBATH CIEAYIOMNUM 00pa3oMm.
[Tyctb uMeeTcs cTpyHa, coBepIaroiias Mable Konebanus. B qannom cimydyae QyHKIus
u (x,t) sIBISIETCSI KOMIIOHEHTOM BEKTOPA CMEIIEHHMS], NEPIIEHIUKYIISIPHOM K OCH abCIIHCC.
Kosdduiment E sBisieTcsi OTHOIIEHUEM BEIMYUH HATSXKEHUS CTPYHBI K €€ MIIOTHO-
CTH ¥ UMEET CMBICII KBaJpaTa CKOPOCTH paclpocTpaHeHus koyiebanus. byaem uckarp
penieHre ypaBHeHUs (27) B BHJI€ MPOU3BEICHUS JIBYX MHOXXHUTENEH, OAUH U3 KOTO-
PBIX 3aBUCHUT TOJIBKO OT IEPEMEHHOM X, APYTrOil — TOJIBKO OT IEPEMEHHOM £, T.€. u(x,f)
=A(x)-B(¢) [18]. [ToacTaBuM nipeaniaraemyto ¢GopMy pelieHus B ypaBHeHue (27)
2 2
1ﬂﬂéB@:EB@6A9)
t X
Janee ¢yHKIMH, 3aBHCSIIME TOJBKO OT MEPEMEHHOM X, MEepeHEcEM B OAHY
YacTh JJAHHOTO ypaBHEHUs, a (YyHKUHMHU, 3aBUCSIINE TOJIBKO OT MEPEMEHHOM #, mepe-
HECEM B OJIHY 4acTh YpaBHEHUS, T.€.

1 0°B(t) E 0A(x)
B(t) 0  Alx) ox°
Takoe PaBC€HCTBO MOKCT OBITH BBITTOJHEHO TOJBKO B TOM cJIydac, Korja " 1paBas,

Y JIeBasg 4acTh JAHHOTO YPAaBHECHUS PABHBI HEKOTOPOM HEOMPENECIEHHOW MOKA MOCTOSH-
HOUW BEJIUYMHE }.

1 0°B(r) E 0°A(x)
B(t) or _A(x) ox®
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s onpenenenust GpyHkiuit A(x) u B(f) He0OX0IUMO PEIINTh ypaBHEHUS
1 0°B(t)  E &°Alx)

B(t) o¢ -7 A(x) ox?

OO1mMMH penieHus MU JaHHBIX YPABHEHHM SIBISIFOTCS cieayromue QyHKINU

Alx)=C, cos[x\/%J el sin[x\/%} B(t)=C,cos(\fy t)+ C,sin({yt).

rae Cy, C;, C;, C4 — OCTOSTHHBIE UHTETpUpoBaHus. OOLIUM pEIICHUEM YpPaBHEHUS
(27) siBsieTcst mpousBeieHne NaHHbIX QyHKIUN A(x) u B()

u(x,1)= {cl cos(x\/%] +C, sin(x\/%ﬂ €, coslyy t)+ Csin((r o). @8)

[anee onpenenuM MOCTOSAHHbBIE UHTETPpUPOBaHUs. JlJIst 5TOro Ha IEepBOM 3Tane
IIPUPABHSEM HYJIIO IIEPEMEHHYIO x. Toraa

u(0,t)=C, [C3 cos(\/;t)+ C,sin (\/;t)]

Ha rpanuiie x=0 uckomasi GyHKIHS paBHa HYJI0. DTO YCIOBHUE BBHIMIOIHIETCS B

Tex ciydasx, korga C;=0 mm C, cos( 4 t)+ C, sin( 4 t): 0. OnHako BTOpOE paBeH-
CTBO MHTEpeca He MPEACTABISIET, T.K. OHO COOTBETCTBYET PABEHCTBY HYJIIO HCKOMOM
byHKIIH 1 (X,1).

Bocmonb3yemcsi BTOpbIM TPaHUYHBIM yClIOBUEM. [[j1s1 3TOro mojacTaBuM B CO-
oTHolIeHue (28) 3HaUCHHE TepeMEHHON X=L, T.€.

u(L.t)=C, sin(L\/%) ¢, cos(yy ¢)+ €, sin((fr 1)) =0.

DTO yCIOBHUE BBINOIHAETCA B TEX Ciydasx, koraa wim C,=0, nmm Qcoi\/}jtﬁ
+C, sin (1/ ;/t): 0, umu sin (L 7/E ): 0. OnnHako, mepBbI€ JIBA pABEHCTBA MHTEpPECA
HE TPEJCTABISAIOT, T.K. OHU COOTBETCTBYIOT PAaBEHCTBY HYJIIO MCKOMOW (YHKIIUU U

2 2 2
(x,t). 3 mocneqHero paBeHcTBa cienyer, uro y=zn"E/L", n=0, 1, 2, ... Takum 006-

pa3oM, pacCCMOTPEHHBIM T'PAaHUYHBIM YCIIOBUSAM YJIOBJIETBOPSAET OECKOHEYHOE YHCIIO
pemennii. CoctaBuM GOpManbHO PAJl U3 TAKUX PEIICHUIM

u(x,t)= icnz sin(ﬂzxj{Cn3 cos(%ﬁt} +C,, sin(%ﬁtﬂ. (29)

B nanHOM psiie 1OCTaTOYHO HANTH HE TPU CEMENCTBA MTOCTOSHHBIX UHTErPUPOBA-
Hus C,, Cy3 1 Cy4, a mpousBesieHust MOCTOSTHHBIX UHTErpupoBaHus C,s= C,nCpz 11 Cpg =
CnCg. I MX OTpeniesieHus: BOCIOJIb3yEMCsl HauaJIbHbIMH ycJIOBUsIMU. Ha nmepBom 3Ta-
e MOJICTaBUM B COOTHolIeHue (29) HyJeBoe 3HaYeHUE NEPEMEHHOW f U IpPEeICTaBUM

bynkuuto y(¢) B Buae psaga Oypee, T.€.

> . (mTnx 22 . (mnx)k . (7mhx
u(x,O)—nZlCnSsm(T),;(l(x)—znzlsm( ; )j’;{l(x)sm( 7 )dx. (30)

0
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JleBbIe 4acTH MOCICAHUX COOTHOIICHHUI PaBHBI APYT APYTY. 3HAYHT, PaBHBI U
npaBbie. Tora U3 3TOro yCIOBHUS MOJTydacM
X
jd X

CnS ZETZI('X)Sin(ﬂn
Ly

[ToncTaBinssi MONy4YEHHbIE 3HAYEHUS MTOCTOSIHHBIX WHTETPUPOBAHUSI B COOTHO-
menue (29), noinyyaem
X
)dx+

) L
u(x,t):ngin T2 cos| ZEVE [ 7,(x)sin i
L L L 0
+§Cnésin(”nxjsin(ﬂn\/ft]. (29a)
n=1 L L
Jlanee BOCIIONB3YeMCsl BTOPBIM HadyaJbHBIM YCIOBHEM. J[Jisi 3TOrO BBIYHCINM

IPOU3BOJHYIO OT MCKOMOHM (DyHKILIMH, ompesenseMoil cooTHomeHueM (29a), mo me-
peMeHHoM ¢. FickoMas mpou3BogHAs UMEET BUL

ou(x,t) e . (zxnx). (#7n L . (7mhx
—a, " —2\/57}121;1 sm(Tj s1n(7\/ftj£;(1 (x)sin (Tjdx +

+ﬁ%§n€n6sin(ﬂzxjcos(”;\/ft} (296)
n=1

st onpenesieHust MOCTOSIHHBIX MHTEeTrpupoBaHus C,q MOJICTAaBUM B COOTHOIIIE-
Hue (2960) HyneBoe 3HAUYCHHE MEPEMEHHOUN ¢ W MpeacTaBUM (QYHKIHIO ¥»(f) B BUIAC
pana ®ypse, T.€.
Ou(x,t)
ot

=\/E£§nCn6 sin(”nxj,
L n= L

22 . (7wnx )k . (7rhx
zz(x)—znzlsm( 7 j{;{z(x)sm (T)dx. (31)

JleBble YacTH MOCJEIHUX COOTHOILIEHUN paBHBI ApyT Apyry. CienoBaTenbHO,
paBHBI U TpaBble. M3 3TOr0 ycioBus onpezenseM OCTaBIIMecs MOCTOSTHHbIE HHTETPU-
poBaHusi. B okoHuarensHolM dhopme perieHne ypaBHeHus (27) umeeT BU/

u(x’t):%z}ﬁ(x)dx +%ésin(ﬂzx)cos(%\/ftjzﬁ(x) Sin(ﬂzx]dx N

+ﬁi;{2(x)dx +ﬁ§sin(ﬂzxjsin(7;n\/ftjizz(x) sin (ﬁnxjdx

JIBYKeHUsl CTPYHBI TAKOTO THIA Ha3bIBa€TCs CTOsTYeH BONTHOU. Touku x=mlL/n

(m=1, 2, ..., n-1), B kotopsIx sin(zmx/L)=0, B TEYCHUN BCETO MPOIIECCa OCTAIOTCS
HETOB>KHBIMU U HA3bIBAIOTCS Y3JIaMH CTOSTYEH BOJIHBI U,(X,f). Touku x=(2m+1)/2n
(m=0, 1, ..., n-1), B koTOpbIX sin(zmx/L)=%1, coBepmarT ¢ MaKCUMaJIbHON aMILIHU-

TYJOH, Ha3bIBAKOTCS IIyYHOCTSIMU CTOSTYEN BOJIHBI.
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3.1.4. JIuHeitHOE€ HEOAHOPOIHOE THIEPOOINYECKOE YPABHEHHE
PaccMoTpHM JIMHEHHOE HEOTHOPOIHOE TUIIEPOOTNYECKOE YPABHEHHE

0’u(x,t) g 0°u(x,t)

+ gl(x,t 27a
B oosactu G: 0<x<L, 0<¢<0 ¢ ycnoBUsIMuU
oulx,t
u(0,6)=0, u(L,t)=0, u(x,0)=x (x), # = 1,(t).
t=0

Bynem uckate pemenne ypaBHeHus (27a) B BuAe psaaa, 1o COOCTBEHHBIM (PYHKIUSAM
KpaeBoOM 3a71auu C OJTHOPOJHBIM BOJIHOBBIM ypaBHEHHEM f,(x)=sin(/mx/L), T.e.

() = ihn(t)sin(ﬁzx), (32)

rae h,(x) — HeusBectHas noka Qynkuus. I[IpencraBum QyHkiuwo g (x,f), a TakKe Ha-
JalbHbIC YCIOBUA B BUE psAoB Dypbe Mo coOCTBEHHBIM (PYHKIMSIM KPAaeBOH 3a1aun
C OJTHOPOJIHBIM BOJTHOBBIM YpaBHEHUEM

g(x,t):%Ig(x,t)dx+%gsin(

”Z szg (x,t) sin(ﬁzx

[ToncranoBka psgoB (32) u (33) B ypaBHeHue (27a) MO3BOJSET MOJTYYHUTh
ypaBHEHHE JIJII HEU3BECTHOU (PYyHKIIHH /1,,(X)

PR 7125 S (722,

n=1 8t L
22 .
+— ) Sin
|

]dx, (33)

n=l1

Tnx \k Tnx
,1)s1 dx.
7 j(f)g(x )sm( 7 j x

Jlanee B NOIYyYEHHOM YpPAaBHEHUM TIPYINIMUPYEM CJIaraeMble MPU OAMHAKOBBIX
3HA4YECHUAX 1 U IPUpPAaBHUBAEM UX. Toraa

82hn(t)_ s T 2L . (7mhx
7_—;1 E?hn(t)+2£g(x,t)sm (Tjdx

PemenusiMu JaHHBIX YpaBHEHUH SIBISIOTCA CleAyomne QyHKIINU

hn(t):{Cnl— jcos(”L ﬁr]jg(x f)sm( . ]dxdr}cos(%\/ft)+

ﬂnxjdxdr}sin(ﬂ\/ftj.
L L

[ToncTanoBKa MOCAEIHUX COOTHOLIEHUH B psif (32) MO3BOJSET NOJYUYHUTh

u(x,t):}%sin(ﬁzx]{(?m - ﬂichos( 7 ﬁr]jg(x 7)sin (”Zx]dxdr}x
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xcos(%ﬁtj + g {an + ”iLisin(%\/ff)l{g(x,r) sin (%)dxdr} X
'xjﬁn(?iéxﬁgt). (34)

. [(7n
X sin
L

Jlist onpeniesieHysi TOCTOSIHHBIX MHTETPUPOBAHUS BOCIIOJIb3yEMCSl Ha4aJIbHBIMU
ycinoBusmu. Ha mepBoM stame BbiOepeM B cooTHouieHUU (34) HyJieBOe 3HAUYCHHE
nepeMeHHou £. [locie Takoi MOACTaHOBKH MOIY4YaeM

e . (mThnx 2 T Tnx
u(x,t)—nfism( 7 ){C”l_ﬂnLJCOS(L Erjjg(x 7)sin (Tjdxdr}x

xcos(%ﬁ0j+i {Cﬂz + Tsin(%ﬁrjig(x,r) sin (”ijdxdr}x

7Z'I’lLo
)sin(ﬂ EO).
L

. (mTnx
X sin
L

Y4uuTeiBasi HyJI€BOE€ 3HAUYCHHE Psija CIAaracéMbIX B JJAHHOM COOTHOIIICHHH, 3a-
MUIIEM ero B 60Jiee MpoCTOM BU/IE

u(x,0)= iCﬂl sin(ﬂnxj.
n=1 L

C npyroil cTOpOHBI MOTYYEHHBIN psif coBmnanaet ¢ psaom (30), ABISIOMUMCS
paznoxkeHueM B psii Pypbe NEpBOro HaAYAIBHOTO YCIOBUS, T.€. QyHKIMH ¥;(x). [Tocne
npUpaBHUBAHUSA KOADPHUITUEHTOB MPU OAMHAKOBBIX 3HAUCHUSIX HOMEPA 71 TIOJTy4aeM

> mn . (7nx)| 1k . [(7n mn
u(x,t)—Z;ICOS(T\/Etjsm(T]{Zgzl(x)sm( ; )dx fcos( 7 \/Er)x
ﬂzx)dxdz}+ni[qﬂ + g (x,7)sin (”ijdxx
xsin(ﬂﬁrjdr}sin(”nxjsin ﬂ\/ftj (34a)
L L L

JI71st ¥crioNb30BaHUsl BTOPOTO HAYAJIBHOTO YCIOBHUSI HEOOXOJIUMO OIMPENETUTh
IPOU3BOIHYIO TIO TiepeMeHHOM ¢ oT PyHkiuu (34). lanHas mpousBoiHAS UMEET CIie-
JTYFOIITAN BU

e

mnlLy

il

O'—;b‘

t

du(x,t) _ g [co ( 7 \/frjjg(x 7)sin (”ijdxdrcos(%ﬁtjx

ot ﬁL no
anx ) 1% Tnx
— sin dx—
3 ){ngJX) ( 3 ) *

. (7Thx
X sin
L

j—2ﬁ£§nsin(ﬂﬁtjsin(
Ln:l L
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1 ¢ Tn L . (7mTnx . (7n
- cos| —AET x,7)sin| —— |dxdrt |+ sin JE¢t|x
7Z'I’lL£ (L )gg( ) (L) } 72'\/—;121}’1 ( j
. (mTnx)\. . (7n L . (7mTnx
X sin sin —\/E T X,7)sin
(Lji (L jgg()(L
TAX TNX
x\/fsin — || C, sin \/Erj X, T sm(
(725) e 2 b N o) sin (7
[IpupaBHMBas MEPEMEHHYIO ¢ K HYJIIO, TTOJTy4aeM

oulx,t T e . (7mnx
# ~JEZ ZnC2 s1n( 7 )

jdxdﬂ inzcosg@jx

n=l1

)dxdr}. (35)

=0

Jns onpeneneHus] MOCIEIHUX MOCTOSHHBIX MHTETPUPOBAHUS BOCHOJb3yEeMCS
psanom (31). Ilocne nmpupaBHUBaHMS KOI(P(GUIIMEHTOB MPU OJIMHAKOBBIX 3HAYEHUSX

HOMeEpA 71 MOJIy4aeM
2 L Tnx
C =—— X )sin dx.
n2 n /E £ZZ() ( L j
Torma

2 » n Tnx \k Tnx © TnX
u(x,t)=—> cos| —~Et [sin X )sin dx—>Ysin
()anﬂ (L j(l,)gll() (L) ZI(L

2 (ﬂn\/_t)jcos(L\/Erjjg(xr)sm(ﬂzx

x
2 X

zJE
>1 . (z#nx) . (7n L . (7mhnx 22 . (7n

X Z—sm(Tjsm(Tﬁt]{zz (x)sin (T)dx + ZZ sm(T\/Et]x

n=11 n=1
. (mTnx)\1tL . (Tnx
X sin — X,7)sin
( 7 j [1g(x.7) ( 7

noo

jdxdf+
7an

jdx m( ; \/Erjdr

3.1.5. JIuHeHOE OJTHOPOIHOE AINTMOTUYECKOE YPABHEHHE
PaccMoTpuM nMHEMHOE OJTHOPOAHOE IUIUIITUYECKOE YPAaBHEHUE BHYTPU Kpyra
panuyca R

li{rau(mﬂ)} 1 %u(r,g) _ 0 (36)

ror or = 0’

C 'pPaHUYHBIM YCJIOBHCM

u(r=R,p)=U(@),
rae (7,¢) — NoJIApHbIe KOOPAUHATHI C HAYAJIOM B LIEHTpe Kpyra. [lonspHbie KoopauHa-
ThI CBA3AaHBI C I[GKapTOBBIMI/I CJIGI[y}OHII/IMI/I COOTHOLOICHUAMU
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{xz v cos((p). r=qx’+y’
=r-sin(p)’ _y/
y ()" |iglp)=2/
Bbynem uckate pemienue ypasHenus (36) B Buae npou3BeAeHUs ABYX (yHKIIMMA

u(r 9)=A(r)B(9).
[ToxcranoBka npeayiaraeMoit (hopMbl perieHus B ypaBHeHue (36) Mo3BOJISET MO-

Jy4YUTh
Blp) & {F@A(F)}+ A Blp)_

r or|  or 0’ B

I[anee pasacisicM IICPCMCHHEBIC

r a{ aA(r)}:_ 1 &’B(p)

A or| “ar |7 Blp) 09

Y [IPUPABHUBAEM IIPABYIO U JIEBYIO YaCThb YPaBHEHUs HEONPEACICHHOMY II0OKa Iapa-
MeTpy . PellleHneM Moiy4yeHHbIX ypaBHEHUN

ri{raA—(r)}—yA(r)zo, azaB—(p(;D)+)/B(go):O. (37)

or or

SIBJISIFOTCS CIIEAYIONIHE (QyHKITUU
A(r) =C,J, (\/;%j +C,N, (\/;%) , B(go): C, cos(\/;g0)+ C, sin( ¥ go).

Takum oOpazom, ol1riee pereHue ypapHeHus (37) uMeeT BU
u(r, @)= {CIJO (ﬁ%} +C,N, (ﬁ%ﬂ[@ COS( /4 ¢)+ C, Sin( /4 (/))], (38)

rae Jo(y r) — dynakius beccens mepBoro poaa HyseBoro nopsaka, No(y 7) — GyHKIHS
Beccens BToporo poaa HysneBoro nopsaka. O6e GyHKIHUH SIBISIOTCS PEIICHUEM Tep-
BOTO U3 Mapsl ypaBHeHu# (37), Ha3zbIBarolierocs: ypasuenueM beccens. PaccMmoTpum
¢bynkuuu beccensi 6onee nonpoOHo. B oOmiem Buae pemienue ypaBHenue beccens
UMEET BUJT

r%{rag—f”)}(ﬂ —s%)4(r)=0. (39)

B nanHOM ypaBHeHHHU (YaCTHOM cilydae ypaBHEeHHs beccens) s — nelicTBUTENb-
Hoe unciio. Pemenusimu ypaBuenus (39) sBinsitotcs ciaenyronme GyHknuu [ 18]
1) dynkuu beccens nepsoro pona (ynkunu beccenst) m-ro nopsiaka

Tnlr)= (9’" /i)k!f‘((n; 1+) kk N 1)(9% ’
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rae k!=1-2-...-k. CooTHomeHue ajisg raMMa-(QyHKIUH MPEICTaBUMO C MOMOIIbIO UH-
Terpaia

F(r) = Te_fz"_ld T.

0

WJIA TIpeJesia

nln"!
I'(r)=1h .
) "l—{gr(r+1)(r+2)...(r+n—1)

[Ipu 11enbIX MOJOKUTENBHBIX 3HAYEHUSX 7 BBITOJHSIETCS cBOMCTBO: ['(7)=(r-1)!

I'paduxu bynkumii beccens mepBoro poja mepBbIX TPEX MOPSAKOB MPUBEACHBI Ha
puc. 1.

L 1

Jpl(T)
45 4
/ /)‘{h"\
/ ) \ NG () /.\,, 1
5 f( z\ 2 l~l‘1 \'l. //1/ \X'. \'L\'\:‘\IO’
NG 8 N\ e el |z
\ - 4
\_)Z—k/ N
_‘25
—-’;5

Puc. 1.

2) ¢dynkuuu beccenst BToporo poaa (¢ynkuuu Heltimana, dyukiuu Bebepa) m-ro mo-
psaKa

N ) tim Ll )eos(n )=, ()
mn sin (m )

['paduxu hynkumii beccenst Broporo poja nepBbix ABYX MOPSJIKOB MPUBEICHbBI
Ha puc. 2.

7 /;r a\/\%f;/ m‘% " z

Puc. 2.
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3) ¢dyuxun Xankens (I"aHkess1) mepBOro U BTOPOro pofa /m-ro mopsiaKa
H(l)(r)z J, (r)+ IN, (r), H(z)(r)z J, (r)— IN, (r), i=~—1.

m m

W3 puc.2 cienyer, 4TO MpU MaJIbIX 3HAYEHHSIX NEpeMeHHOU 7 pemieHue (38)
aBisieTcs (pu3nuecku HepeanuzyembiM. [1o 3Toi mpuunHe BhIOEpeM HyJeBOe 3Haue-
HUE nocTosiHHOW nHTerpupoBanus C,. Ilockonbky ckoMas QyHkuus u (r,¢) onpene-
JSIeTCSl B KpyTe, BBIOJHAETCA yCIOBUE NEPUOAUIHOCTH U (r,@) =u (r,¢0+2 7). lanHOE
YCIIOBHE TI03BOJISIET MOTYUUTE: ¥=n". TOr/1a MOXKHO 3aIucaTh

(p)= £, n 2 ][6s, coslg)+ . sin ). (0)
n=0
Hanee npeacrasum ¢pynkuuio U(@) B Bune psga Oypobe
1 2z 1 0 2z
Ulp)=—U(p)cos(np)d p+——3cos(ng) [Up)eos(ng)d g +

127 . | 27 :
+— [U(p)sin(ng)d p + —Xsin(ng) JU (p)sin(np)d p. (41)
T o 27 n=1 0
[Tpu ycnoBuu »=R psanbl (40) u (41) 1OJKHBI COBIACTD, YTO MPUBOUT K PABEH-
CTBY COOTBETCTBYIOIIMX WICHOB pssa. B okoHuaTensHOM Gopme perieHne ypaBHeHUs
(36) umeer BUA
127 1 =J,(nr/R
rp)=L T (p)eos(ng)ag + L 570l R)
T 0 270t J, (n)
127 1 =J,(nr/R) .

+ U)sino)d g - S2 M Bsin(ag) U p)sin(ngld o

cos (n (o)z(f)ﬂU ((p)cos (n (p)a’ o+

3.1.6. JInHEHOE HEOTHOPOJAHOE AITMOTUYECKOE YPABHEHHE
PaccMOTpUM JMHEWHOE HEOMHOPOAHOE DIUIMIITUYECKOE YPABHEHUE BHYTPU
Kpyra paguyca R

10| du(rp)|, 1 0%u(re)_ 42
r@r{r or }Jrrz 8(02 —g(r,(/)) (42)

C 'PaHUYHBIM YCIIOBUCM

u(r=R,p)=U(p),
rae g(r,¢)—u3BectHas Gpynkius. bynem uckats penienue ypaBuenus (42) B BUje psiia
10 COOCTBEHHBIM (YHKIIUAM OJHOPOJHOMU 3a/1auH, T.€.

u(x,t)=3h,(p) J(”;j 43)

n=0

rnae h,(@) — HensBectHas noka pyukuus. [IpencraBum ¢ynkuuio g(r,@), a Takxke rpa-
HUYHOE YCJIOBHE B BUE pAI0oB Dypbe 10 COOCTBEHHBIM (DYHKIIMSIM KPaeBOU 3aauu C
OJIHOPOJHBIM JUTMITUYECKUM YPAaBHEHHEM
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R

g(r,(o):%jrg(r,(p)dr +%g]o(n%jirg(r,(p)%(n%jdr. (44)

0

s Toro, yto Ob1 onpenenuth GyHKIUU A,(@), moacTaBumM psaasl (43) u (44) B
ypaBHeHue (42). Toraa nocie pemeHus: COOTBETCTBYIOIINX YPABHEHUN MOTy4aeM UC-
KOMbIE (PYyHKITUN

(¢—v)1frg(r,v)drdv+ Co+C,,

0

hn(g)){cl ()l g(r,v)Jo(n%jdrdv}cos(ngo)+

hy ((P):

S —

Tno 0

+ {Cz + LTcos(nv)lfrg(r,v)Jo(nLjdra’v} sin(ng), n>1.
TN 0 R

[Ipn HaxoXXIeHUM JaHHBIX (YHKUHUA HCIOJB30BAaHbl CIEAYIOIIME CBOMCTBA
¢ynkuuu beccens nepsoro poaa

m d 2m
Jm+1 ()C) = Jm ()C) - Jm ()C) > Jm+1 (X) = Jm (X) - Jm—l (X)
X dx X
Janee nnst onpeneneHus MOCTOSIHHBIX MHTETPUPOBAHUS BOCIIONIb3YyEMCS Pa3io-
KEHUEM rpaHu4Horo ycioBus B psa @ypwe (41). [locne npupaBHuBaHus Kod3pPpuiu-
€HTOB MPU OJANMHAKOBBIX 3HAUECHUSIX 7 MOJTy4aeM

u(x,t)= i {%TU((p)cos(n(p) do— ﬁisin(nv)zrg(r,v)Jo(n%jdrdv} X

n=1 T

((o)sin (n (o)dgo + L X
27 0 n

n=1

Jy(nr/R) = | Jy(nr/R)| 1 2z
xcos(n(p)T(n)+Zsm(n(p) 7.0 { [U

R

X qfcos(nv)jfrg(r,v)JO(n%jdrdv} + l2jﬂU((p)cos(n(p)d(p + E(gp — v)jg(r,v)x

0 0 T o 0
127 :
xrdrdv+— [U(p)sin(np)d¢.
T 0
3.2. MeToa pacnpoCTpaHSIOIIMXCS BOJH
PaccmoTpum ogHOpOIHOE TMIEPOOINUECKOE YPAaBHEHUE C TIOCTOSTHHBIM KO3(]-
¢urenTom (27) B HEOrpaHMUEHHOU 00JaCTH -00< X <00 ¢ HauaJIbHBIMHU YCIOBHSIMH
ou(x,t)
=X (t ) :

t=0

Breném HOBBIE IEpeMeHHbIe & = X + JEt u n=x-— JE¢t. IToxcTaBuM naHHbBIE

nepemerHsie B (27). Torma mocne omHOKpaTHOTO AU OEPEHIIMPOBAHUS IO HCXOJ-
HBIM [IEPEMEHHBIM X U f TIOJy4aeM
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\/—5u(§ 7) \/—ﬁu(f m)|_ . 0 |ou(&n), oulsn)
=F + .
on ox| 0¢& on
[ToBTOpHOE L[H(I)(bepeHquOBaHI/Ie JIEBOM U MpaBoil yacTel JaHHOTO COOTHOIIIE-
HUS 110 IEPEMEHHBIM X U { IPUBOJUT yYpaBHEHUE (27) K CIEayOEMY BUIY

ulen) ou(En)  PulEn) | ou(En)

08 onoé& 0&an on’
O'u(gn)  0'ulén), ulln) , S*u(En)
o0&’ 0E0n ono& on® |

[IpuBenenue moJoOHBIX B JAHHOM YPABHEHUU MO3BOJISIET MOJIYUYUTh YPABHEHUE
(27) B HOBBIX IEPEMEHHBIX B CJIEAYIOIIEM BUJIE

o*u(&,m) _
ogon

Hanee npounterpupyem ypaBHeHue (276) no nepeMeHHON &, 4TO MPUBOAUT K
CIIEIyIOLIEMY PE3YJIbTaTy

(270)

ou(é,n)
on

WuTerpupyst JaHHOE COOTHOILEHUE IO MEPEMEHHON 77 pU (PUKCUPOBAHHOM
3HaYCHUH MEPEMEHHOHN &, ToNTydaemM

zAaM=@ﬂﬁdv+ﬁ@)

= ().

Baeném obosnauenue f,(17)= ’fy f(v)dv. Torna
0

u(&n)=£(&)+ fr(n).

Jlannast QyHKIUs SBisieTcsl oOmuM WHTETrpayioM ypaBHeHUs (276). Torma u
byHKIHS

u(x,t):fl(x+\/ft)+ fz(x—\/ft) (45)

TAKIKC ABJIBICTCA MHTCIPaJoOM COOTBCTCTBYIOIICTO FI/IHCp6OHI/I‘IeCKOFO YpPaBHCHHUA B

UCXOAHBIX IepeMeHHBIX. i ompeneneHus QyHKUUN f, (x +E t) u f, (x —JE t)

BOCITOJIb3YEMCSI HadaJbHBIMU YyCJIOBHAMU. Hanném npons3BogHYyO0 MO NEPEMEHHOU f
oT peteHus (45)

oulwt)_ md flv4Er)  =d f(x-VE)
o1 \/_(x+\/_t)\/_( —JEt)

Hanee u B pemienun (39), 1 B ero mpou3BOJAHON BHIOEpPEM HyJIEBOE 3HAUEHUE
IIEPEMEHHOM 1, T.€.
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fz(X)+J(2(x)= )((x) ] |
dfx+JEt df,\x-VEt) (46)
VES T Tl E) | TR

WNuTerpupoBanue BTOPOro YpaBHEHUs CUCTEMBI (46) MPUBOAUT K CIEAYIOLIEMY
pe3ynbTary

=0

5 (x)= £(x)= ﬁfzz()dv+c,

X0

rae xo 1 C — NOCTOSIHHbIEC BEMYMHBL. M3 TOCIeHEr0 ypaBHEHUS, a TAaK:Ke MEPBOTO
ypaBHeHI/I}I cucteMsbl (46) MOKHO HOJ’Iy‘{I/ITb

10)=5 1064 = LGl S )= )= T3

X0 2
C yu€TOoM MOTy4eHHBIX COOTHOIIICHUN UCKOMAast PYHKITUSA U (X,f) IPUHUMAET BUJ
x+VEt x—~Et :|

1 1
u(x,t)=§[zl(X+«/ft)+zz(x—«/ft)+ﬁ{ xfozz() Izz()
[ToB3ysICh CBOMCTBOM OTIPEIEIEHHBIX I/IHTeraJIOB OKOHYATEIIHHO MOTydacM

x+VEt
u(x,t)zl[;(l(x+\/ft)+;(2( \/_t)+ j;(z( )dv
2 WE It
Cootrommenue (47) vazsiBaeTcs dhopmyroit Jamambepa.
3.3. MeToa MHTerpaJbHbIX NPe0OPa30BaAHNM
[Tycts HEOOXOaUMO OMPENENUTh PELICHHEe HEKOTOPOro AuddepeHnnaIbHOro
yYpaBHEHUS C 3aJJaHHBIMU HAa4YaJIbHBIMU U TPAaHUYHBIMH YCIOBUSIMU. Pelenue qanHoi
KpaeBOM 3aJjadyll MOXKET OBITh CYIIECTBEHHO YIPOIIEHO, €CIM BMECTO HEMOCPEACT-
BEHHOT'O ONpe/IeTICHUsI NICKOMOM (DYHKIIMM MCKaTh €€ MHTErpajbHOE MpeoOpa3oBaHue,
onpenensemoe Gpopmyrioit [19]

1(50)= fuey)K (v £ x

rae c<&<d, K(x,&) — 3aBucsIas OT BUJa HHTETPAIBHOTO MpeoOpa3oBaHus GyHKIHS,
onpenenéHnas B o0aactu a<&<b, c<E<d, Ha3pIBaeMas SIPOM UHTETPATILHOTO MPeoo-
pazoBanus. OyHKIUS U (X,)) OOBIYHO HA3BIBAETCS OPUTHMHANIOM, QDYHKUUSA U (f, y) -

(47)

oOpa3zoM unu u3oopakeHueMm. CrienyeTr 3aMeTHTh, UTO MHTErpajibHbIE MpeoOpa3oBa-
HUS NPEJICTABIISIIOT HAMOOJBIINKA UHTEPEC B TOM cllydae, Korjaa KodhPUIueHTsl pe-
[Ia€MOTO YpaBHEHUS HE 3aBUCST OT TOM MEPEMEHHOM, 10 KOTopoit Oepércs npeodpa-
30BaHME. B MpPOTMBHOM clly4ae MPUMEHEHUE HMHTETPAIbHBIX MPeoOpa3oBaHUN Kak
TIPABUIIO TIPUBOJMT K MATEMAaTHYECCKUM TPYIHOCTSIM.
IIpumep 7

B kaudectBe mepBoro mpuMmepa MpUMEHEHUSI MHTETPaIbHOrO MpeoOpa3oBaHUs
paccMOTpUM MpUMEHEHHE TpeoOpa3oBanus Jlamnaca k mapabonMueckoMy ypaBHe-
HUtO (18a) co cnegyronmMy rpaHUYHBIMU U HAYaJIbHBIM YCIIOBUSIMU

31



ou(x,z)
x

u(0,0)=U, =0, u(x=0,0)=U, u(x>0,0)=0.

x=L
Jlanee npuMenumM npeodpazoBanue Jlamnaca K nMpaBod U JEBOM YacTSIM ypaB-
Henus (18a)

Tau( ) ‘”alt—DT—(92 u(x.) “dt.

ox’

Brruncnenne no 4acTsAM MHTErpajia B JIEBOW 4aCTH TaHHOTO YPaBHEHMS, a TaK-
e M3MEHEHHe mopsaka audQepeHupoBanus M0 MEPEMEHHON X U MHTETPUPOBAHUS
10 IIEPEMEHHOM / B IIPABOM YaCTH JTaHHOTO YPABHEHHUs IPUBOJUT K CIEAYIOLIEMY pe-
3yJbTaTy

0’ (x,s)

u D ) 90 =D
SM(XS) u(x ) axz

b

rae i (x,s)= [u(x,t)e™'d t. ®ynxuus u (x,0) paBHa HyIIO BO BCEX TOUKAX HHTEPBANA
0

0<x<L. 3nauenue ¢pynkuuu u(0,0) MOKET ObITh YUTEHO B TPAHUYHOM yCJIOBHH. Ta-
KM 00pa3oM, ypaBHEHHE B YAaCTHBIX Mpou3BoaHbIX (18a) mpeoOpa3yeTcs K cieayro-
meMy OOBIKHOBEHHOMY A depeHIInaTIbHOMY YPaBHEHUIO
o’ x,s) s _
#——u (x,5)=0.
0x D

Jlamnac-o0pa3 rpaHUYHBIX YCIOBUM JIJIs1 TJAHHOTO YPABHEHUSI UMEET BUJT

L_l(O,S):g ot (x,s)

9

s ox

=0.

x=L

MCTO,II Bﬁﬂepa IMMO3BOJIACT IMOJYYUTDh PCIICHUC IMOCIICAHCTIO YPABHCHUS B BUJIC
JIMHEHHOU KOM6I/IHaHI/II/I OKCIIOHCHINAJIbHBIX (I)YHKHI/Iﬁ C OANHAKOBBIMH I10 MOAYIJITO,
HO Ppa3HbBIMH I10 3HAKY IIOKAa3aTCJIIMU CTCIICHU

L_I(X,S) =C, exp(x\/%j +C, exp(— x\/%) (48)

Jns ompenesieHUs] MOCTOSTHHBIX MHTETPUPOBAHUS HAWJIEM MNPOU3BOJHYIO OT
petenus (48) nepemeHHoi x. B 1anHOM ciiydae umeem

%:q\/%exp[x\/%lggexp[x\/%} (49)

Hanee xak B pereHuu (48), Tak ¥ B ero Mpou3BoaHOM (49) BeIOEpeM COOTBET-
CTBYIOIIIME TPAaHUYHBIC 3HAUYCHHUSI IEPEMEHHOM X, T.€.

] o) i 15)
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B pe3ynpTrare nosry4uM CIIeIyOIy0 CUCTEMY YPaBHEHNUN JJIsI OIIPENEIICHUS UC-
KOMBIX IIOCTOSIHHBIX HHTETPUPOBAHUS

C, +C, :%, Cl\/%exp(L\/%J - Cz\/%exp(L %J:O.

B PE3YJIbTAaTC PCIICHUA HaHHOﬁ CUCTCMBI ITIOJIy4aCM

=Y eaf-1f2) o 2 =25 5.

B nannom cootHomenun GpyHKIus y(x)=ch (x) Ha3bIBAETCS TUMEPOOIUYECKUM
kocuHycoM [ 18]. DTy QyHKITHIO MOXKHO BBIPA3UTh YePe3 IKCIIOHEHITUATBHYIO ) (X) =
exp (x) cremyronum oOpazom

ch(x)=[exp(x)-exp(-x)]/2.
C yuérom ompenenEéHHBIX MOCTOSHHBIX WHTETPUPOBAHUS IMOJy4aeM OKOHYA-
TeIbHYI0 popmy perieHus (48)

T -]
s chfLUs/D)exp( 45 JPEL\E J

[Tocne npuBeneHus B mociaeAHEM COOTHOIIEHUH (48) MOJO0OHBIX YJIEHOB MOTY-

a(rs)=2Y exp{(x_L)Jg}exp{(L_x)\m h(LﬁJ

B oxonuatensHoM Buje Jlammac-o0pa3 pelieHus JaHHOW KpaeBOM 3a1a4uu UMe-
eT BUJ

qacMm

_ _gch_(L—x)m_
i (x,5)= ; ch(L S/D) : (48a)

Jlanee ¢ momoisio oOpaTHOTO TpeoOpa3zoBanus Jlamaca MOXHO HATH OpHU-
ruHan Gyskimn (48a). s 3Toro He0OX0IMMO BEIYUCINTH HHTETPATl

u(x,t)= %aTwﬁ(x,s)e”d s,

o—i©
rae [ =+/—1. MHTerpupoBaHue mpoOUCXOJUT B KOMILUIEKCHOM IIOCKOCTH § = & +in
BJIOJIb TIPSIMON 0= const, MapaJlieIbHOW MHUMOM ocH. JleiicTBUTeNbHbIE ynucia & Bbl-
OuparoTcs Tak, YTOOBI BCE 0COOBIE TOUKH MOJBIHTETPAILHOTO BBIPAXKEHUS B 00paTHOM
Jlannmac-npeoOpa3oBaHuH JIeKAIU B JIEBOU MOTYINIOCKOCTH KOMIUIEKCHOU MIOCKOCTH.

Opurunan g GyHKuu (48a) MOKHO TakkKe OMPEEIUTh, MOJIb3YsACh COOTBETCTBYIO-
MIMMH TaOJUIAMU UHTErpajbHBIX MTpeoOpa3oBaHuii. Bocmnonb30BaBIIMCH TaOIULIAMH
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JaHHBIX TPeoOpa30BaHUi, MOKHO NOJIYYHTH [19]

u(x,n)=U, Z/I(X>O,t) {1__2 1 Xp|:7z-2(n+0’5)2Dt:|Sin|:7[(L0’5)x:|}_

7 n=on + 0,5 I’ L

[Tpumep 8
B kauecTBe BTOpOro npumepa MpUMEHEHHUS UHTETPAILHOIO MpPeoOpa3zoBaHMs

paccCMOTpUM TNPUMEHEHHE MpeoOpa3oBaHus XaHKENs K CleayroueMy napadoinye-

CKOMY YPaBHEHUIO
ou(r,t) 10| ou(rt)
———=D—|r—~* .

ot r@r{r or +8lr) )

C 'pPaHUYHBIMH U HAYaJIbHBIM YCIOBHUSAMU

=0.

u(r0)=7(r), a”a(:’t)

Jlanee npuMeHUM KOHEUHOE IIpeoOpa3zoBaHue XaHKENs K MPaBOW U JIEBOU Yac-
TM ypaBHeHus (50)

r=R

R

oulnt) gy — Dj{ a{M}}Jo(pr)dr+:frg(r,t)Jo(pr)dr.

0 ot o |ror or

N3menum nopsiok nudpepeHupoBanus M0 NEPEMEHHON ¢ 1 UHTETPUPOBAHUS
10 MIEPEMEHHOM 7, a TaKKe MpeoOpa3yeM MEPBOE CIaraéMoe B MPABOM 4acTU MOCIE-
HEro ypaBHEHUS

TP pa(p.e)=ra(e)(prdr. (s1)

R
rne u(p,t)=[ru(r,t)J,(pr)dr - npamoe xoneunoe mpeobpasopanue Xankens. O6-
0

PAaTHOC KOHCYHOC Hp€06p8.30BaHI/I€ XaHKeJs onpcaACACTCA COOTHOIICHUCM: U (7", Z) =

_ 2 2 oler)
“ w2 )
BOJIHBIX (51) umeeT BU

u(p,t)= [C(p)+ ie[’”’z I{:rg (r,t)J,(pr)drd z} e D

st onpenenenusi Hew3BecTHOU moka ¢yHKMU C(p) BOCMOJIB3yeMCsl Hadallb-
HEIM ycloBHeM. B maHHOM ciydae moxHo 3amucath i (p,0)=C(p). Ilo onpenerne-

2 _
+—u (O,t). Pemenue ypaBHeHHsS] B OOBIKHOBEHHBIX IMPOU3-

HUIO 00pa3a umeem
R

i(p,0)=[ru(r0)J,(pr)dr,

0

T.C.

34



Torma

C(p)=1r2(r)Jy(pr)dr.

0

B okonuatenbHOl (hopme pemienue ypaBaenus (51) umeer Bua
R t R
ﬁ(p,t): {j’r}((r)Jo(pr)dr + jeD”’z jrg(r,r)JO(pr)d ra’r}em”2 .
0 0 0
Brruncnenue opuruHaia no3BojsieT MOIyYUuTh

2 R 2 R 2 2 p
u(r,t)zﬁgr;((r)Jo(pr)dr+—2£exp(Drp2)(j)rg(r,t)drdr+?nZle Divi

R
Jpnl"R 2°°—13Jp,17”’ r%R
X%({V}(@%(Fﬂ)d”rﬁge o %gel) ’ {rg(r,r)Jo(pr)drdr,
I'ZI€ p — KOPEHb YPaBHEHUS del—(pr) =0.
r

3.4. Pemienne ypaBHeHH B YACTHBIX IPOU3BOJIHBIX
¢ NepeMeHHbIMU K03 GuuueHTaMu
B nannom pasnene paccMOTpPUM HECKOJBKO METO/OB PEIICHUs] YpaBHEHUN B
YaCTHBIX MPOU3BOJHBIX C MIEPEMEHHBIMU KOd(DPHUITMEHTAMU, TPUMEHUMBIX ISl BCEX
TUTIOB YpaBHEHUI. B kauecTBe mpumepa BrIOEpEeM MapaboIuYecKOoe ypaBHEHHE C KO-
s durnrenTom D, 3aBUCSIIIMM B 00IIIeM clTydae Kak OT NMePEMEHHOM X, TaK U OT Iepe-
MEHHOMU #, a TAK)XE OT PELICHUs YPaBHEHUS U (X,1)

Gu(x,t)_i ou(x,t)
T—GX{D(x,t,u(x,t))—ax } (52)

CO CIICAYIOIMMHA I'PaHUYHBIMHA U HAaYaJIbHBIM YCJIOBUSMUA

8u(x,t)| _8u(x,t)|
ox ‘  Ox

x=0 x=L

=0, u(x,0)=y(x).

VYpaBuenue (52) B cToib 001eM Cilyyae TOYHOTO pelieHus He umeert. Ha cie-
TYIOIIMX MpUMepax MPOMUIIOCTPUPYEM HECKOJIBKO MPHUOTUKEHHBIX METOOB pelle-
HUSL.

ITpumep 9

B kadecTBe mepBoro mpuMepa pacCMOTPUM CUCTEMY U3 ABYX O€CKOHEUYHBIX ITH-
JUHIPOB ¢ Koddunmentom D (7,¢), TpUHUMAIOIIUM JBa 3HaYeHus: D nipu 0<r<R, u
D, nipu R\<r< R, nis mo0oro 3HaYeHUs nepeMeHHo ¢ (cM. puc. 3). O603HaYNM TeM-
nepaTypy B KaKJIOM HWIUHIAPE aHATOTUYHO U (7,t) U uy (r,f) st 0 r<R; u R|<r<R,.
PaccMmoTpum TemiooOMeH JaHHOM CHUCTEMBI C OKPY’KaloIlIeW cpefoi MpH yCIOBHH,
YTO B HaYaJIbHBIM MOMEHT BpeMeHu (¢=0) TemrepaTypa B KaKJI0M LUIUHAPE TOCTO-
ssHHa ¥ paBHa u (r,0)=u, (r,0)=U,. Janee qaHHyI0 CUCTEMY IIUIUHIPOB MTOMEIIAIOT B
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cpeny ¢ nocrossHHoU temrmeparypou U,. Ilpu satom U.<U,. B nanHom ciy4yae n3me-
HEHHE TEeMIIepaTypbl B CHUCTEME I[WIMHIPOB OMHUCHIBACTCA CIIECAYIOIIEH CUCTEMOM
YpaBHEHUU

Puc. 3.
0T (r,t) _ D, @[ 0T(r1) . 0<r<R
ot r or or
(53)
8T2(r,t) = D2 i V—aTZ(F,t) ) R1 <r< Rz.
| ot r or or
CO CIEAYIOIINUMU TPAHUYHBIMU U HAYAIIbHBIMUA YCIIOBUSIMU
MI(V,O):Mz(V,O):T(), ul(Rlat):I/lZ(RZat)s - Dl M == D2 M )
. or | _,
¥ 1 r 1
u; (0,£)<oo, _Dzauz—(r’t) +0([U1 _uz(Rzat)]ZO'
r=Rp

JIns HaXOXJIEHHS pemIeHHs cUCTeMbI (53) Bocmosb3yeMcsl mpeoOpa3oBaHUEM
Jlarmaca. Torma

ﬂi{rM}_SYl(r’s):—To, OSI"SRI
r or or

(53a)

D, i{réYz(r,s)} ~sY,(r,s)=-T,, R <r<R,.

r or or
uy(0,5)<o0, — D, M + a[ﬂ —u, (Rz,s)} =0, u1(R1,8)=u2(Ry,5),
or | _, S
or v, or v,
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[Tonpo6HO paccmatpuBaTh perieHue ypaBHenus (53a) u mepexon ot Jlarurac-
oOpasa k opuruHaimy He OyaeMm u3-3a 0oybmIOoro o0bEMa cooTHomeHui. [IpuBeném

JUIIb KOHEYHOe pemieHue ypaBHeHUs (53). OHO MOXeT ObITh MPEJCTaBIEHO B cClie-

nytouen popme
2
© r Dt
ul (”',f) = UO - (Uc - UO )ZlAnJO(lun R_J eXp (_ lunR—Qlj
n= 1

1

c ’D,t D
u,(r,t)=U, - (U, —UO)nZ::lAn exp(_ /”;}322 j{]o(ﬂn)co{,un F?(RLIJ_I}_

2

A |D D, ( r
-J —L |==2sin == — [-1];,
l(lun)/fi l)1 |:lun Dl (le i|}

2

Tac l,' )41 D,’ - KOB(i)(I)I/IHI/ICHTI)I TCILJIOIIPOBOAHOCTU W TCMIICPATYPOIIPOBOAHOCTH IU-

JUHIPOB, L4, — KOPHU YPAaBHEHUS

COMTETER R O

J 2

D R.
4\ D, D,\ R R\ D, D,\ R

j 2

AD.R. D.R.
A =2—""1 D, u,+D,/D, 1—& +—L Lol u, Dy 1—& X
R ) A D, R

" LA\ D . ;

2 > D*R? ’
ile l Rl D2 R1 D2

R, :

D’R? B

+——> |4 1—& A, &sin 2u, b &—1 +1g| K, by &—1 X

z R, D, D,\ R, D,\ R
2 2 2

x yjﬂ R g sof By |ADR &+DID2R—; +2u; By A

D, R, A4 \ D, 2 R ) A

—2u & &_1 DJ'RJ' —Z,URADJ%IZ 1_& B &XID?RJ?

n R, ﬂj nttj lj ﬂé R, D, 2, ﬂ,i U,
. o

X{'u” sm[,un VDl/DZ(l_Rz/Rl)]} ,J=1,2.

HenoctarkoMm HaHHOrO METOJ@ PEIICHMS SBISETCS TPOMO3JIKOCTh Mpeodpaso-
BaHUU NMPU HAXOXKJECHUU PEIICHUs KpaeBOU 3a7aun, HEOOXOAUMOCTb PELICHUS TPaHC-
HEHJCHTHBIX YpaBHEHUN Tuma ypaBHeHUU (54) s onpeiesieHus MOCTOSIHHBIX HH-

1
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TErpUPOBaHUS U HEOOXOJAMMOCTh HE BCErJa MpUEMIIEMON HJIeanu3allui pe3Koil rpa-
HUIIBI MEXK]Ty CIOSIMHU.

IIpumep 10
PaccmoTrpum ypaBHeHUE

8u(x,t): 0 {DL(XJ){l_hUu7(x,t)}8u(x,t)} (55)

ot ox

C 'pPaHUYHBIMH U HAYAJIbHBIM YCIOBUSIMU

8u(x,t)| _8u(x,t)|
ox ‘ ~ ox

x=0 x=L

=0, u(x,0)=y(x).

B ypaBuennn (55) D(x,t), P(x,f) 1 ¥ - COOTBETCTBEHHO U3BECTHBIC ()YHKIIMHA U
napametp. PaccMoTpum moka npocTeliuii cirydail paBeHCTBA €IMHULIEC TapaMeTpa 7.
Hanee npencraBum ¢yHkuuio D;(x,f) B BUIE CyMMBI €€ cpeHero 3HadueHust Dy u 1o-
paBOYHOM (DYHKIMH, yuuThIBatomen otinuane GyHkimu Dy(x,tf) oT e€ cpeaHero 3Ha-

4eHws, T.€.
ou(x,t) 0 u’ (x,¢) |Ou(x,t)

rae 0<e<l1, |g(x,f)|<1. OrpaHnueHHOCTH 10 MOYJII0 TTpoUu3BeaeHUs |&-g(x,t)|<1 sBms-
eTcs clieicTBUEM (pU3NUecKoM peanuzyemMoct GyHKIuu Dy (x,t) (Hampumep, moI0Ku-
TeIBLHOCTh KO3 duimenta nudpdy3uu Ui TeMnepaTypornpoBoaHocTH). Jlanee Oyaem
UCKaTh pelieHue ypaBHeHus (55a) B Buje cteneHHoro psjaa [20]
u(x,t)=Y e > p'u,(x,t). (56)
=0 j=0
[ToxcranoBka mpemsaraemoit ¢GopMbl perieHus: B ypaBHeHue (55a) u npupas-

HUBaHUE KO()PHUIIMEHTOB MPU OJMHAKOBBIX CTETECHAX MapaMeTPOB & U A TIO3BOJISIET
IOJIyYUTh CUCTEMY YPABHEHUM 11 QyHKIMHI 14X, 1)

Oty (x,1) -D Oty (x,1)

ot Coaxt
ou,,(x,t 0%u,, (x,¢ 0 Ouy, | x,t
o), eolel) p, 2 )22
8u01(x,t):D 62u01(x,t)+D 0 uoo(x,t)ﬁuoo(x,t) (57)
ot *ax? “ox| P(x,t) 0ox ’
aun(xat):DO qu“(zx’t)"‘Doi g(x,t)a”m(xat) +Doi uoo(x,t)aum(x,t) +
ot ox 0x ox ox| P(x,t) Ox
2
+D, 0 ”11(x7t)+D0 0 ulo(x,t)ﬁuoo(x,t) _I_Doi g(x’t)uoo(x’t)auoo(xat) ’
ox’ ox| P(x,t) 0x 0x P(x,t) 0x
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ot © ox’ Ox Ox
auoz(xsl‘):D azuoz(x’t)+D i uoo(x,l‘)ﬁum(x,t) +D, i um(x,t)ﬁuoo(x,t) _
ot *ox’ “ox| P(x,t) Ox “ox| P(x,t) Ox

[ToncranoBka psga (56) B rpaHUYHbIE U HAYaJIbHOE YCIIOBUA U1 YPaBHEHUS
(55a) no3BosIET MOJIYYUTh TPAHUYHBIE U HAYaJIbHbIE YCIOBUS ISl CUCTEMBI ypaBHe-
Hui (57) B clieyroiieM BUIe

Ou, (x,t)| _ Ou, (x,t)|

ox ox

8”20()(’1‘)21) 82”20(x’t)+D0i{g(x t)ﬁulo(x,t):|

= O, 1209]203 uOO(an):Z(x)a uij(’xao)zoa lZlaJZI

x=L

‘x=0

Takum 00pa3oM, BMECTO MCXOAHOTO HEIMHEHHOro ypaBHeHUs (55) ¢ 3aBHCH-
UM OT HE3aBHCHMBIX MIEPEMEHHBIX X U ¢ KodppuimeHToM D moxydeHa cucreMa Jju-
HEWHBIX HEOJHOPOJHBIX (32 UCKIIOUEHUEM YpPaBHEHUS It PYHKIMH u(X,f)) ypaB-
HEHUH ¢ NOCTOSAHHBIM KO3 uimentom D. Pemas ypaBHeHus: cucteMsl (57) MeTogoM

pas3aeneHusi IEPEMEHHBIX, OJIy4aeM
2
Tnx n-Dt Tny
exp| —-——— — \dv,
. ] p( I JJ x(v)eo ( B )

D,z *D, ,
ulo(x,t):2L—2°mZ=1m-kxp(%}jg(v T)Guog(: T)sm(ﬂzwjdvdrx

(ﬂmxj 7m’m’ Dyt
X COS eXpl ———5— |,
L L
2.2 I
T mZDOz' juoo(v,z')8%0(v,r)sin(ﬁmvjdvdTX
L o P(v,z) 0Ov

(ﬂmxj ( ﬁzszot)
X COS exp )

[ToncranoBka HysneBOro MPHOIIKEHUS B TOMpaBOUYHbIE (DYHKUUU Uio(X,f) U
Uo1(x,) TO3BOJISET OJYYUTh COOTHOLIEHUS U1l HUX B IBHOM BHJIE

mx \ ) T Dr Tnw
e —n" J———||cos X
jgxp{(m g }J (L)
_ 2.2
n}—cos[ﬂvm n}}dvdr-exp(—uzl)ot
L

mx m’Dyt | 2DOZ'_
exp L— jexp (m —n ) I X

0

D, =
um(x,t):2L—2°mzlm£exp[

D o8] o8]
u,, (x,1)= ZﬂL—f Ym-yn- Cos(ﬂ

m=1 n=1

-

« 2wl g(v,f){cos[mm +

0

g, (x,¢)=2 Zm Zn 005(7Z

n=l1
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L

X j# cos[ﬂvm -
OP(V,T)

" 212 .
+2>exp _ZK Dy cos(ﬂkvjj;((w)cos(ﬂkwjdw dvdr.
k=1 L L )o L

n} _COS[MM; n} “‘ (W)Cos(ﬂzwjd Wﬁl(w)dw+

2

Pemienrie cnenyromux ypaBHEHUN cUCTEMBI (57) MO3BOJSAET YBEIMYUTH TOY-
HOCTh almnpoKCUMAalUU pelieHus ypaBHeHus (55). CnenyeT 3aMeTUTh, YTO MOJIOKH-
TeIbHOCTh KO3 dunrenta D B ypaBHeHuu (55) 3a cu€T GU3NUYECKUX OrpaHUYCHHI, a
TaK)Xe CIoco0 BBEJEHUS mapaMerpa & MU (QyHKUMH g(X,f) IPUBOIAT K CXOAUMOCTH
psana (56) o nmapameTpy &.

Crnenyer 3aMeTHThb, YTO METOJbl PEIICHHUS YPABHEHUN B YACTHBIX MPOU3BOJIHBIX
BTOPOTO TIOPSJIKA MOTYT OBITh MCITOJIB30BAHBI U VISl PEIICHHS] YPAaBHEHUI B YaCTHBIX
POU3BOJHBIX 00Jiee BHICOKUX MOPSAKOB.
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Paznen 4. Peienne MHTErpajJibHbIX YPaBHEHHU I

4.1. Memoo Byonoea-I anepkuna
[TepBbiM paccMoTpuM MeTo; byOHoBa-I aiepkrHa Ha mpuMepe pelieHus: ypaB-
HeHust @penronsma BToporo poaa [15]

b
y(x)=1(x)+ ALK (x.0)y (), (66)
Bribepem cucremy dyHKuui {z,(x)}, monHyto Ha [a,b] U TaKkylo, 4YTO TIPH JIFO-
o6oM n GpyHKuuU z1(x), z2(X), ..., Z,(X) TUHEHHO HE3aBUCUMBI, M UIIEM TPUOINKEHHOE
peuieHue y,(x) B BUJIe CIEAYOUIEro psjia
y,(¥)=2az(x). (58)
Koadbdummentst a; (i=1, 2, ..., n) onpeaensercs mMyTeM pelIeHUs Clexyoniei

CHUCTEMbI YPABHCHUH
b

[,z (x)d =17 (x)z, e+ ALz () K )y, () o,

a

rae i=1, 2, ..., n, BMECTO V,(X) HECOOXOAUMO TOJICTABUTh fal.zi (x)
i=l
ITpumep 11
Pemium metonom byOHoBa-I"anepkuna cienyroiiee ypaBHEHUE
1
y(x)=x+[xty(t)dt. (66)
-1
B xauectBe nmonHoM cuctemsl pyHKIM Ha [-1,1] BeIOEpeM cucTeMy MOJTMHOMOB
Jlexannpa Pi(x) (i=0, 1, 2, ..., n). IIpubnuxennoe peuienue y,(x) ypaBHeHus (66)

Oy/1eM HCKaTh B BUJIE
ya(X)=a;-1+ayx +as(3x°-1)/2.

IoxcTapnss y3(x) BMecTo y(X) B ypaBHeHHUE (66), OITydaeM

2

1 2
3t -1
a, +a,x +a, =x+ [xt| a, +a,t+a, dt.
2

-1
Brrancnenre nHTErpania B MpaBol 4acTH JAHHOTO YpPaBHEHHS ITO3BOJISET Ipe-
o0pa3oBath €ro K cleayroiieit popme

3x? -1 2
:x+a2x§.

a, +a,x +a,

2

YMHOkast 00€ YacTu JaHHOTO ypaBHEHHMS TocieaoBaTenbHo Ha 1, x u (3x7-1)/2
¥ MHTETPHUPYS B mpeaenax oT —1 1o 1, momydaeM CUCTeMy YpaBHEHHI ISl OTIpeiesie-
HUS KO3(POUITMEHTOB a1, d; U d3

al—a3/2=0, 02/3: 1, 3613/2:0.
Ortcrona nonyuyaem, uto a;=0, a;=3, a;=0. Toraa y;(x)=3 x. IloacranoBka mo-
JY4EHHOTO PEIICHUS B HCXOJHOE ypaBHEHHE (66) MOKA3BIBAET, UTO MOTYUYCHO TOUYHOE
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pElIeHe TaHHOTO YPaBHEHUS.
4.2. Memoo ocpeonenus PyHKUUOHANbHBIX NONPABOK
PaccmoTtpum cnepyrolee TMHERHOE OHOPOAHOE NapadOINIeCKOe YPaBHEHUE
¢ mepeMeHHbIM KO3 puimenTom D(x,f)

M:i{l)(ﬁ)@} (556)

ot ox ox
U CJICTYIOITUMU TPAaHUYHBIMHM M Ha4aJIbHBIM YCIOBUSIMU

ou(x,t)

u(x,0)=y(x), u(0,£)=0, =0.

x=L

Uckomas pynxuus u(x,¢) onpenensercs B oonactu G: 0<x<L, 0<¢<oo,

[ToctaBum B cootBeTcTBHE AudPepeHImaIbHOMy ypaBHEHHUIO (556) 3KBUBa-
JIEHTHOE €My HWHTerpajibHoe. [[s 3Toro mpowHTErpupyeM JEBYIO W MpaByH YacTb
ypaBHeHHUs (556) Mo nepeMeHHoM ¢ ¢ yuéTOM HayajabHOTO YCIOBUS

u(x,t)z%ﬁD(x,r)%dt} v 00,

Jlanmee nBaXk1bl MHTETPUPYEM MOJIYUYEHHOE YPABHEHHUE 10 TepeMeHHou x. [locie
KQ)KJIOT0 MHTETPUPOBAHUSA C YUETOM I'PAHUYHBIX YCIOBUM COOTBETCTBEHHO MOTyYaeM

Iu(v,t)dv =:{D(x,r)%dr + I;{(v)dv

u(v,t)dvdw=ﬁD(v,r)Mdvdr +ﬂv;((v)dvdw.
00 (9\/ 0L

S =
Ne— =

HNuTerpupoBanne no 4acTsAM YIPOIIAET NOCIEAHES YPABHEHUE

O — =

(x =v)u(v,t)dv - xiu(v,t)dv - iD(x,r)u (x,7)dz =

=i(x—v))((v)dv—xi)((v)dv. (59)

JlaHHOE ypaBHEHHE SBJISIETCS YpaBHEHHUEM CMeIIaHHoro Tuma. OHO MMEeT clia-
raeMble, COOTBETCTBYIOIIME W ypaBHeHHIO Banbrepa, n ypaBHeHHio ®dpenronpma
nepBoro poxa. Jlanee npeodpasyem ypaBHeHnue (59) k cnemyromieit hopme

u(x,t):u(x,t)+%ﬁ(x— v)y(v)dv —xl(f;;((v)dv —E(x —v)u(v,t)d v+

+x?u(v,t)dv+jD(x,T)u(x,f)dr}. (59a)

0

JInst HaXOXeHUs PEIICHUs] TAaHHOTO YPaBHEHUS 3aMEHUM HUCKOMYIO (PYHKIIMIO
u(x,t) Ha ee MoKa HEM3BECTHOE cpe/iHee 3HaueHue o [21,22]. Takum 006pa3om, MbI 1O-
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JTYYHIN TIEPBOE MPUOITMKEHUE HCKOMOUN (YHKITHH ©;(X,f)
u, (x,t) =a, +

1 X L x2 t
+?{j(x —v)y(W)dv-x[y(v)dv-a, > +oaxL+ aljD(x,z')dr}. (60)
0 0 0

Cpennee 3HaueHUE TIEPBOTO MPUOIMKEHUS UCKOMOW PyHKIMH u(X,t) onpese-
JSIETCS C MOMOIIBIO CTAHAAPTHOIO COOTHOIIEHUS

1 OL
a, :&({({ul(x,t)dxdt, (61)

riae © - UIUTeNbHOCTh HAOI0IEHUS 32 U3MEHEeHHEM (DYHKUUU U (X,f) BO BpEMEHHU.
[ToncranoBka ¢yHKIUU u(x,f) B cooTHoIIeHUE (61) MO3BOJAET MOTYYUTh
YpaBHEHUE JJIs1 HAX0KJIEHUS CPETHETO 3HAUECHUS ¢

OLx ®L L o 0L 5 OL
[[[x=v)y()dvdxdt—[[x]y(v)dvdxdt——L[[x’dxdt+o,L[[xdxdt+
000 00 0 2 00 00

OL¢

+a,[[[D(x,7)drdxdt=0.

000

WNuTerpupoBanue Mo 4acTsM, a TaKKe TaOJIMYHOE MHTETPUPOBAHKE MO3BOJISET
YOPOCTUTH JaHHOE YpaBHEHUE

1L L ® ®
Eg{(L + x)zz(x)dxdt —Lzzgz(v)dv— a1L3Z+ a1L3E +

+ aﬁ(@ = t)TD(x,t)dxdt =0.
0 0
Perienre JaHHOTO ypaBHEHHUS NPEACTABUMO B Cieayroliei Gopme
o= {Lz O L 0)av-H+ o Z(x)dxdt} / [ﬁjh iC _t)jD(x,t)dxdt]
0 00 0 0

Bropoe npubnmkenne nckoMoi (GyHKIMHA OMPENEIUM B paMKaxX CTaHAapTHOM
IpOIIeAYPHI METOAa OCPEIHEHUS (DYHKIIMOHATILHBIX MOMpaBok [21,22], T.e. myTem 3a-
MEHBI HCKOMOU (PYHKITUH u (X,) B IpaBOy yactu ypaBHeHus (59a) Ha cymmy oo+t uy (X,
f), T.C.

X X

uz(x,t)zoc2 +ul(x,t)+%{j(x—v);((v)dv—xi)((v)dv—j[az +ul(v,t)]><

0 0
x(x—v)dv+ x?[oc2 +u,(v,t)]d v+ jD(x,r)[Ot2 +u,(v,7)] dz'}. (62)
0 0
Jns ompeneseHus CPEIHEro 3HAYEHHs @ BTOPOro MPUOIMKEHUS HCKOMOM

GYHKIMH U,(x,f) UCTIONB3YyeM CTaHAAPTHOE UIsI METOAA OCPETHEHHsS] COOTHOIICHHE
[21,22]
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a, =é(§i[u2(x,t)—ul(x,t)]dxdt. (63)

[ToxcranoBka cootHomenuii (60) u (62) B cooTHomeHue (63) MO3BOJISAET MOTY-
YUTh YPABHECHHE ISl HAXOXKICHHS CPETHETO 3HAYCHUS )

?ﬁ(x —v);((v)dv dxdt- ?ﬁ(x —\/)[052 + ul(v,t)]dvdxdt — ?ﬁ;{(v)dvx

000 000 000

xxdxdt+”xf[a2 +u, (v, t)]dvdxdt+”fD(x )et, +u,(x,7)]|dcd xdt=0.

00 000

WNuTerpupoBanre 1o 4acTsM U TaOJIMYHOE MHTETPUPOBAHUE MO3BOJISIOT YIIPO-
CTUTh NIOJIYYEHHOE COOTHOIIEHHE

27

%EI(L—HC) ()dxdt——”(L+x) o, +u,(x,t)]ldxdt - ® L—f}(( )d x +

2
+ 1Ml (ool xd o+ [ -0 Dt + ()l v =0,
0
Pemiasi nanHOe ypaBHEHHE, MOIy4YaeM CpeHEe 3HAUCHUE @ BTOPOTO MpHUOIIHU-

WKEHUS Uy(x,t) ICKOMOM DYHKIIUU U (X,f)
2
L THL + 2P () d xdi + 0 [ y(0)dx = LT1(L+xP 2 (x) dxd i -
200 20 200

2 0L o) L

L (o) e - ;(@_t)m(x,z)ul(x,f)dxdzﬁ(@_t)fD(x,z)dxdf_

0 0 0

—2r'e/3]".

[Tpubnuxenus u,(x,t) uckomoit pyHkimu u (x,f) 6osee BHICOKOTO mopsiaka (1=
3, 4, ...) MOryT OBITh MOJXYYEHBI AHATOTMYHO BTOPOMY MPUOIMKEHUIO PYHKIIMH U (X,
f), T.€. €e 3aMEHOM 3a CYyMMY &+ ,.1(xX,1).

KonudecTBo UTEpalmOHHBIX IIAroB METOAAa OCPEAHEHUS MOXKET ObITh YMEHb-
[IEHO MPU COXPAHEHUH TOYHOCTHU pelieHus ypaBHeHus. st aToro BeiOepeM Oosee
TOYHOE MCXOAHOE mpubimxeHue. B kauectBe Oosiee TOUHOTO MPUOIMKEHHS BbIOE-
pPEM pellleHne UCXOJHOW KpaeBOW 3a/lauu MpH ycpeaHeHHOM Kodddunuente D (x.f).
Ero cpennee 3nHauenune o6o3Hauum kak Dy. CooTBeTcTBYMOIIEE cUTyaruu D (x,f) =
D, pemienue umeet Buj [23]

L

ut) = L () x +

0

”Zx)eXp(—%ju( )co (?)d% (64)

[TogcranoBka JaHHOTO TIPUOIMKEHUS B ypaBHEeHHE (59a) MO3BOJISET MOTYYUTh
NIEpPBOE MPUOIIKEHNE TAHHOTO YPAaBHEHHMSI B CIICIYIOIICH popme

+zicos(

n=1
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Tnx 2Dt L (ﬂnvj
e cos| — |dv+
L j xp( { () L Y
L1 . (7nnx
—sIin
5 ( ’

wLn=1n

L © 2 2D L
— >y (x)dx- %Z%COS(”ZXJGXP(— M)II(V)COS(%)LZV n
0

2L 7t atin L o
1t : 2 = Tnx ). ’n’Dr
+Z£;((x)dx£D(x,r)dr+Z’;cos( 7 ]{D(x,r)exp(—Tojdrx
><?;((x)cos(mzx]dx+T(x—v);((v)dv—xfz(v)dv}. (65)
0 0 0

[Tpubnuxenus 6oJiee BHICOKUX MOPSIKOB MOTYT OBITh MOJIYYEHBI B PAMKAX CTaH-
JApTHOW UTEPAIIMOHHBIN TPOLIETYPHI.
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SAK/IIOYEHUE

B pamMkax naHHOro y4eOHOro mocoOHsi pacCMOTPEH psJi METOAOB peleHus aud-
(epeHLnaNnbHbIX U UHTETPAJIbHBIX YPaBHEHUN MaTeMaTudeckoi (pusuku. HekoTopsie
U3 HUX NO3BOJIAIOT pellaTh JIMHEHHbIE YPABHEHUs C MOCTOSIHHBIMU KO3 (uLMeHTa-
Mu. [Ipyrue u3 HUX MO3BOJISIIOT pEIlaTh HEJIMHEHHBIE YPAaBHEHUS MaTeMaTUYeCKOU
busnku ¢ kodppuimenTamu, pacrpeeeHHBIMU KaKk B IPOCTPAHCTBE, TaK U BO Bpe-
meHH. IIpoBeneHO cpaBHEHHE HECKOJIBKHUX albTEPHATHUBHBIX METOJOB U3 BTOPOMU
rpynnbsl. OOCYKIalnuch UX JOCTOMHCTBA U HEAOCTaTKU. B KoHIE mocoOusi npuBeeH
CIIMCOK JINTEPATYPbI, B KOTOPOM PAaCCMOTPEHHBIE 3/1€Ch METOJIbI 00CYXAat0TCsl Ooee
OIpOOHO.
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KOHTPOJIBHBIE 3AIAHUA

1. Haittu pemenus nud@epeHnnanbHbIX YPaBHEHU B YaCTHBIX MPOU3BOAHBIX MEP-
BOT'O ITOpsJIKa

rop Lou, 1ou 10u_, o Q1 Ou ()% .
x>ox y oy =z oz ox ctg(y)@y 0z
o3 L Gu, 1 ou .0u_g. 104 —L a”+25“ 394 _y.
In(x)ox ch(y)oy 0z s1n( )0x y Oz
los 1 ou louw_ u . 106 MU 0u ) ou_,
1n( )8x y oy 2-x-y X 6x oy oz
ou 2 0u 1 Ou Ou
1.07 2=—+ye” —=2x"u-tg(y); 1.08 —=u-th
o0x re oy o g(y) In(x*)ox y@y - ()
2 Ou 3 Ou ou ou In*(y)ou ou
1.09 — — +t 0; . 2x ou _ 4.
x-y’ 8x+x -y 5y+ g(z )82 1.10 e 8x+ ) 6y+cth(z)az 0;
1.11 2xa—u+y2 sin(y)a—u:x-ln(u); 1.12 a—’“‘+th( )a—u+cth(z)a—u:0;
ox oy ox oy 0z
113 y6u+ln(1+x2)8u+28u20; 114 x3a_u+5y88_u+za_u:0;
0x X 8y 0z O0x oy Oz
a7 Lou, 1 ou lou_, 118 1 () 2%+ 9% 4 224 9 o,
xax yeyay z0z ox Oy 0z
3
e’ 6u+ ou —u 190 ?‘g(x) 8u+ y_2 8u:2u;
x*0x 5 ay sin(2x) 0.x ln(y )ay
1.21 COSZ(X)_Sm ( )8u+18u :ﬁ; 1.22 xa—u+sin2(3y)a—u:u;
sin (2x) ox 70y 3 ox oy
2 2 2
13 X Ou cos b )8u:u; 124 g (x) 2441 _0u_,,.
3 O0x y 0y ox sin(y)oy
1.25 ctg3(x)% 38_”.,.111_(2)8_”:0; . 1 Ou éﬁ_u In ()6u _o-
ox 5y z 0z In ( )ax y2 ay s Oz )
1.27 tgs(x)a—u+2yza—u+sh2(z)a—u=0; 1.28 +4/1- 8u 8u
0x oy Oz y
1.29 ! : %ﬁL 1+y7 7 Ou 32@20; 1.30 12@+(1+y2)8_+322@:0_
x-Inlx")0x 8y 0z +x° Ox oy oz
2
2. Haiitn pemenus auddepeHnanbHOro ypaBHEHUS 6ua()tc,t) =D g g();,t) +g(x,2)
X
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C TPAaHUYHBIMU U HAYAJIbHBIM ycloBUsIMU u (x,0)=y(x), u(0,)=0, u(L,t)=0 npu

1.01 y(x)=a-x+b,
g, n)=cx-t
1.04 y(x)=a,

g(x,t)=b-sin(w1);

1.07 y(x)=a-sh(b-x),
g(x,r)=c-cos(wt);

1.10 y(x)=a-x+b,
g(x,p)=cx-t

1.13 y(x)=a-x+b,

g(x,f)=c-e " +e;
1.16 y(x)=a,

g(x,t)=b-cos(cx);

1.19 y(x)=a cos(b-x+c),

g(x,f)=c-ecos(et);
1.22 y(x)=a-e",
g(x,f)=cx>r;
1.25 y(x)=a-¢",
glxn=c-e™;

1.28 y(x)=a,

g(x,t)=b-¢“cos(d?);

1.02 y(x)=a-sin(b-x),
g(x,0)=cx*t;
1.05 y(x)=a cos(b-x),
g(x,t)=c-cos(wx);
1.08 y(x)=a-ch(b-x),
g(x.)=cx’t
1.11 y(x)=a-e"",
g(x,t)=c-cos(dx+et);
1.14 y(x)=a-sh(b-x),
g(x,t)=c-cos(dx+et);
1.17 y(x)=a-e",
glx.n=c;

1.20 y(x)=a sin(b-x+c),

g(x,n)=c-esin(d?1);

1.23 y(x)=a-x*+b-x+c,

g(x,t)zc-x3-t2;
1.26 y(x)=a-sh(b-x),

-d-xt,

gx)=ce™;
1.29 y(x)=a,
g(x,0)=b-e“sin(d?);

[Tapamerpsl a, b, ¢, d 1 e cUUTaTh MOCTOSHHBIMH.

3. Haiitu pemenus nuddepeHnanibHoro ypaBHeHUsS

C 'PAHUYHBIMUA U HaYaJIbHBIM YCJIOBHAMU

Ou(x,z)
ot

x=0

ou(x,1)

1.03 y(x)=a-x*+b,
-b-x-t,

gx=ce
1.06 y(x)=a-e",
g(x,0)=c-x-ch(c-t);
1.09 y(x)=a-x*+b-x+c,
g(x,0)=dx-r;
1.12 y(x)=a-e",
g(x,p)=cx-sh(ct),
1.15 y(x)=a-x*+b-x+c,
g(x,t)=c-cos(dx);
1.18 y(x)=a-ch(b-x),
g(x,n)=c=sin(dt);
1.21 y(x)=a,
glrn=c-e"™
1.24 y(x)=a-x*+bx+c,
g(x,f)=cx’-f;
1.27 y(x)=a-ch(b-x),

d-t

g(x,)=ce";
1.30 y(x)=a-cos(bx),
g(x,0)=b-sh(d?);

ox

x=0

0 u(x,t O’u(x,t
52 ):D 8)(c2 )+g(x,t)
ﬁu(x,t) _
= :O, u(x,O)—Zl (x)a
x=L

= Zz(x). B kauectBe pyHkuum g (x,f) B3aTh QYHKIHIO g (X,f) U3 MPEJIbI-

yliero 3ananus, a QyHKuuu y; (x) U ¥, (x) cUUTaTh OJMHAKOBHIMU U PABHBIMU
GyHKIMH y(x) U3 TPEIbIIyIIEro 3aJaHusl.
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